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	Inference About a Mean





[image: squimg] 11.1 Estimated Standard Error of the Mean

The prior three chapters relied on z-procedures to help infer population means. z-procedures, in turn, rely on knowing the value of the population standard deviation (σ) before data are collected. This chapter introduces methods that do away with this often unrealistic condition.

With z-procedures, population standard deviation σ is used to calculate the standard error of the mean using the formula [image: inline]. In this chapter, we replace population standard deviation σ with sample standard deviation s to derive the standard error of mean:

[image: image]

Both [image: inline] are referred to as standard errors, even though they have slightly different formulas.a

Exercises

11.1    Blood pressure. A study of 35 individuals found mean systolic blood pressure [image: inline] with sample standard deviation s = 10.3 mmHg.

(a)   Calculate the standard error of the mean based on this information.

(b)   How many individuals would you need to study to decrease the standard error of the mean to 1 mmHg? [Hint: Rearrange the standard error formula to solve for n.]

11.2    Published report. An article published in the American Journal of Public Health that reported the relation between tall stature and cardiovascular disease mortality included a table with the column heading “Mean Height, cm. (SE).” One entry in the table based on n = 1243 individuals was “173.2 (0.2).”b From this information, determine the standard deviation of height in this group. [Hint: Rearrange the standard error formula to solve for s.]

[image: squimg] 11.2 Student’s t-Distributions

Using [image: inline] to estimate the standard error of the mean tacks on an additional element of uncertainty to inferential procedures. To accommodate this additional uncertainty, we use a t-distribution instead of a Standard Normal z-distribution when making inferences. t-distributions were introduced by William Sealy Gosset (1876–1937) in 1908 writing under the pseudonym “Student,” and are hence referred to as Student’s t-distributions.c

t-distributions resemble the Standard Normal distribution. They are bell shaped and centered on 0. However, t-distributions have more area in their tails than the Standard Normal z-distribution. These broader tails accommodate the additional uncertainty that comes from estimating σ with s.

The t-distributions are a family of distributions with family members sharing common characteristics. Each member of t is identified by its degree of freedom (df). Figure 11.1 displays t-distributions with 1, 9, and ∞ degrees of freedom. As the number of degrees of freedom increases, t-distributions become increasingly like a Standard Normal distribution. A t-distribution with ∞ degrees of freedom is a Standard Normal z-distribution. t-distributions with (say) 60 or more degrees of freedom are nearly indistinguishable from the Standard Normal (z) distribution. Therefore, with large samples, it really doesn’t matter much if you use a t-procedure or z-procedure.

Table C in the appendix of this book lists landmarks (critical values) on t-distributions. Each row in this table refers to a t-distribution with a particular df. Each column corresponds to a cumulative probability on the distribution. Entries in the table are values for these t-percentiles.


[image: images]

FIGURE 11.1  t probability density functions with 1, 9, and ∞ degrees of freedom.



Figure 11.2 illustrates how Table C is used. We focus on the row for 9 degrees of freedom and column for a cumulative probability of 0.975. The table entry at the intersection of these points is 2.262, indicating that the 97.5th percentile on a t-distribution with 9 degrees of freedom (t9,0.975) is equal to 2.262. A visual depiction of this is shown in Figure 11.2.

Notation: Let tdf,p denote a t critical value with df degrees of freedom and cumulative probability p. Figure 11.2 highlights t9,0.975 = 2.262. Notice that this t-value has a right-tail probability of 0.025.


[image: images]

FIGURE 11.2  Table C and t9,0.975 = 2.262, illustrative example.




ILLUSTRATIVE EXAMPLE

Understanding Table C. Suppose we want to identify the values of a t-random variable with 9 degrees of freedom that captures the middle 80% of values on t9. Start by sketching the curve, which is bell shaped with a mean of 0 and inflection points approximately one standard deviation above and below the mean.d Because the curve is symmetrical, we look for the critical values in Table C that cut off the bottom 10% and top 10% of the curve. These are the 10th percentile and 90th percentile of the t9 distribution. Table C lets us know that t9,0.90 = 1.383. The symmetrical point on the left-hand aspect of the curve corresponding to t9,0.10 = −1.383.e Figure 11.3 depicts these relationships graphically.


[image: images]

FIGURE 11.3  The 10th and 90th percentiles on tg.





Exercises

11.3    Sketch a curve. Use Table C to determine the values on a t22 distribution that captures the middle 95% of the area under the curve. Sketch the curve showing the t-values on the horizontal axis and associated tail areas.

11.4    t-percentiles. Use Table C to determine the value of a t-random variable with 19 degrees of freedom and a cumulative probability of 0.95. In addition, determine the value of t19,0.05.

11.5    Probabilities not in Table C. There are times you may need to determine a probability for a t-random variable that does not appear in Table C. For example, you may need to determine the probability a t-random variable with 8 degrees of freedom is greater than 2.65. Even though this value is not in Table C, you can still get a good idea of its probability by bracketing it between two landmarks in the table. In this case, 2.65 is bracketed between t8,0.975 (2.306) and t8,0.99 (2.896). Therefore, it has a cumulative probability that is a little bigger than 0.975 and a little smaller than 0.99. What is the probability of t8 > 2.65? In other words, what is the probability of observing a t random variable with 8 df that is greater than 2.65?

11.6    Upper tail. Determine the probability that a t-random variable with 8 df is greater than 2.98.

11.7    Software utility programs. The Internet has many free applets that can determine exact probabilities for t-random variables.f You can also use WinPepig WhatIs.exe or Microsoft Excel’s TDIST function for this purpose. Use one of these software applications to find:

(a)   Pr(T8 ≥ 2.65)

(b)   Pr(T8 ≥ 2.98)

(c)   Pr(T19 ≤ 2.98)

[image: squimg] 11.3 One-Sample t-Test

When σ is known, [image: inline] has a Standard Normal (z) distribution. When σ is not known, [image: inline] has a t-distribution with (n − 1) degrees of freedom. This is the basis of the one-sample t-test. Here are the steps of the procedure:

A.  Hypothesis statements. The null hypothesis is H0: μ = μ0, where μ0 represents the mean under the null hypothesis. The alternative hypothesis is either Ha: μ > μ0 (one sided to the right), Ha: μ < μ0 (one sided to the left), or Ha: μ ≠ μ0 (two sided).

B.  Test statistic. [image: inline] where [image: inline]. This t-statistic has df = n − 1.h

C.  P-value. Use Table C or a software utility to convert the tstat to a P-value. For one-sided alternatives, P = Pr(t ≥ |tstat|). For two-sided alternatives, P = 2 × Pr(t ≥ |tstat|). Recall that small P-values provide good evidence against H0 (Section 9.3).

D.  Significance level. The test is said to be significant at the α-level when P ≤ α (Section 9.4).

E.  Conclusion. The test results are interpreted in the context of the data and research question.

As was the case with one-sample z-tests, the one-sample t-test assumes that the data were generated by an SRS and that the sampling distribution of [image: inline] is Normal.


ILLUSTRATIVE EXAMPLE

One-sample t-test (SIDS birth weights). We want to know whether birth weights of full-term infants who ultimately died of SIDS is significantly different from that of other full-term births. A sample of n = 10 SIDS cases demonstrated the following birth weights:

[image: image]

Based on this information, we calculate [image: inline]. By comparison, the mean weight of other full-term births in the region during this period was 3300 g. We test whether the birth weight in this sample is significantly different from a population mean of 3300 g. A two-sided test is demonstrated.

A.  Hypotheses. H0: μ = 3300 g versus Ha: μ ≠ 3300 g.

B.  Test statistic. The estimated standard error of the mean

[image: image]

C.  P-value. The two-sided P-value is twice the area under the curve to the right of |−1.80| on a t-distribution with 9 df. Because there is no entry for 1.80 in Table C, we bracket the tstat between 1.383 (right tail = 0.10) and 1.833 (right tail = 0.05). Therefore, the one-sided P-value is between 0.10 and 0.05 and the two-sided P-value is between 0.20 and 0.10. Using a software utility, we determine P = 0.105. Figure 11.4 depicts the test statistic and associated P-value regions for the problem.


[image: images]

FIGURE 11.4  Two-tailed P-value, SIDS illustrative example.



D.  Significance level. The observed difference is not significant at α = 0.10. Results fall just short of “marginal significance.”

E.  Conclusion. The mean birth weight in this sample of 10 SIDS infants ([image: inline]) was not significantly different from that of the general population of infants (μ = 3300 g) at conventional levels of α (P = 0.105).



Exercises

11.8    P-value from tstat. A test of H0: μ = 0 based on n = 16 calculates tstat = 2.44.

(a)   Determine the degrees of freedom for the test statistic.

(b)   Provide the t-values from the Table C that bracket the tstat.

(c)   What is the approximate one-sided P-value for the problem?

(d)   What is the two-sided P-value?

11.9    Critical values for a t-statistic. The term critical value is often used to refer to the value of a test statistic that determines statistical significance at some fixed α level for a test. For example, ±1.96 are the critical values for a two-tailed z-test at α = 0.05. In performing a t-test based on 21 observations, what are the critical values for a one-tailed test when α = 0.05? That is, what values of the tstat will give a one-sided P-value that is less than or equal to 0.05? What are the critical values for a two-tailed test at α = 0.05?

11.10  BMI. Body mass index [image: inline]. An adult BMI of 24 is considered desirable.i A study of 12 adults that used a one-sample t-test to address H0: μ = 24 reported a tstat of 2.16.

(a)   What is the one-sided P-value for this test?

(b)   What is the two-sided P-value?

11.11  Menstrual cycle length. Menstrual cycle lengths (days) in an SRS of nine women are as follows: {31, 28, 26, 24, 29, 33, 25, 26, 28}. Use this data to test whether mean menstrual cycle length differs significantly from a lunar month. (A lunar month is 29.5 days.) Assume that population values vary according to a Normal distribution. Use a two-sided alternative. Show all hypothesis-testing steps.

[image: squimg] 11.4 Confidence Interval for μ

The t confidence interval formula is similar to the z confidence interval formula (Section 10.2) except that it uses s in place of σ and tn−1,1−α/2 in place of z1−α/2. in place of z1−σ/2. A (1 − α)100% confidence interval for μ is provided by:

[image: image]

where [image: inline] is the sample mean, tn−1,1−α/2 is the value of a t random variable with n − 1 df and a cumulative probability of 1−(α/2),j and [image: inline].


ILLUSTRATIVE EXAMPLE

Confidence intervals for μ (SIDS). Let us return to the birth weight illustrative data concerning 10 SIDS cases. We have established that [image: inline] and s = 720.0. Confidence intervals for μ at 90%, 95%, and 99% levels of confidence will be calculated.

•   The standard error of the mean [image: inline].

•   df = 10 − 1 = 9.

•   For 90% confidence, use t9,0.95 = 1.833 (Table C), so the 90% confidence interval for μ is [image: inline].

•   For 95% confidence, use t9,0.975 = 2.262, so the 95% confidence interval for μ is 2890.5 ± (2.262)(227.684) = 2890.5 ± 515.0 = (2375.5 to 3405.5) g.

•   For 99% confidence, use t9,0.995 = 3.250, so the 99% confidence interval for μ is 2890.5 ± (3.250)(227.7) = 2890.5 ± 740.0 = (2150.5 to 3630.5) g.



Keep in mind that the confidence interval is used to help infer population mean μ, not sample mean [image: inline].

Exercises

11.12  t-values for confidence. What is the value of tn−1,1−α/2 when calculating a 95% confidence interval for μ based on n = 28? What is tn−1,1−α/2 for 90% confidence?

11.13  Menstrual cycle length. Exercise 11.11 calculated the mean length of menstrual cycles in an SRS of n = 9 women. The data revealed [image: inline] days with standard deviation s = 2.906 days.

(a)   Calculate a 95% confidence interval for the mean menstrual cycle length.

(b)   Based on the confidence interval you just calculated, is the mean menstrual cycle length significantly different from 28.5 days at α = 0.05 (two sided)? Is it significantly different from μ = 30 days at the same α-level? Explain your reasoning. (Section 10.4 considered the relationship between confidence intervals and significance tests. The same rules apply here.)

[image: squimg] 11.5 Paired Samples

Data

With paired samples, each data point in one sample is matched to a unique point in a second sample. Here are examples of studies that employ paired samples:

•   Pretest/posttest studies in which a factor is measured before and after an intervention in the same set of individuals.

•   Cross-over trials, in which subjects start on one treatment and then switch to a different treatment.

•   Pair-matches, in which subjects in one sample are matched to subjects in a separate sample based on specific criteria.

Here is an illustrative example of a cross-over trial.


ILLUSTRATIVE EXAMPLE

Data (Oat bran and LDL cholesterol). A cross-over trial sought to learn whether oat bran cereal lowered low-density lipoprotein (LDL) cholesterol in hypercholesterolemic men. Twelve subjects completed the study. Half were randomly assigned a diet that included oat bran cereal. The other half were assigned a diet that included corn flakes. Dietary interventions were applied for 2 weeks, after which LDL levels (mmol/L) were recorded. Subjects were then crossed-over to the alternative diet for 2 weeks. LDL was once again measured. Table 11.1 lists data from the study.


TABLE 11.1  “Oat bran” illustrative data. LDL cholesterol (mmol/L) on the corn flake diet (CORNFLK), oat bran diet (OATBRAN), and their difference (DELTA).

[image: tab]

Data from Anderson, J. W., Spencer, D. B., Hamilton, C. C., Smith, S. F., Tietyen, J., Bryant, C. A., et al. (1990). Oat-bran cereal lowers serum total and LDL cholesterol in hypercholesterolemic men. American Journal of Clinical Nutrition, 52(3), 495–499. Data are stored in the file oatbran.sav.



Paired samples are analyzed by creating a new variable to hold within pair differences. Call this new variable DELTA. Table 11.1 lists DELTA values created by subtracting each oat bran value from each corn flake value for each individual. Positive DELTA values reflect lower LDL on the oat bran diet.k



Exploration and Description

It is often a good idea to start the analysis by plotting the data. A stemplot of the DELTA values for the oat bran illustrative data looks like this:

[image: image]

This shows that DELTA values range from −0.4 to 0.8 mmol/L. Ten of the 12 subjects (83%) lowered their LDL on oat bran. There are no apparent outliers.

We will attach the subscript d to descriptive statistics to denote application to the DELTA variable. The illustrative data show a mean decline of [image: inline] mmol/L with standard deviation sd = 0.4335 (nd = 12) while on oat bran.

Hypothesis Test

When samples are paired, t-procedures introduced earlier in the chapter are applied toward difference variable DELTA. Here’s the procedure for testing a mean difference:

A.  Hypotheses. The population mean difference is denoted μd. In testing “no mean difference,” the null hypothesis is H0: μd = 0. The alternative hypothesis is one of the following: Ha: μd > 0 (one sided to the right), Ha: μd < 0 (one sided to the left), or Ha: μd ≠ 0 (two sided). In practice, most tests are two sided.

B.  Test statistic. The test statistic is [image: inline]. This test statistic has df = nd − 1, where nd represents the number of paired observations.

C.  P-value. The tstat is converted to a P-value with Table C or a software utility. Small P-values provide good evidence against H0 (Section 9.3).

D.  Significance level. The difference is said to be statistically significant at the α-level of significance when P ≤ α. By convention, P-values less than 0.10 are said to be marginally significant, those less than 0.05 are said to be significant, and those less than 0.01 are said to be highly significant (Section 9.4).

E.  Conclusion. The test results are interpreted in the context of the data and research question.


ILLUSTRATIVE EXAMPLE

Paired t-test (Oat bran). We test the oat bran illustrative data for significance. We have already established that nd = 12, [image: inline], and sd = 0.4335.

A.  Hypotheses. H0: μ = 0 versus Ha: μd ≠ 0

B.  Test statistic. [image: inline] and [image: inline] with df = nd − 1 = 12 − 1 = 11.

C.  P-value. Figure 11.5 illustrates the sampling distribution of the test statistic under the null hypothesis. Under this hypothesis, both the tstat and [image: inline] have an expected value of 0. The observed mean difference of 0.3808 is 3.04 standard errors above 0. The one-tailed P-value is between 0.005 and 0.01 (Table C). The two-tailed P-value is twice this: 0.01 < P < 0.02. Statistical software derives P = 0.011 (two tailed). This provides good evidence against the null hypothesis.


[image: images]

FIGURE 11.5  Two-tailed P-value, oat bran illustrative example. Sampling distribution under the null hypothesis.



D.  Significance. The results are statistically significant at α = 0.05 (reject H0) but not quite at α = 0.01 (retain H0).

E.  Conclusion. LDL levels on the oat bran diet were significantly lower than that on the cornflake diet (P = 0.011).



Confidence Interval for μd

A (1 − α)100% confidence interval for μd is provided by:

[image: image]

where [image: inline].


ILLUSTRATIVE EXAMPLE

Confidence intervals for μd (Oat bran). 90%, 95%, and 99% confidence intervals for the oat bran illustrative data set are calculated. We have already established [image: inline], and df = 12 − 1 = 11.

•   For 90% confidence, use t11,0.95 = 1.796 (Table C); the 90% confidence interval for population mean difference μd is [image: inline] [image: inline].

•   For 95% confidence, use t11,0.975 = 2.201 (Table C); the 95% confidence interval for population mean difference μd is 0.3808 ± (2.201)(0.1251) = 0.3808 ± 0.2753 = (0.1055 to 0.6561) mmol/L.

•   For 99% confidence, use t11,0.995 = 3.106; the 99% confidence interval for μd is 0.3808 ± (3.106)(0.1251) = 0.3808 ± 0.3886 = (−0.0078 to 0.7694) mmol/L.



Exercises

11.14  Placebo effect in Parkinson’s disease patients. The placebo effect occurs when a patient experiences a perceived benefit after receiving an inert substance. To help understand the mechanism behind this phenomenon in Parkinson’s disease patients, investigators measured striatal RAC binding at a key point in the brains in six subjects. RAC binding was reduced by an average of 0.326 units on a placebo in the six subjects (sd = 0.181).l Test this difference for statistical significance.

11.15  Water fluoridation. A study looked at the number of cavity-free children per 100 in 16 North American cities BEFORE and AFTER public water fluoridation projects. Table 11.2 lists the data.

(a)   Calculate delta values for each city. Then construct a stemplot of these differences. Interpret your plot.

(b)   What percentage of cities showed an improvement in their cavity-free rate?

(c)   Estimate the mean change with 95% confidence.


TABLE 11.2  Cavity-free children per 100 in 16 North American cities before and after public water fluoridation projects.







	
	AFTER

	BEFORE
	


	
	49.2

	18.2
	


	
	30.0

	21.9
	


	
	16.0

	  5.2
	


	
	47.8

	20.4
	


	
	  3.4

	  2.8
	


	
	16.8

	21.0
	


	
	10.7

	11.3
	


	
	  5.7

	  6.1
	


	
	23.0

	25.0
	


	
	17.0

	13.0
	


	
	79.0

	76.0
	


	
	66.0

	59.0
	


	
	46.8

	25.6
	


	
	84.9

	50.4
	


	
	65.2

	41.2
	


	
	52.0

	21.0
	



Source unknown. Data stored online in FLUORIDE.SAV.



[image: squimg] 11.6 Conditions for Inference

The t-procedures in this chapter rely on the following underlying conditions:

•   Data are derived by an SRS of individual or paired observations.

•   Measurements of the response are valid.

•   The sampling distribution of the mean or mean difference is Normal.

Numerous studies have shown that t-procedures are robustm against the Normality condition, especially when a two-sided alternative hypothesis is used and the sample is large. This can be traced in part to the central limit theorem (Section 8.2). Rough guidelines for how large a sample needs to be to compensate for non-Normality in the population (Section 9.5) are:

•   When the population is Normal, you can use t-procedures on samples of any size.

•   When the population is mound shaped and symmetrical, you can use t-procedures on samples as small as 5 to 10.

•   When the population is skewed, t-procedures should be reserved for large samples (roughly 30 to 100 observations, depending on the severity of the skew).n


ILLUSTRATIVE EXAMPLE

Can a t-procedure be used? Figure 11.6 displays stemplots for three data sets. Which of these data sets can support t-procedures?

•   Stemplot A has a positive skew and outlier. It has only six observations. In this situation, t-procedures should be avoided.

•   Stemplot B has n = 25 observations, is mound shaped, and has a modest negative skew. There are no outliers. It is okay to use the t-procedures on these data.

•   Stemplot C is highly skewed with a high outlier. There are only 13 observations; it would be imprudent to use t-procedures on these data.


[image: images]

FIGURE 11.6  “Can a t-procedure be used?” illustrative examples.





[image: squimg] 11.7 Sample Size and Power

The sample size requirements of a study can be approached from a confidence interval or hypothesis testing perspective. Let us start by considering the sample requirements for confidence intervals.

Sample Size for a Confidence Interval

To limit the margin of error of a (1 − α)100% confidence interval for μ (or μd) to m, the sample size should be no less than:

[image: image]

where σ is the population standard deviation,o z1−(α/2) is the Standard Normal deviate for (1 − α)100% confidence, and m is the desired margin of error. Results from this formula should be rounded up to the next integer to achieve the stated level of precision.

This formula is accurate when n ≥ 30 because t30+, 1–(α/2) ≈ z1−(α/2). When n < 30, apply adjustment factor f = (df + 3)/(df + 1) to compensate for the difference between z and t.p


ILLUSTRATIVE EXAMPLE

Sample size, confidence interval. The oat bran illustrative example calculated a 95% confidence interval for μ that had a margin of error of 0.2753 mmol/L. How large a study is needed to achieve a margin of error 0.2 with 95% confidence? We will use the sample standard deviation from the study as our estimate of σ.

Solution: [image: inline]. Round this up to the next integer, so n = 19. Because this number is less than 30, apply adjustment factor f = (df + 3)/(df + 1) = (18 + 3)/(18 + 1) = 1.105 to the final result. Therefore, use n = 1.105 × 19 = 21.



Sample Size for a Hypothesis Test

The sample size required to test H0: μ = μ0 against Ha: μ = μa depends on the desired power of the test (1 − β), desired level of significance (α), size of the mean difference worth detecting (Δ = μ0 − μa), and standard deviation of the response variable (σ). To achieve these conditions use:

[image: image]

For one-sided tests, use z1−α in place of z1−(α/2) in the formula. Results from this equation should be rounded up to the next integer to achieve the stated level of power. For paired t-tests, use σDELTA in place of σ. Apply adjustment factor f = (df + 3)/(df + 1) when n ≤ 30 to compensate for the difference between z and t.


ILLUSTRATIVE EXAMPLE

Sample size requirement, one-sample t-test (SIDS). How large a sample is needed to test the SIDS data presented earlier in this chapter with 90% power at α = 0.05 two sided? We want to detect a mean difference in birth weight (Δ) of 300 g (about 2/3 pound). Let us use sample standard deviation s (720.0) as a reasonable estimate of σ.

Solution: [image: inline]. Round up to 61 to ensure adequate power. Because the sample size exceeds 30, there is no need to apply adjustment factor f.




ILLUSTRATIVE EXAMPLE

Sample size requirement, paired t-test (Oat bran). How large a sample is needed to test the oat bran data presented earlier in the chapter with 80% power at α = 0.05 two sided? We want to detect a mean change of 0.2 mmol/L and will assume a standard deviation of 0.4 mmol/L.

Solution: [image: inline]. Round up to 32 to ensure adequate power. Because the sample size exceeds 30, there is no need to apply adjustment factor f.



Power

The method to determine the power of the hypothesis initially presented in Section 9.6 applies with minor modification. The power of the test is approximately:

[image: image]

where Φ(z) is the cumulative probability of a Standard Normal random variable (Table B), α is the desired significance level, Δ is the difference worth detecting, and σ is the standard deviation of the response variable.


ILLUSTRATIVE EXAMPLE

Power of t-test (SIDS). What is the probability a study with n = 10 will detect a mean difference of 300 g in birth weight in the SIDS population compared to the general population? Let us assume σ = 720 and use a two-sided α-level of 0.05.

Solution: [image: inline]. The power of this test is about 26%.



Summary Points (Inference about a Mean)

1.   Data are a quantitative response variable derived by a single SRS or match-pair sample.

2.   Begin the analysis by exploring and describing the data with graphical techniques (e.g., stemplot and boxplot) and summary statistics (e.g., mean, standard deviation, and sample size).

3.   In most practical situations, population standard deviation σ is not known. This invalidates z-procedures and requires the use of Student t-procedures instead.

(a)   t-probability density functions (pdfs) look like a Standard Normal “z” curve except for the fact that they have slightly (almost imperceptibly) broader tails.

(b)   t-distributions are a family of pdfs distinguished by their degrees of freedom (df). As the df increases, the distribution becomes more and more Normal.

(c)   A t-distribution with infinite degrees of freedom is a Standard Normal z-distribution.

4.   One-sample and paired-sample t-tests

(a)   H0: μ = μ0, where μ0 represents the population mean or paired mean difference under the null hypothesis. The alternative hypothesis may be stated in a two-sided (Ha: μ ≠ μ0) or one-sided way (Ha: μ < μ0 or Ha: μ > μ0).

(b)   [image: inline] with df = n − 1.

(c)   Use Table C or a computer applet to convert the tstat to a P-value. The one-sided P-value is the area under the curve to the right of the |tstat|. The two-sided P-value is twice this amount.

(d)   Consider the level of statistical significance.

(e)   Formulate a conclusion in the context of the data and research question.

5.   A (1 − α) 100% confidence interval for μ is given by [image: inline].

(a)   Keep in mind that the confidence interval seeks to capture μ, not

(b)   The interval has (1 − α)100% chance of capturing μ and an α chance of not capturing μ.

(c)   The margin of error of the confidence interval is given by the “± value” in the formula.

(d)   Narrow confidence intervals indicate that the sample mean as an estimate of the population mean is precise.

6.   Inferential methods for matched-pair data are the same as that for single-sample data except that inferences are directed against the differences variable DELTA.

7.   t-procedures require the following conditions:

(a)   SRSs or a reasonable approximation thereof.

(b)   Source population is Normal or the sample is large. t-procedures are known to be robust when the sample is large because of the central limit theorem.

(c)   The measurements are valid.

8.   The power and sample size methods for z-procedures introduced in the prior chapter can be used in this chapter after applying an adjustment factor to compensate for the differences between z and t.

Vocabulary

Critical value

Degrees of freedom (df)

DELTA

One-sample t-test

Paired samples

Standard error of the mean

Student’s t-distributions

t-distribution (t-probability density function)

t-percentiles

t-statistic

Review Questions

11.1    When do you use a t-procedure instead of a z-procedure to help infer a mean?

11.2    Describe the shape, location, and spread of t-distributions.

11.3    How many different t-distributions are there?

11.4    The mean of a t-distribution is equal to _______.

11.5    How do t-distributions differ from Standard Normal z-distributions?

11.6    Select the best response: The total area under a t-curve is equal to

(a)   −1

(b)   0

(c)   1

11.7    Select the best response: In the notation tdf,p, the subscript df represents the

(a)   degrees of freedom for the t-distribution.

(b)   probability of t.

(c)   cumulative probability of t (AUC to the left of the t-value).

11.8    Select the best response: In the notation tdf,p, the subscript p represents the

(a)   degrees of freedom for the t-distribution.

(b)   probability of t.

(c)   cumulative probability of t (AUC to the left of the t-value).

11.9    Determine the value of t8,0.50 without the aid of a t-table.

11.10  t9,0.90 = 1.383; therefore, t9,0.10 = ? (t-table not required)

11.11  A t-distribution with 60 or more degrees of freedom is very nearly a _________ distribution.

11.12  The standard error of the mean is equal to the sample standard deviation divided by the square root of _______.

11.13  Select the best response: In the statement H0: μ = μ0, μ0 represents the value of the population mean when the null hypothesis is ______.

(a)   true

(b)   false

(c)   either true or false

11.14  Select the best response: With matched paired sample, the null hypothesis is most often H0: μ = ______.

(a)   −1

(b)   0

(c)   1

11.15  A one-sample t-procedure with 35 observations has this many degrees of freedom.

11.16  The P-value for a two-sided t-test is equal to

(a)   the area under the curve to the right of the t-statistic.

(b)   twice the area under the curve to the right of the t-statistic.

(c)   twice the area under the curve to the right of the absolute value of the t-statistic.

11.17  Select the best response: P-values assume that

(a)   the null hypothesis is true.

(b)   the null hypothesis is false.

(c)   the null hypothesis is neither true nor false.

11.18  Select the best response: A t-test derives a P-value of 0.06. The P-value represents the probability that

(a)   the null hypothesis is true.

(b)   the null hypothesis is false.

(c)   we would see the data or data that are more extreme assuming the null hypothesis is true.

11.19  Select the best response: A 95% confidence for μ is used to infer the value of the

(a)   sample mean.

(b)   population mean.

(c)   population standard deviation.

11.20  Select the best response: A 95% confidence interval for a mean is −0.91 to 1.36. From this we can infer with 95% confidence that the

(a)   population mean is 0.

(b)   population mean is greater than 0.

(c)   population mean is greater than −0.91.

11.21  Select the best response: A 95% confidence interval for a mean is 0.86 to 1.66. From this we can infer with 95% confidence that the

(a)   population mean is 1.

(b)   population mean is greater than 1.

(c)   neither of the above

11.22  Select the best response: A 95% confidence interval for a mean is 0.91 to 1.36. From this we can infer with 95% confidence that the

(a)   population mean is 0.

(b)   population mean is greater than 0.

(c)   population mean is less than 0.

11.23  Select the best response: A 95% confidence interval for a mean is 0.91 to 1.36. From this we can infer with 95% confidence that the population mean is

(a)   not more than 0.91.

(b)   not less than 0.91.

(c)   not less than 1.36.

11.24  Select the best response. Paired samples can be achieved via

(a)   pretest/posttest samples.

(b)   matching closely on extraneous factors when sampling.

(c)   both “a” and “b.”

11.25  Select the best response: Paired t-procedures focus on the data in the

(a)   first sample in the pair.

(b)   second sample in the pair.

(c)   differences between the first and second samples in the pair.

11.26  Select the best response: These conditions are needed for valid t-procedures:

(a)   SRS of individual or paired difference (or reasonable approximation thereof)

(b)   Normality of the sampling distribution of the mean

(c)   both “a” and “b”

11.27  Select the best response: The sampling distribution of a mean will be approximately Normal even when the population is not exactly Normal as long as the sample is

(a)   representative.

(b)   large.

(c)   small.

11.28  List the determinants of the sample size requirements for estimating μ with a margin of error m.

11.29  List the determinants of the sample size requirements when testing a mean at a given α level.

11.30  List the determinants of the power of a t-test.

Exercises

11.16  t-percentiles. Use Table C to determine the following values of t-values:

(a)   t24,0.975

(b)   t674,0.99 (Suggestion: Because there is no row for df = 674, use the row with df = 100 to derive a conservative estimate for the t critical value).

(c)   t24,0.05

11.17  Large t-statistic. A t-test calculates tstat = 6.60. Assuming the study had more than just a few observations, you do not need a t table or software utility to draw a conclusion about the test. What is this conclusion, and why is a look-up table unnecessary?

11.18  Sketch and shade. In testing H0: μ = 0, you find [image: inline] and s = 1.497 based on n = 50. Calculate the tstat for the test. Sketch a t-curve as accurately as possible. Then place this tstat on your curve. Without using Table C, do you think these results would be surprising if H0 were true?

11.19  Vector control in an African village. A study of vector control in an African village found that the mean sprayable surface area was 249 square feet with standard deviation 39.82 square feet in a simple random sample of n = 100 homes.

(a)   Calculate a 95% confidence interval for μ.

(b)   Would it be correct to say that 95% of all the homes in the village have sprayable surfaces between the lower confidence limit and upper confidence limit? Explain.

11.20  Calcium in sound teeth. The calcium content values in a sample n = 5 sound teeth (% calcium) are {33.4, 36.2, 34.8, 35.2, 35.5}. Provide a 99% confidence interval for μ. (Assume the data represent an SRS of healthy adult teeth.)

11.21  Boy height. An SRS of n = 26 boys between the ages of 13 and 14 has a mean height of 63.8 inches with a standard deviation 3.1 inches. Calculate a 95% confidence interval for the mean height of the population.

11.22  Body weight, high school girls. Body weights expressed as a percentage of ideal in an SRS of n = 9 girls selected at random are as follows {114, 100, 104, 94, 114, 105, 103, 105, 96}.

(a)   Plot the data as a stemplot. (Use an axis multiplier of 10 and split stem values.) Are there any outliers or major departures from Normality in these data?

(b)   Calculate a 95% confidence for population mean μ. Show all work.

(c)   What is the margin of error of your confidence interval?

(d)   How large a sample would be needed to reduce this margin of error to three?

11.23  Faux pas. Eight junior high school students were taken to a shopping mall. The number of socially inappropriate behaviors (faux pas) by each student was counted. The students were then enrolled in a program designed to promote social skills. After completing the programs, the subjects were again taken to the shopping mall and the number of social faux pas was again counted. Table 11.3 lists data from this experiment.


TABLE 11.3  Data for Exercise 11.23. Number of faux pas before and after an intervention.










	
	OBS.

	VISIT1

	VISIT2
	

	
	1
	
	5
	
	4
		

	
	2
	
	13
	
	11
		

	
	3
	
	17
	
	12
		

	
	4
	
	3
	
	3
		

	
	5
	
	20
	
	14
		

	
	6
	
	18
	
	14
		

	
	7
	
	8
	
	10
		

	
	8
	
	15
	
	9
		



Data are fictitious. Data file = FAUXPAS.SAV.



(a)   Calculate the change in the number of faux pas within individuals (i.e., calculate DELTA for each observation).

(b)   Calculate the means and standard deviations for visit 1, visit 2, and their differences (DELTAS).

(c)   Create a stemplot of the differences (DELTAS). Interpret your plot.

(d)   Would you use t-procedures on these data?

(e)   Test the mean decline for statistical significance. Use a two-sided test. Show all hypothesis-testing steps.

11.24  Power. A researcher fails to find a significant difference in mean blood pressure in 36 matched pairs. The standard deviation of the differences was 5 mmHg. What was the power of the test to find a mean difference of 2.5 mmHg at α = 0.05 (two sided)?

11.25  Beware α = 0.05. Two trials looked at red wine consumption in lowering cholesterol levels in hypercholesterolemic men. In each trial, 25 men consumed 8 ounces of red wine for 14 days.

(a)   In trial A, the 25 subjects lowered their cholesterol by an average of 5% (standard deviation = 11.9%). In testing H0: μ = 0, tstat = 2.10 with 24 df. Is this study statistically significant at α = 0.05 (two sided)?

(b)   In trial B, 25 different subjects lowered their cholesterol by 5% with standard deviation 12.2% (tstat = 2.05 with 24 df). Is this result statistically significant at α = 0.05?

(c)   Is it reasonable to come to different conclusions for trial A and trial B?

11.26  Benign prostatic hyperplasia, quality of life. Benign prostatic hyperplasia is a noncancerous enlargement of the prostate gland that adversely affects the quality of life of millions of men. A study of a minimally invasive procedure for the treatment for this condition looked at pretreatment quality of life (QOL_BASE) and quality of life after 3 months on treatment (QOL_3MO). Table 11.4 lists data for 10 subjects chosen at random from this study.


TABLE 11.4  Data for Exercises 11.26 and 11.27. Variables are as follows:

QOL_BASE = quality of life at baseline (coded 0 = Delighted, 1 = Pleased, 2 = Mostly Satisfied, 3 = Mixed, 4 = Mostly Dissatisfied, 5 = Unhappy, 6 = Terrible)
QOL_3MO = Quality of life after 3 months of treatment (same codes)
MAXFLO_B = maximum urine flow at baseline (urine flow measurement scale misplaced)
MAXFLO3M = maximum urine flow after 3 months of treatment

[image: tab]

Source: Simple random sample of a data set provided by student Joanne Morales. Data are stored online in BPH-SAMP.SAV.



(a)   Calculate differences in quality of life scores (DELTA) for each subject.

(b)   Explore the differences with a stemplot. Discuss your exploration.

(c)   Calculate the mean and standard deviation of the difference. Then test the mean difference for statistical significance. Use a two-sided alternative hypothesis.q

11.27  Benign prostatic hyperplasia, maximum flow. Table 11.4 also contains data for maximum urine flow at baseline (MAXFLO_B) and maximum urine flow after 3 months of treatment (MAXFLO3M). Test the mean difference in this outcome for statistical significance.

11.28  NASA experiment. A NASA study compared two methods of determining white blood cell counts in laboratory animals. Table 11.5 lists results for 42 paired observations. Calculate DELTA values for each observation and plot these differences as a stemplot. Based on this plot, do you think the methods are interchangeable?


TABLE 11.5  Data for Exercise 11.27. White blood cells counts (×1000 dL) by Celdyne method and Unopett method, n = 42.

[image: tab]

Source: Data from student Adam Seddiqi. Data stored online in the file SEDDIQ.SAV.



11.29  Therapeutic touch.r Proponents of an alternative medical treatment known as therapeutic touch claim that each person has a human energy field (HEF) that can be perceived and manipulated by touch. Therapists trained to recognize HEF-related perceptions are said to be particularly adept at manipulating HEFs. In an experiment that started out as a fourth-grade science fair project, therapeutic touch practitioners were tested under blind conditions to see whether they could correctly identify whether the HEF of an unseen hand hovered over their left or right hand (Figure 11.7). Fifteen therapeutic touch therapists underwent an initial set of 10 trials each. If HEF perception through therapeutic touch was possible, the therapists should have each been able to detect the experimenter’s hand in 10 (100%) of 10 trials. Chance alone would produce a mean score of 5 (of 10). However, the n = 15 touch therapists correctly identified the location of the hand an average of 4.67 times (standard deviation 1.74). Calculate a 95% confidence interval for the mean number of correct identification of the HEF. Is the confidence interval compatible with random guessing?


[image: images]

FIGURE 11.7  Experimenter (right) hovers hand over one of the therapeutic touch practitioner’s hands (left). The towel in the picture blinds the observation, preventing the therapeutic touch practitioner from seeing the location of the experimenter’s hand. Drawing by Pat Linse. Published with the permission of the artist and Skeptic magazine.



11.30  Therapeutic touch, n = 28. This exercise is an extension of Exercise 11.29. We add 8 observations to the initial 20, bringing the total sample size to 28. Each observation consists of 10 attempts to identify a human energy field, as previously discussed (see Figure 11.7). The number of correct identifications out of 10 was {1, 2, 3, 3, 3, 3, 3, 3, 3, 3, 4, 4, 4, 4, 4, 5, 5, 5, 5, 5, 5, 5, 6, 6, 7, 7, 7, 8}.

(a)   Plot the data as a stemplot. Are there any clear departures from Normality? Can you use t-procedures on these data? Explain your reasoning.

(b)   Provide a 95% confidence interval for the mean number of correct identifications.

______________

a Perhaps it would be more accurate to call [image: inline] the estimated standard error, but this distinction often gets lost in practice.

b Langenberg, C., Shipley, M. J., Batty, G. D., & Marmot, M. G. (2005). Adult socioeconomic position and the association between height and coronary heart disease mortality: Findings from 33 years of follow-up in the Whitehall Study. American Journal of Public Health, 95(4), 628–632.

cStudent. (1908). The probable error of a mean. Biometrika, VI, 1–25.

d The standard deviation of a t-distribution is actually a little more than one, but this won’t be detectable in a sketch. The standard deviation of a t-distribution is [image: inline]. For example, a t-distribution with 10 df has [image: inline].

e Because t tables do not have negative t-values, you must use your knowledge about the symmetry of the curve to determine lower percentile points.

f See, for example, www.stat.tamu.edu/applets/tdemo.html.

g Abramson, J. H. (2004). WINPEPI (PEPI-for-Windows): Computer programs for epidemiologists. Epidemiologic Perspectives & Innovations, 1(1), 6.

h You lose the 1 degree of freedom in using s as an estimate for σ.

i CDC. (2006). About BMI for Adults. Retrieved on July 15, 2006, from www.cdc.gov/NCCdphp/dnpa/bmi/adult_BMI/about_adult_BMI.htm.

j Table C list confidence levels for t random variables in its bottom row.

k When creating the DELTA variable, it makes no difference which sample is subtracted from which. You must, however, be consistent and keep track of the direction of differences.

l de la Fuente-Fernandez, R., Ruth, T. J., Sossi, V., Schulzer, M., Calne, D. B., & Stoessl, A. J. (2001). Expectation and dopamine release: Mechanism of the placebo effect in Parkinson’s disease. Science, 293(5532), 1164–1166.

m This refers to the fact that the results remain substantially true even when the condition is not perfectly met.

n Skewed distributions may be mathematically transformed to Normalize the distribution (Sections 7.1 and 7.4).

o You may need to estimate σ with a value of s from published sources or a pilot investigation.

p Lachin, J. M. (1981). Introduction to sample size determination and power analysis for clinical trials. Controlled Clinical Trials, 2(2), 93–113.

q Because it may have been imprudent to use a t-procedure in this instance, I redid the analysis with a nonparametric (Wilcoxon signed rank) test that does not require Normality and P = 0.014, deriving a similar conclusion as the t-procedure.

r Rosa, L., Rosa, E., Sarner, L., & Barrett, S. (1998). A close look at therapeutic touch. JAMA, 279(13), 1005–1010.
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	Multiple Linear Regression





[image: squimg] 15.1 The General Idea

Simple regression addresses a single explanatory variable (X) and response variable (Y):

[image: image]

Chapter 14 considered simple regression.

Multiple regression is an extension of simple linear regression that addresses multiple explanatory variables (X1, X2, …, Xk) in relation to a response variable (Y):

[image: image]

To start our discussion of multiple regression, let explanatory variable X1 represent the explanatory variable of prime interest. All other explanatory variables in the model (X2, …, Xk) will be considered to be “extraneous” for now. The multiple regression model holds constant the influence of the extraneous variables, allowing us to more readily isolate the effects of the primary explanatory variable. The intention is to “adjust out” confounding effects, leaving the regression coefficient associated with the primary explanatory variable relatively unconfounded. When interest later shifts to (say) explanatory variable X2, it then becomes the primary explanatory variable and all others are extraneous.

It must be pointed out that the causal nature of an explanatory variable from a nonexperimental study is not tested in a strong way even with multiple regression models. Adjustments imposed by multiple regression are passive. To get a more robust test of cause, active experimentation is needed. “To find out what happens to a system when you interfere with it, you have to interfere with it (not just passively observe it).”a Therefore, as was the case with simple regression, it should not be taken for granted that statistics from multiple regression models reflect actual causal relations. An observed association may be causal or non-causal depending on nature, not on the model.

Finally, we will not consider all the mathematics behind the multiple regression model. Instead, we will rely on statistical software for computations. This will allow us to introduce the model without getting bogged down in its mathematical complexities.b

[image: squimg] 15.2 The Multiple Linear Regression Model

Simple linear regression and multiple regression are based on similar lines of reasoning.c In a simple regression population model, the expected value of Y at a given level of X is based on the linear equation:

[image: image]

where μY |x is the expected value of Y given x, α is the parameter indicating the model’s intercept, and β is the parameter indicating the model’s slope. We do not know the true values of model parameters, so we estimate them with a least squares regression line that minimizes the ∑residuals2. This derives estimates for regression parameters that predict values of [image: inline] with the equation.

[image: image]

where a is the intercept estimate and b is the slope estimate.

The standard error of the regression is the root mean square of the residuals:

[image: image]

Inferential techniques use this standard error estimate in their application (Section 14.4).

Now consider a regression model with two explanatory variables. The expected value of Y at given levels of X1 and X2 is:

[image: image]

As was the case with simple linear regression, a least squared method minimizing ∑residuals2 is used to fit the model:

[image: image]

where a is the intercept estimate, b1 is the slope estimate for X1, and b2 is the slope estimate for X2.

While a simple regression model with one independent variable fits a response line in two-dimensional space, a multiple regression model with two independent variables fits a response plane in three-dimensional space. Figure 15.1 depicts a response plane for a multiple regression model with two explanatory variables.

Multiple regression models can accommodate more than two explanatory variables by fitting a response surface in k + 1 dimensional space, where k represents the number of explanatory variables in the model. For example, a model with three explanatory variables uses a four-dimensional response plane. Although we cannot visualize four dimensions, we can still use linear algebra to find the best-fitting surface for the response plane. As before, this is achieved by minimizing the ∑residuals2 for the plane. The result is a multiple regression model with k explanatory variables in which:

[image: image]


[image: images]

FIGURE 15.1  Three-dimensional response plane.



The coefficients derived by this model have similar interpretations as those derived by simpler models. Intercept estimate (a) is where the regression surface crosses the Y axis, the slope estimate associated with X1 (b1) predicts the amount of change in Y per unit increase in X1 while holding the other variables in the model constant, the slope estimate associated with X2 (b2) predicts the amount of change in Y per unit increase in X2 while holding the other variables in the model constant, and so on.


ILLUSTRATIVE EXAMPLE

Data (Forced expiratory volumes). Our illustrative data comes from a health survey done in adolescents. The illustrative data set includes information on 654 individuals between 3 and 19 years of age. Table 15.1 is a code book for the variables in the data set.

The response variable is a measure of respiratory function called forced expiratory volume (variable name FEV) that measures respiratory capacity in liters/second units. High values represent high respiratory capacity. We will consider the effects of two explanatory variables: SMOKE (coded 0 for “nonsmoker” and 1 for “smoker”) and AGE (years). Individuals were classified as ever-smokers if they currently smoked or had at some time smoked as much as one cigarette per week. We wish to quantify the effects of SMOKE on FEV while adjusting for AGE.


TABLE 15.1  Summary statistics from illustrative data set, n = 654.

[image: tab]

Data from Rosner, B. (1990). Fundamentals of Biostatistics (Third ed.). Belmont, CA: Duxbury Press. Data are stored online in the file FEV.*.





[image: squimg] 15.3 Categorical Explanatory Variables in Regression Models

Let us start by looking at the effect of smoking (variable name SMOKE) on forced expiratory volume (FEV) while ignoring AGE for now. The response variables in regression models are sometimes referred to as the dependent variables and the explanatory variables are referred to as independent variables. In this example, FEV is the dependent variable and SMOKE is the independent variable. Notice that SMOKE is categorical. Until this point, regression models we’ve considered have addressed quantitative independent (explanatory) variables only. Fortunately, regression models can accommodate binary explanatory variables as long as they are coded 0 for “absence of the attribute” and 1 for “presence of the attribute.” Variables of this sort are called indicator variables or dummy variables.

Regression models can handle categorical explanatory variables with more than two levels of the attribute by reexpressing the variable with multiple indicator variables. Table 15.2 describes how this is done. For now, we will address only binary explanatory variables.

Figure 15.2 is a scatterplot of FEV by SMOKE. The group means are 2.566 L/sec for SMOKE = 0 and 3.277 L/sec for SMOKE = 1. The line connecting the two means on the plot is the regression line for the relationship.


TABLE 15.2  Accommodating a categorical variable with more than two levels of the attribute. When the explanatory variable has k levels of the attribute, it is reexpressed with k − 1 dummy variables. For example, an attribute classified into three levels is reexpressed with two dummy variables. As an example, the variable SMOKE2 classifies individuals into three levels of smoking (0 = nonsmoker, 1 = former smoker, 2 = current smoker). To incorporate this information into a regression model, it is recoded as follows:








		SMOKE2

	DUMMY1

	DUMMY2
	


		0

	0

	0
	


		1

	1

	0
	


		2

	0

	1
	



Here’s an example of programming code that can be used for this purpose:

IF SMOKE = 1 THEN DUMMY1 = 1 ELSE DUMMY1 = 0
IF SMOKE = 2 THEN DUMMY2 = 1 ELSE DUMMY2 = 0

The variable DUMMY1 is coded so that 0 = not a former smoker, 1 = former smoker. The variable DUMMY2 is coded so that 0 = not a current smoker, 1 = current smoker. When DUMMY1 and DUMMY2 both equal 0, the individual is identified as a nonsmoker.



The regression line [image: inline] is linked to the means as follows:

•   The mean response in group 0 [image: inline].

•   The mean response in group 1 [image: inline].

•   The difference between mean responses = [image: inline].

Figure 15.3 contains SPSS output for this regression model. FEV is the dependent variable and SMOKE is the independent variable. This output indicates an intercept (a) of 2.566 and slope (b) of 0.711. Therefore, the regression model is [image: inline].


[image: images]

FIGURE 15.2  Scatterplot and regression line for forced expiratory volume in nonsmokers (SMOKE = 0) and smokers (SMOKE = 1), illustrative data set.



•   The mean response in group 0 (a) is 2.566.

•   The mean response in group 1 (a + b) is 2.566 + 0.711 = 3.277.

•   The difference between mean responses (b) is 0.711.

Analogous statements can be made about the population regression model μY|x = α + βx:

•   The expected response in group 0 is μY |x=0 = α + β(0) = α.

•   The expected response in group 1 is μY |x=1 = α + β(1) = α + β.

•   The difference in expectations μY |x=1 − μY |x=0 = (α + β) − α = β.

Thus, testing H0: μ1 − μ0= 0 is equivalent to testing H0: β = 0. In addition, a confidence interval for β is equivalent to a confidence interval for μ1 − μ0.


[image: images]

FIGURE 15.3  Screenshot of SPSS output for the illustrative example in which the response variable (FEV) is regressed on the binary explanatory variable (SMOKE). Graph produced with SPSS for Windows, Rel. 11.0.1.2001. Chicago: SPSS Inc. Reprint Courtesy of International Business Machines Corporation.



The output in Figure 15.3 reveals tstat = 6.464 with 652 df and P ≈ 0.000. It also reveals a confidence interval for β of (0.495 to 0.927) L/sec. These results suggest that the children who smoked had substantially greater lung capacity than nonsmokers—but how could this be true given what we know about the deleterious effects of smoking? The answer lies in the fact that the children in the sample who smoked were older than those who did not smoke.d AGE confounded the observed relationship between SMOKE and FEV. Fortunately, a multiple regression model can be used to adjust for AGE while comparing FEV levels in smokers and nonsmokers.

[image: squimg] 15.4 Regression Coefficients

For multiple regression models, we rely on statistical packages to calculate the intercept and slope coefficients. Figure 15.4 depicts the SPSS dialog box needed to estimate the effect of SMOKE on FEV while adjusting for AGE.e Figure 15.5 is a screenshot of output from the procedure. The intercept coefficient (a) is 0.367,f the slope coefficient for SMOKE (b1) is −0.209, and the slope coefficient for AGE (b2) is 0.231. The multiple regression model is:

[image: image]

where [image: inline] is the predicted value of the ith observation, x1i is the value of SMOKE for the ith observation, and x2i is the value of the AGE variable of the ith observation.


[image: images]

FIGURE 15.4  Screenshot of SPSS dialog box for setting up multiple regression. Graph produced with SPSS for Windows, Rel. 11.0.1.2001. Chicago: SPSS Inc. Reprint Courtesy of International Business Machines Corporation.



•   The intercept in this model (0.367) is an extrapolation of where the regression plane would slice through the Y axis. This has no practical application.

•   The slope for SMOKE (−0.209) predicts that going from SMOKE = 0 (nonsmoker) to SMOKE = 1 (smoker) is associated with a mean 0.209 decline in FEV.

•   The slope for AGE (0.231) predicts that each additional year of age is associated with a 0.231 increase in FEV.

This multiple regression model has adjusted for AGE to provide a more meaningful prediction of the effects of smoking.

Figure 15.5 includes the following results:

•   The standard error of the slope (SEbi) for each of independent variables i = 1 through k is listed in the column labeled “Std. Error.” (Formula not presented; we rely instead on statistical software.) Based on the output in Figure 15.5, the standard error of the slope associated with SMOKE (SEb1) is 0.081, and the standard error of the slope associated with AGE (SEb2) is 0.008. As is the case with all standard errors, these statistics quantify the precision of their associated estimate.


[image: images]

FIGURE 15.5  Screenshot of multiple linear regression output, illustrative example. Graph produced with SPSS for Windows, Rel. 11.0.1.2001. Chicago: SPSS Inc. Reprint Courtesy of International Business Machines Corporation.



•   The last two columns of Figure 15.5 list 95% confidence intervals for the regression coefficients. The 95% confidence interval for the slope associated with SMOKE is (−0.368 to −0.050). The 95% confidence interval for slope associated with AGE is (0.215 to 0.247). The interpretation of these confidences is similar to those derived from simple regression models. However, the confidence limits have now been adjusted for the other independent variables in the model. For example, the 95% confidence interval for SMOKE suggests that as we go from 0 (nonsmoker) to 1 (smoker), dependent variable FEV decreases (the confidence limits have negative signs) between 0.368 and 0.050 (L/sec) after controlling for AGE.

•   The Standardized Coefficients represent the predicted change in Y per unit increase in Xi in standard deviation units. The standardized coefficient for the slope of variable i is equal to [image: inline].

•   The t column provides t-statistics for testing H0: βi = 0. In each case, [image: inline] with n − k − 1 degrees of freedom. Each of these test statistics has been adjusted for the contributions of the other independent variables in the model.

•   The Sig. column provides two-sided P-values for each of the t-tests. For example, Figure 15.5 shows that P = 0.010 in testing H0: β1 = 0, where β1 represents the population slope associated with the smoke variable.

[image: squimg] 15.5 ANOVA for Multiple Linear Regression

Test Procedure

Analysis of variance can be used to test the overall fit of a multiple regression model. Here is a step-by-step procedure for the test.

A.  Hypotheses. The null hypothesis is H0: the multiple regression model does not fit in the population. The alternative hypothesis is Ha: the multiple regression model does fit in the population. These statements are functionally equivalent to H0: all βi = 0 versus Ha: at least one of the βi ≠ 0. Note that some of the population slopes can be 0 under the alternative hypothesis.

B.  Test statistics. As discussed in Section14.4, two components of variance are analyzed: the mean square of the residuals and the mean square of the regression.

Mean square residual: Recall that a residual is the difference between an observed response and the response predicted by the regression model. For the ith observation:

[image: image]

where yi is the observed value and [image: inline]i is the predicted value of yi. The multiple regression model has been constructed so that a, b1, b2, …, bk minimized ∑residuals2. The variance of the residuals (call it σ2) is assumed to be constant at all levels and combinations of the explanatory variables. We estimate this variance with the statistic:

[image: image]

where ∑residuals2 is the sum of squared residuals and dfresiduals = n − k − 1 and k represents the number of explanatory variables in the model. You lose (k + 1) degrees of freedom in this variance estimate because k + 1 parameters are estimated—the slopes for each explanatory variable plus the intercept. For the illustrative data, you lose 3 degrees of freedom in estimating α, β1, and β2. Therefore, dfresiduals = 654 − 2 − 1 = 651.

The symbol [image: inline] can be used to represent the mean square residual. This is the estimated variance of Y given X1 and X2 on the regression plane. The square root of this mean square residual is the standard error of the multiple regression: [image: inline].

Mean square regression: The mean square regression quantifies the extent to which the response surface deviates from the grand mean of Y:

[image: image]

where ∑regressions2 is the sum of squares of the regression components and dfregression = k. The regression component of observation i is given by [image: inline] is the predicted value of Y and [image: inline] is the grand mean of Y.

ANOVA table and F-statistic: Sums of squares, mean squares, and degrees of freedom are organized to form an ANOVA table (see Table 15.3).


TABLE 15.3  ANOVA table.

[image: tab]

aSome statistical packages will indicate this line of output with the label “Model” (i.e., regression model).

bSome statistical packages will indicate this line of output with the label “Error” (i.e., residual error).



The F-statistic is:

[image: image]

Figure 15.6 shows computer output of the ANOVA table for the illustrative example. This reveals Fstat = 443.25 with 2 and 651 degrees of freedom.

1.   P-value. A conservative estimate for P-value can be derived from Appendix Table D by looking up the tail region for an F-distribution with 2 numerator df and 100 denominator df. (Always go down to the next available degree of freedom for a conservative P-value.) This lets us know that an F2,100 critical value of 7.41 has a right tail area of 0.001. The observed F-statistic falls further into this tail. Therefore, P < 0.001.

2.   Significance level. The evidence against the null hypothesis is significant at the α = 0.001 level.

3.   Conclusion. The F-test is directed toward H0: β1 = β2 = 0 versus Ha: “H0 is false.” Therefore, this analysis merely tells us that age and/or smoking are significantly associated with forced expiratory volume in this adolescent population (P < 0.001). To determine which slopes are significant, we must look at the individual contributions of the variables as addressed in Section 15.4.


[image: images]

FIGURE 15.6  Screenshot of computer output, multiple linear regression ANOVA statistics, forced expiratory volume illustrative example. Graph produced with SPSS for Windows, Rel. 11.0.1.2001. Chicago: SPSS Inc. Reprint Courtesy of International Business Machines Corporation.



Model Fit

The ratio of the sum of squares of the regression and total sum of squares forms the multiple coefficient of determination (R2):

[image: image]

This statistic quantifies the proportion of the variance in Y that is explained by the regression model, thus providing a statistic of overall model fit.

The output in Figure 15.6 shows that SSregression = 283.058 and SSTotal= 490.920. Therefore, R2 = 283.058/490.920 = 0.577. This suggests that about 58% of the variability of the response is explained by the independent variables in the model.

The square root of the multiple coefficient of determination is the multiple correlation coefficient (R): [image: inline]. This statistic is analogous to Pearson’s correlation coefficient (r) except that it considers the contribution of multiple explanatory factors. This statistic will always be a positive number between 0 and 1. The multiple correlation coefficient for the illustrative example [image: inline].

Figure 15.7 is a screenshot of output of model summary statistics. Besides R and R2, this output includes two additional statistics: the Adjusted R Square, which is equal to [image: inline] and the Std. Error of the Estimate, which is equal to [image: inline]. The Adjusted R Square more closely than R2 reflects the goodness of fit of the model in the population.g The standard error of the estimate is the standard error of the multiple regression, which is equal to [image: inline].


[image: images]

FIGURE 15.7  Screenshot of computer output, multiple linear regression model summary, forced expiratory volume illustrative example. Graph produced with SPSS for Windows, Rel. 11.0.1.2001. Chicago: SPSS Inc. Reprint Courtesy of International Business Machines Corporation.



[image: squimg] 15.6 Examining Multiple Regression Conditions

The conditions needed for multiple linear regression mirror those of simple linear regression. Recall the mnemonic “line,” which stands for linearity, independence, normality, and equal variance (Section 14.4). Statistical packages often incorporate tools to help examine the multiple regression response surface for these conditions. Although thorough consideration of these tools is beyond the scope of this general text, we examine two such tools by way of introduction.

Figure 15.8 is a plot of standardized residuals against standardized predicted values for the illustrative example. The standardized residual of observation i is [image: inline], and its standardized predicted value is [image: inline], where [image: inline]. This plot shows less variation at the lower end of predicted values than at the higher end. This is not unexpected with these data; the lower FEV values are likely to represent younger subjects where respiratory function is expected to be less variable. The extent to which this undermines the equal variance assumption and utility of the inferential model is a matter of judgment and may warrant further consideration by a specialist.


[image: images]

FIGURE 15.8  Standardized residuals plotted against standardized predicted values, multiple linear regression model. Graph produced with SPSS for Windows, Rel. 11.0.1.2001. Chicago: SPSS Inc. Reprint Courtesy of International Business Machines Corporation.




[image: images]

FIGURE 15.9  Normal Q-Q plot, multiple linear regression illustration. Graph produced with SPSS for Windows, Rel. 11.0.1.2001. Chicago: SPSS Inc. Reprint Courtesy of International Business Machines Corporation.



Figure 15.9 is a Normal Q-Q plot of the standardized residuals. In this plot, we look for deviations from the diagonal line as evidence of non-Normality (Section 7.4). The data in this plot does a fairly good job adhering to the diagonal line, suggesting no major departures from Normality.

Summary Points (Multiple Regression)

1.   Multiple regression is used to quantify linear relationship between explanatory variable X1 and quantitative response variable Y while adjusting for potential confounding variables X2, X3, …, Xk.

2.   Categorical explanatory variables can be incorporated into a regression model by coding them as 0/1 dummy variables.

3.   The population model for multiple regression is μY|x1, x2, …, xk = α + β1x1 + β2x2 + ··· + βkxk, where μY|x1, x2, …, xk represents the expected value of response variable Y given specific values for explanatory variables X1, X2, …, Xk· β1, β2, …, βk are the population slopes for the explanatory variables X1, X2, …, Xk; α is the population intercept.

4.   We rely on statistical software to provide estimates for each regression coefficient. These estimates are called a, b1, b2, …, bk. The regression equation for the data is [image: inline], where [image: inline] represents the predicted value of Y given values x1, x2, …, xk.

(a)   Each slope b1, b2, …, bk is interpreted as follows: if all the X variables except Xi are held constant, the predicted change in Y per unit change in Xi is equal to bi.

(b)   Each slope estimate can be tested for statistical significance with t-test H0: βi = 0. We rely on statistical software to compute the statistics.

(c)   95% confidence intervals for each βi are provided by the software.

5.   The residual associated with observation i([image: inline]) is the distance of data point from regression plane fit by the model. It is assumed that these residuals show constant variance at all points along the plane and are Normally distributed with a mean of 0: [image: inline] ~ N(0, σ). These assumptions can be examined with a residual plot.

6.   The variance of the regression σ2 is estimated by the mean square residual [image: inline], where ∑residuals2 is the sum of squared residuals and dfresiduals = n − k − 1. The mean square residual is also called the mean square error.
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Exercises

15.1    The relation between FEV and SEX in the illustrative data set. Download the illustrative data set (FEV.*) used in this chapter. See Table 15.1 for a codebook of variables. Examine the relationship between FEV and SEX. Then, examine the relationship between FEV and SEX while adjusting for AGE. Did AGE confound the relationship?

15.2    Cognitive function in centenarians. A geriatric researcher looked at the effect of AGE (years), EDUCATION level (years of schooling), and SEX (0 = female, 1 = male) on cognitive function in 162 centenarians (fictitious data). Cognitive function was measured using standardized psychometric and mental functioning tests with higher scores corresponding to better cognitive ability. Using these data, a multiple regression computer run derived the following multiple regression model:

[image: image]

Based on this model, describe the effect of AGE, EDUCATION, and SEX on cognition scores in centenarians.

______________

a George Box cited in Gilbert, J. P., & Mosteller, F. (1972). The urgent need for experimentation. In F. Mosteller & D. P. Moynihan (Eds.), On Equality of Educational Opportunity. New York: Vintage, p. 372.

b For discussions of the mathematics of multiple regression model fitting, see Kutner, M. H., Nachtsheim, C. J., Neter J. (2004). Applied Linear Regression Models (4th ed.). New York: McGraw-Hill/Irwin.

c Chapter 14 covers basic concepts for simple linear regression.

d The 589 nonsmokers have a mean age of 9.5 years (standard deviation 2.7 years). The 65 smokers have a mean age of 13.5 (standard deviation 2.3 years).

e The illustration uses SPSS, but any reliable statistical package would do.

f This is labeled (constant).

g This adjustment is needed because as predictors are added to the model, some of the variance in Y is explained simply by chance.
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	Comparing Two Proportions





[image: squimg] 17.1 Data

In this chapter, we compare binary responses from two groups. With this type of data, it is common to use the term exposure to refer to the explanatory variable and outcome to refer to the response variable. The exposure can represent any experimental intervention or nonexperimental factor that distinguishes the groups. We tally the number of “successes” in each group and convert the counts to proportions (as we did in Chapter 16). Table 17.1 shows the notation we will use:


TABLE 17.1  Notation.

[image: tab]



The observed proportion in group 1 is [image: inline]. The observed proportion in group 2 is [image: inline]. These are the estimators of parameters p1 and p2, respectively.


ILLUSTRATIVE EXAMPLE

Data (Estrogen trial). One component of the NIH-sponsored Women’s Health Initiative study was a trial in which postmenopausal women were randomly assigned either estrogen or an identical-looking placebo. The estrogen-exposed group comprised n1 = 8506 subjects. The placebo group had n2 = 8102. Incidents of a combined index outcome (consisting of coronary disease, stroke, pulmonary embolism, breast cancer, endometrial cancer, colorectal cancer, hip fracture, and death due to other causes) were tallied in the groups. After a mean 5.2 years of follow-up, the estrogen-exposed group had 751 incidents and the control group had 623 incidents.a Therefore, cumulative incidence proportions were [image: inline].



Notes

1.   Prevalence and cumulative incidence. Recall that prevalence is the proportion of individuals with the attribute at a particular time, and incidence is the proportion of individuals at risk who develop a condition over a specified period of time. The term risk is used synonymously with incidence proportion (Section 16.1).

2.   How many significant digits should I carry? Students often inquire about the number of digits to carry when working with numbers. The answer to this question depends on the accuracy of the data and its intended use. As a general rule, maintain at least four significant digits when performing calculations. Then, before reporting results, round the proportion to three significant digits. For example, 0.08829 is reported with three significant digits as 0.0883, 8.83%, or 88.3 per 1000. (Leading zeros do not count as significant digits.)

[image: squimg] 17.2 Proportion Difference (Risk Difference)

Point Estimate

One way to compare proportions is in the form of a difference. Comparisons may represent prevalence differences or incidence (risk) differences, depending on the nature of the underlying proportions. For the sake of economy of language, we will focus on risk differences, keeping in mind that these techniques also apply to prevalence differences.

The risk difference parameter is p1 − p2. Its estimator [image: inline] measures the excess risk associated with an exposure in absolute terms.


ILLUSTRATIVE EXAMPLE

Risk difference. What is the risk difference for the combined outcome in the estrogen trial alluded to earlier? We established 5.2-year risks of [image: inline] in the treatment group and [image: inline] in the control group.

Solution: [image: inline]. This is equivalent to 11.4 additional cases per 1000 exposed individuals over the 5.2-year period.



Sampling Distribution of the [image: inline]

To get a better sense of how well [image: inline] reflects p1 − p2, we need to know something about its sampling variability. We start with these facts:

•   In large samples, the sampling distribution of [image: inline] is Normal.

•   The sampling distribution of [image: inline] has an expected value (μ) of p1 − p2. Therefore, the sample risk difference is an unbiased estimator of the population risk difference.

•   The standard deviation of the sampling distribution (denoted [image: inline] is equal to [image: inline], where qi = 1 − pi.

•   Using the notation established earlier, the probability model that predicts the sampling variability of a risk difference in large samples is [image: inline].

Figure 17.1 depicts these facts.


ILLUSTRATIVE EXAMPLE

Sampling distribution of a risk difference (Hypothetical). One of the difficult parts about statistical inference is using our imagination to understand the theoretical sampling distributions of an estimator. To exercise our imagination, let us consider the sampling distribution of a hypothetical situation in which two groups, each composed of 1000 individuals, come from populations with risks of 10% for a particular outcome. In studying 1000 individuals per group, the sampling distribution of the risk difference is approximately Normal with expected value 0 and standard deviation

[image: inline]

Using the notation for Normal random variables established in prior chapters, [image: inline] ~ N(μ = 0, σ = 0.0134).

Application of the 68–95–99.7 rule allows us to say that 68% of the sample risk difference based in these conditions will fall in the range 0 ± 0.0134, 95% will fall in the range 0 ± (2)(0.0134) = 0 ± 0.0268 (and so on). In addition, we can use this sampling distribution to determine the probability of a given range of observations. To do this, standardize the observed risk difference and determine the probability of the range under the assumed sampling distribution. For example, the probability of observing a risk difference of 0.02 or greater under the stated conditions is [image: inline].


[image: images]

FIGURE 17.1  Sampling distribution of [image: inline] in large samples.





Notice that the formula [image: inline] uses parameters p1 and p2. Because these values are seldom known in practice, we replace them with [image: inline] and [image: inline] to derive the estimated standard error of the risk difference:

[image: image]

This standard error then can be used to quantify the precision of [image: inline] as an estimator of p1 − p2 for use in inferential procedures.

Exercises

17.1    Prevalence of cigarette use in two ethnic groups. Among U.S. adults from 1999 to 2000, American Indians/Alaska Natives had the greatest prevalence of smoking (p1 = 0.40); Chinese-Americans had the lowest prevalence (p2 = 0.12).b Suppose we take an SRS of 1000 individuals from each of these groups (n1 = n2 = 1000).

(a)   Describe the sampling distribution of [image: inline].

(b)   What is the probability a sample will show a prevalence difference of 0.26 or less?

(c)   How likely is it for a sample to show no difference in prevalences?

17.2    Hypothetical situation. Consider a fictitious study based in two populations. Twenty-five percent of the individuals in both populations have a particular risk factor (p1 = p2 = 0.25). We randomly selected 3750 subjects from each population (n1 = n2 = 3750).

(a)   These are large samples, so the sampling distribution of [image: inline] will be approximately Normal. What are the mean and standard deviation of the sampling distribution?

(b)   What percent of repeated independent SRSs of the given sizes will have prevalence differences that fall in the range −0.02 to 0.02?

Confidence Interval for p1 − p2

A plus-four method (similar to the one presented in Section 16.5) is our primary method for determining confidence intervals for proportion differences. This method, which is related to a Wilson score confidence interval, can be used in samples with as few as five observations per group.c

When comparing two groups, the plus-four method adds one success and one failure to each group. Let:

[image: inline]

The standard error of the proportion difference is:

[image: image]

The typical “point estimate ± z · SE” formula is applied using [image: inline] as the point estimate. The (1 − α)100% confidence interval for p1 − p2 is:

[image: image]

Use z1−α/2 = 1.645 for 90% confidence, z1−α/2 = 1.96 for 95% confidence, and z1−α/2 = 2.576 for 99% confidence.


ILLUSTRATIVE EXAMPLE

Confidence interval for risk difference. We propose to calculate a 95% confidence interval for the risk difference in the estrogen trial presented earlier. We’ve established that a1 = 751 and n1 = 8506 in the treatment group. In the control group, a2 = 623 and n2 = 8102.

Solution:

•   In the treatment group, ã1 = a1 + 1 = 751 + 1 = 752, ñ1 = n1 + 2 = 8506 + 2 = 8508, and [image: inline].

•   In the control group, ã2 = a2 + 1 = 623 + 1 = 624, ñ2 = n2 + 2 = 8102 + 2 = 8104, and [image: inline].

•   [image: inline]

•   The 95% confidence interval for [image: inline][image: inline][image: inline], or approximately from 0.3% to 2.0%.

•   We conclude with 95% confidence that estrogen increases the risk of the combined index outcome (coronary heart disease, invasive breast cancer, stroke, pulmonary embolism, endometrial cancer, colorectal cancer, hip fracture, and death due to other causes) in the population by between 0.3% and 2.0%.



WinPepi’s Compare2.exe program (option B)d calculates confidence intervals for proportion difference via three different methods. Our plus-four method corresponds most closely with the noncontinuity-corrected Wilson score method.

Exercises

17.3    Cytomegalovirus and coronary restenosis. Each year, cardiologists surgically repair thousands of clogged coronary arteries only to have many of these arteries narrow again (restenose) soon after surgery. A study sponsored by the NIH was conducted to help determine whether infection with a common type of virus, cytomegalovirus (CMV), contributed to coronary restenosis. Forty-nine of the subjects showed serological evidence of CMV infection, while 26 showed no such evidence. In the CMV+ group, 21 individuals restenosed within 6 months of atherectomy. In the CMV− group, 2 individuals restenosed.e

(a)   Calculate the risk difference of restenosis associated with seropositivity.

(b)   Calculate a 95% confidence interval for p1 − p2. Explain the meaning of this confidence interval in terms a layperson can understand.

(c)   Optional: Use WinPepi Compare2.exe to calculate 95% confidence intervals for p1 − p2. How do WinPepi’s calculations compare with the confidence interval calculated by hand in part (b)?

[image: squimg] 17.3 Hypothesis Test

An observed difference in sample proportions can reflect either a true difference in the population, random sampling error, or bias. We will ignore the possibility of bias for now and focus instead on how to test against random sampling error. Two methods are considered: a z-test (for use in large samples) and an exact binomial procedure.

z-Test

A z-test can be used when there are at least five successes and five failures in each of the groups.f

A.  Hypotheses. The null hypothesis is H0: p1 − p2 = 0 or, equivalently, H0: p1 = p2. The two-sided alternative hypothesis is Ha: p1 − p2 ≠ 0 (equivalently, Ha: p1 ≠ p2). One-sided alternatives (Ha: p1 > p2 or Ha: p1 < p2) are used occasionally.

B.  Test statistic. The test statistic is

[image: inline]

where [image: inline].

C.  P-value. The P-value is the probability of observing a zstat that is equal to or more extreme than the observed zstat under the null hypothesis. The two-tailed P-value is twice the area under the curve beyond the |zstat| on a Standard Normal distribution. Use Appendix Table F or a software utility to convert the test statistic to a P-value.

D.  Significance level. The P-value is compared to type I error rates (α) to gauge the strength of evidence against the null hypothesis.

E.  Conclusion. The test results are addressed in the context of the data and research question.

Stay diligent to the fact that statistical hypothesis testing and confidence intervals address only random sampling error and do not control for nonrandom sources of error in the data.


ILLUSTRATIVE EXAMPLE

z-test of independent proportions. We apply a two-sided z-test to the estrogen trial data presented earlier. Recall that [image: inline].

A.  Hypotheses. H0: p1 = p2 versus Ha: p1 ≠ p2

B.  Test statistic.

(a)   [image: inline]

(b)   [image: inline]

(c)   [image: inline]

[image: inline]

C.  P-value. P = 0.00759 (from Table F). Figure 17.2 shows the sampling distribution of the test statistic for this problem. To better understand the basis of the P-value, take note of distributional landmarks on the horizontal axis. The small P-value regions indicate that the observed difference in proportions is far enough from zero to suggest that the observed difference is highly significant.

D.  Significance level. The evidence against the null hypothesis is significant at the α = 0.01 level.

E.  Conclusion. The evidence that estrogen increases their risk of the combined index outcome in the source population is statistically significant (P = 0.0076).


[image: images]

FIGURE 17.2  P-value, illustrative example.





Notes

1.   Dissecting the z-statistic. The numerator of the zstat is the observed risk difference. Its denominator is the standard error of the difference when p1 = p2.

2.   Continuity-corrected test statistic. A continuity correction can be applied to the zstat to accommodate the discrete nature of binomial counts. The continuity-corrected z-statistic is:

[image: image]

For this illustrative example, [image: inline], corresponding to P = 0.00829 (two-sided).

3.   Is the continuity-corrected z-statistic necessary? Statisticians differ in their opinion in response to this question. Some see the continuity correction as an improvement, while others see it as counterproductive. In large samples, the regular and continuity-corrected z-statistic will produce nearly identical results. In small samples, the continuity-corrected z-statistic will produce a slightly larger P-value. Either statistic is acceptable in practice.

4.   Chi-square test. The test of H0: p1 = p2 can also be performed with a chi-square statistic, as we will discuss in the next chapter.

Exact Tests for Comparing Proportions

The z-test of H0: p1 = p2 is based on the Normal approximation to the binomial distribution (see Section 8.3). This Normal approximation is accurate in large samples but is not a good fit in small samples. To determine whether a sample is large enough for this Normal approximation, we first examine the data in the form of a two-by-two cross tabulation. Table 17.2 shows the notation we will use in addressing two-by-two tables. In this notation, a1 represents the number of cases in group 1, b1 represents the number of noncases in group 1, n1 represents the number of individuals in group 1, and so on.


TABLE 17.2  Notation for two-by-two cross-tabulations of frequencies.

[image: tab]



To demonstrate a two-by-two cross tabulation, let us consider this new illustrative data set.


ILLUSTRATIVE EXAMPLE

Two-by-two Cross Tabulation (Kayexelate® and colonic necrosis). Sodium polystyrene (brand name Kayexelate®g) in sorbitol is a drug used to reduce potassium levels in patients with hyperkalemia, commonly in renal failure patients. This drug was suspected of causing an adverse reaction leading to gangrene of the intestine (colonic necrosis). To address this issue, a study compared the incidence of colonic necrosis in 117 Kayexelate-exposed postoperative patients and 862 nonexposed postoperative patients. Two colonic necrosis cases occurred in the Kayexelate-exposed group, while no cases occurred in the nonexposed group. Table 17.3 shows the data in a two-by-two format.


TABLE 17.3  Kayexelate and colonic necrosis, illustrative example of two-by-two cross tabulation.

[image: tab]

Data from Gerstman, B. B., Kirkman, R., & Platt, R. (1992). Intestinal necrosis associated with postoperative orally administered sodium polystyrene sulfonate in sorbitol. American Journal of Kidney Diseases, 20(2), 159–161.



Using our established notation, the incidence of colonic necrosis in the exposed group [image: inline]. The incidence in the nonexposed group [image: inline].



To address whether a Normal-approximation (z) test is acceptable for testing proportions, we must first look at the expected values in each of the table cells. When an expected value falls below 5 in any of the table cells, the sample is too small to use a Normal-approximation–based test.

Expected cell values are calculated as the product of the row and column marginal totals divided by the table total:

[image: image]

where Ei is the expected value in table cell i. For example, the expected value in table cell a1 is [image: inline]. Expected values for the colonic necrosis and Kayexelate® illustrative data are shown in Table 17.4.


TABLE 17.4  Kayexelate and colonic necrosis illustration, expected counts if the null hypothesis were true.

[image: tab]



Notice that table cells a1 and a2 have expected values that are less than 5. Therefore, the Normal-approximation–based z-test of proportions is not appropriate in this situation. Under such circumstances, we use a test based on the calculation of exact binomial probabilities (“exact tests”).

Exact tests for two-by-two cross tabulations are based on calculating exact probabilities for all possible outcomes that are equal to or are more extreme than the observed set of counts. Such calculations are tedious. We therefore rely on computer programs or applets for such calculations. Let us demonstrate the application of an exact test of the “colonic necrosis” illustrative data using the free WinPEPI application.


ILLUSTRATIVE EXAMPLE

Exact tests (Kayexelate® and colonic necrosis). Recall the prior illustrative example on colonic necrosis in patients exposed to Kayexelate® in sorbitol (Table 17.3). The steps involved in testing the proportions with Fisher’s exact test follow.

A.  Hypotheses. H0: p1 = p2 against Ha: p1 ≠ p2. Notice that the null hypothesis states no difference in risks in the underlying populations.

B.  Test statistic. The test statistic is the observed counts in the two-by-two table (Table 17.4).

C.  P-value. We use WinPepi Compare2.exe to calculate exact test results. Figure 17.3 shows part of the output. Three exact procedures are calculated (Fisher’s, Mid-P, Overall’s). The two-sided P-values by Fisher’s method is 0.014.

D.  Significance level. The evidence against the null hypothesis is significant at the α = 0.025 level but not at the α = 0.01 level.

E.  Conclusion. Sodium polystyrene increases the postoperative incidence of colonic necrosis (P = 0.014).


[image: images]

FIGURE 17.3  Screenshot of WinPepi’s results for the kayexelate and colonic necrosis illustrative example. Abramson J.H. (2011). WINPEPI updated: computer programs for epidemiologists, and their teaching potential. Epidemiologic Perspectives & Innovations, 8(1), 1.





Notes

1.   Which exact procedure is best? Statisticians differ in their preference for exact tests. Fisher’s methodh produces the largest P-values, while Overall’si produces the smallest. The mid-P methodj provides a middle ground and has a firm theoretical basis.k

2.   One tailed or two? The output in Figure 17.3 lists one-tailed, two-tailed, and double one-tailed P-values. The one-tailed and two-tailed P-values are identical for this particular problem because there is no tail showing fewer than 0 cases in the nonexposed group. The doubled one-tailed P-value is acceptable,l but is used only rarely in practice.

3.   What exactly does “exact” mean? Do not confuse “exact test” with “exactly true test.” Exact in this sense means that probabilities were calculated with precise binomial formulas. However, the exact statistics, like Normal approximations, do not account for nonrandom sources of error. Exact tests are not foolproof.

Calculation of Fisher’s and the Mid-P Exact P-Values (Optional)

Exact tests do their job by calculating probabilities for tables more extreme than the observed counts conditional on the table’s marginal frequencies. Using the notation established in Table 17.2, the probability of a given cross tabulation conditioned on the observed margins of the table is:

[image: image]

Here are the exact probabilities for the Kayexelate and colonic necrosis illustrative example (Table 17.5):


TABLE 17.5  Calculation of exact probabilities for the kayexelate illustrative example.



Table 0







	
	0

	117

	117
	

	
	2

	860

	862
	

	
	2

	977

	979
	



[image: equation]

Table 1







	
	1

	116

	117
	

	
	1

	861

	862
	

	
	2

	977

	979
	



[image: equation]

Table 2







	
	2

	115

	117
	

	
	0

	862

	862
	

	
	2

	977

	979
	



[image: equation]





With the marginal totals fixed, these tables represent all possible outcomes for the study. Notice that these probabilities sum to 1: P0 + P1 + P2 = 0.775156 + 0.210669 + 0.014175 = 1.00000.

The P-value for Fisher’s exact test is the sum of probabilities for the observed table and tables more extreme than the observed table. Because there are no outcomes more extreme than the last cross tabulation in Table 17.5, this conditional probability represents both the one-sided and two-sided P-value for the problem by Fisher’s method. The mid-P method takes half this probability to derive Pmid-P = ½(0.014175) = 0.0070875.

Exercises

17.4    Smoking cessation trial. A randomized controlled, double-blind trial was conducted to see whether sustained-release bupropion (a pharmaceutical normally used to treat depression) provided benefit over use of the nicotine patch alone in helping people stop smoking. The control group (nicotine patch alone) included 244 smokers who wanted to stop smoking. The treatment group consisting of 245 individuals received sustained-release bupropion in combination with a nicotine patch. After 1 year, 40 individuals in the control group remained smoke-free. In contrast, 87 in the treatment group had done the same.m

(a)   Calculate the incidence proportions of cessation in the groups.

(b)   Test the difference in proportions for significance. (Show all hypothesis-testing steps.)

(c)   Concisely summarize the results of the study.

17.5    Joseph Lister and antiseptic surgery. Joseph Lister (1827–1912) demonstrated that postoperative mortality dropped from 16 fatalities in 35 procedures to 6 fatalities in 40 procedures after adopting antiseptic surgical techniques. Determine the risks of postoperative mortality in each group. Then, test the proportions for inequality.

17.6    Médecine d’observation. Pierre-Charles Alexandre Louis (1787–1872) is often referred to as the “father of clinical statistics.” In 1837, he wrote “I conceive that without the aid of statistics nothing like real medical science is possible.”n In his most famous study, Louis evaluated bloodletting as a treatment for pneumonia. At the time, bloodletting was an extremely popular form of therapy. Two forms were practiced: by lancet (cutting a vein) and by placement of leeches on specific body parts.o Louis called into question the effectiveness of these therapies by carefully monitoring and recording outcomes in treatment groups. In one analysis, he compared patients who received early bloodletting (treatment group) to those who received late treatment (control group). He found that 18 of 41 patients in the early treatment group died. In contrast, 9 of 36 control patients died.p

(a)   Calculate the risk difference in the groups.

(b)   Test the difference for significance. Report a two-tailed P-value for the test. Interpret the results.

17.7    Induction of labor and meconium staining. Meconium staining during childbirth may be a sign of fetal distress. A randomized trial was conducted to see whether induction of labor (by pitocin and other drugs delivered near term) would reduce the risk of meconium staining. The treatment group (n1 = 111) had elective inductions at 39 to 40 weeks of pregnancy. One delivery in the treatment group experienced meconium staining. In contrast, 13 of 117 pregnancies in the more conservatively managed group experienced meconium staining.q

(a)   Determine the risks of meconium staining in each group.

(b)   Even though the counts in table are small, can a Normal approximation (z-procedure) still be used to test the data? Show why.

(c)   Conduct the hypothesis test using a z-procedure.

(d)   Optional. Use a computer applet (e.g., www.OpenEpi.com) to calculate a P-value by Fisher’s exact test. Compare this P-value to the one derived from your z-procedure. How do they compare?

17.8    Induction of labor and meconium staining, risk difference estimate. Calculate a 95% confidence for the risk difference (induced minus noninduced) for the data in Exercise 17.7.

[image: squimg] 17.4 Proportion Ratio (Relative Risk)

The ratio of two proportions is a commonly encountered epidemiologic statistic. The ratio of two prevalences is a prevalence ratio. The ratio of two incidence proportions is a risk ratio. In loose terms, and for economy of language, we call both relative risks.r The relative risk estimator, denoted [image: inline]. The relative risk parameter is denoted RR.


ILLUSTRATIVE EXAMPLE

Relative risk (Estrogen trial). The relative risk of the combined index outcome in the estrogen trial illustrative example is [image: inline].



1.   Risk multiplier. We rearrange the formula [image: inline] to show that [image: inline]. This reveals that the relative risk is a risk multiplier. Use it to multiply the risk in the nonexposed group ([image: inline]) to derive the risk in the exposed group ([image: inline]). The illustrative example’s relative risk of 1.15 indicates the risk in the exposed group is 1.15 times that of the nonexposed group.

2.   Risk relative to baseline. The baseline relative risk is 1, not 0; a relative risk of 1 implies no increase in risk. A relative risk of 1.15 implies that the risk in the exposed group is 15% above baseline. By the same token, a relative risk of 0.85 would imply that the risk in the exposed group is 15% below the baseline established by the nonexposed group. You must subtract 1 from the value of [image: inline] to determine risk above or below the baseline.

3.   Direction of association. A risk ratio of 1 indicates that risks are equal in the exposed group and nonexposed group (no association between the explanatory variable and response variable). Risk ratios greater than 1 indicate a positive association. Risk ratios between 0 and 1 indicate a negative association.

4.   Switching group designations. Switching the designation of “exposure” turns the relative risk into its reciprocal. For example, had we designated lack of estrogen supplementation as the exposure in the illustrative example, the relative risk would have been 1.15−1 = 0.87. This does not materially affect the interpretation of the statistic.

5.   Relative risk versus risk difference. Both the relative risk [image: inline] and the risk difference [image: inline] can be used to qualify the effect of an exposure. The [image: inline] quantifies the effect of exposure in relative terms. The [image: inline] quantifies the effect of the exposure in absolute terms. Take, for example, the estrogen trial illustrative example in which [image: inline] (about 8.8%) and [image: inline] (about 7.7%). The relative risk for these data is [image: inline]; the risk in the exposed group is 1.15 times that of the nonexposed group. The risk difference for these data is [image: inline] showing a 1.1% increase in risk in absolute terms. The relationship between the relative risk and risk difference can be expressed as [image: inline] is the increase or decrease in risk relative to baseline. For the illustrative data [image: inline].

Confidence Interval for the RR

Figure 17.4 is a schematic of the sampling distribution of the natural logarithm of the relative risk in large samples. This sampling distribution is Normal with expectation (mean) lnRR and standard error:

[image: image]


[image: images]

FIGURE 17.4  Sampling distribution of the lnRR.



See Table 17.2 for notation.

The 95% confidence interval for the lnRR is:

[image: image]

where z1−α/2 = 1.645 for 90% confidence, z1−α/2 = 1.96 for 95% confidence, and z1−α/2 = 2.576 for 99% confidence. Take the antilog of these limits to get the confidence interval for RR.s


ILLUSTRATIVE EXAMPLE

Confidence interval for the relative risk (Estrogen trial). We calculate 90% and 95% confidence intervals for the RR for the estrogen trial illustrative data. Table 17.3 shows the data. We established that [image: inline].

Solution:

•   [image: inline]

•   [image: inline]

•   The 90% confidence interval for [image: inline][image: inline]. Therefore, the 90% confidence interval of RR = e0.0527, 0.2239 = (1.05 to 1.25).

•   The 95% confidence interval for lnRR = 0.1383 ± (1.96)(0.05192) = 0.1383 ± 0.1018 = (0.0365, 0.2401). Therefore, the 95% confidence interval of RR = e0.0365, 0.2401 = (1.04 to 1.27).

We can conclude with 95% confidence that the relative risk associated with estrogen use in this population is between 1.04 and 1.27.



Notes

1.   Confidence intervals address random errors only. By calculating a confidence interval for the RR, we are acknowledging the imprecision of our estimate. Keep in mind that the confidence intervals address random sources of errors only and do not address systematic errors.

2.   Capturing the RR. The confidence interval seeks to estimate the risk ratio parameter (RR), not the calculated risk ratio (RR).

3.   No guarantees. There is no guarantee that the confidence interval will capture the RR. There is an α ·100% chance that it will miss the RR.

Exercises

17.9    Framingham Heart Study. An early publication from the Framingham Heart Study identified 51 incidences of coronary disease among 424 men with high serum cholesterol (245 mg per 100 mL and above) over a 6-year period. Among 454 men with lower cholesterol (less than 210 mg per 100 ml), there were 16 incident cases.t Calculate the relative risk of coronary disease associated with high cholesterol. Include a 95% confidence interval for the RR.

[image: squimg] 17.5 Systematic Sources of Error

Confidence intervals and hypothesis tests are effective in addressing the random error associated with sampling and randomization. These methods, however, do nothing to address systematic error. Systematic errors come in these three general forms:

1.   confounding

2.   information bias

3.   selection bias

Confounding is especially problematic in nonexperimental studies. Recall that confounding derives from the mixing together of the effects of the explanatory variable and extraneous variables lurking in the background (Section 2.2). Experimentation mitigates confounding by balancing the distribution of extraneous variables in the groups being compared. Without randomization, nonexperimental studies are prone to the unbalanced effects of lurking factors. Chapter 15 introduced a method for mathematically adjusting for the influence of lurking factors when studying linear relationships. Chapter 19 will introduce a method used for a similar purpose when studying categorical outcomes. Even so, mathematical methods such as these are limited,u as this example will illustrate:


ILLUSTRATIVE EXAMPLE

Confounding. The large estrogen trial (experimental study) discussed earlier in this chapter was preceded in time by many nonexperimental studies on the same topic. Whereas the experimental study found that postmenopausal estrogen supplementation increased the risk of several serious adverse health outcomes, the earlier nonexperimental studies found just the oppositev. The nonexperimental studies had even adjusted for potentially confounding variables using advanced mathematical methods. How do we explain these discrepant results? The most plausible explanation is that the nonexperimental studies did not sufficiently control for confounding variables.w



Information bias arises from defects in measurement. With categorical data, this corresponds to misclassification of the explanatory variable or response variable (or both). Such misclassifications may be either differential or nondifferential. Nondifferential misclassification occurs to the same extent in the groups being compared. Differential misclassification affects some groups more than others. Table 17.6 illustrates examples of nondifferential and differential misclassification. Nondifferential misclassification biases result either toward the nullx or not at all,y as shown in scenario A in the table. Differential misclassification, on the other hand, can lead to false positive or false negative results, as demonstrated in scenario B in Table 17.6.


TABLE 17.6  Examples of nondifferential and differential misclassification, and their effect on relative risk estimates.

[image: tab]



Selection bias is due to the manner in which subjects are selected for study. There are many types of selection biases. Here is an example:


ILLUSTRATIVE EXAMPLE

After-the-fact identification of a cluster. In the spring of 1989, physicians and pharmacists at the University of Wisconsin Hospital clinics became aware of an increase in the frequency an adverse reaction (cerebellar toxicity) to a drug used in bone marrow transplant patients. This association became apparent after the hospital switched from the original formulation of the drug to a generic equivalent. The U.S. Food and Drug Administration was contacted, and a team of investigators was sent to look into the problem. A subsequent record review confirmed the increased frequency of this serious adverse reaction. Of the 25 patients treated with the generic form of the drug, 11 (44%) experienced cerebellar toxicity. In comparison, 3 (8.8%) of 34 individuals treated with the brand-name product experienced toxicity.z Thus, the relative risk associated with the generic drug was [image: inline]. Although this particular hospital experienced much greater toxicity with the generic formulation, there is difficulty in interpreting these results. This hospital was selected for study just because of its high rate of occurrence. No other institution reported a similar problem. Somewhere, there might be a hospital where the generic formulation proved safer. Thus, there is no way of knowing whether the identified problem represents a random cluster of events or a true increase in occurrence. Identifying random clusters after the fact has been likened to shooting the broad side of a barn and drawing the bull’s-eye around where the arrow has already landed.



[image: squimg] 17.6 Power and Sample Size

Sample Size for Testing H0: p1 = p2

Equal Sample Sizes

Suppose we want to test H0: p1 = p2 at a specified α-level with power equal to 1 − β. In using equal group sample sizes (n = n1 = n2), use this many observations per group:

[image: image]

where p1 and p2 are educated guesses for the proportions in the population, qi = 1 − pi, and [image: inline]. For one-sided alternatives hypotheses, replace z1−(α/2) with z1−α. Round up the results to the next integer to ensure the power does not dip below the stated level.

If you want to incorporate a continuity correction into your test, then take this further step:

[image: image]

where n comes from the previous formula.aa


ILLUSTRATIVE EXAMPLE

Sample-size requirement, equal sample sizes. Determine the sample size required for conducting a two-sided test of H0: p1 = p2 with an equal number of subjects in each group, α = 0.05 (z1−(0.05/2) = 1.96), 1 − β = 0.90 (z0.90 = 1.282), p1 = 0.10, and p2 = 0.05.

Solution:

[image: image]

[image: inline]

Resolve to use 582 per group.

How many individuals should be studied if we want to incorporate a continuity correction into our test statistic?

[image: inline]

Therefore, resolve to study 621 observations per group.



Because of the complex nature of these calculations, we often use a software utility for calculations. Figure 17.5 is an annotated screenshot of WinPepi’s sample size program for comparisons of proportions. Results for required sample sizes correspond to the hand calculations shown in the previous illustration. The line labeled “expected precision” refers to the margin of error for a risk difference with incorporation of continuity correction calculated as follows:

[image: inline].bb


[image: images]

FIGURE 17.5  Annotated output from WinPepi. Results correspond to the equal sample sizes illustrative example. Abramson J.H. (2011). WINPEPI updated: computer programs for epidemiologists, and their teaching potential. Epidemiologic Perspectives & Innovations, 8(1), 1.



Unequal Group Sample Sizes

Maximum efficiency is gained by using groups of equal size. However, when this is not feasible, group 1 should have:

[image: image]

where r is allocation ratio [image: inline]. The size of group 2 is then determined by n2 = r · n1.cc

To incorporate the continuity correction, use

[image: image]

where n1 comes from the first formula. The size of group 2 is now [image: inline].


ILLUSTRATIVE EXAMPLE

Sample-size requirement, unequal sample sizes. Determine the sample sizes required for testing H0: p1 = p2 with group 2 having twice the number of observations as group 1. Otherwise, assume the same conditions used in the prior illustrative example.

[image: inline]

Therefore, n1 = 426 and n2 = r · n1 = 2 · 426 = 852.

If you plan on incorporating a continuity correction into your test statistic, then use [image: inline] [image: inline].

Group 2 will now have [image: inline] individuals.

Figure 17.6 shows annotated results for these conditions calculated by WinPepi.


[image: images]

FIGURE 17.6  Annoted output from WinPepi’s sample size program for comparing proportions. Results correspond to those of the unequal sample sizes example. Abramson J.H. (2011). WINPEPI updated: computer programs for epidemiologists, and their teaching potential. Epidemiologic Perspectives & Innovations, 8(1), 1.





When planning a study, allowances should be made to anticipate for dropouts. To adjust for this, recruit [image: inline] individuals, where nd is the sample size factoring in drop-out rate R and n is the sample size assuming no dropouts.dd

Power

The power of the test of proportions is:

[image: image]

where p1 and p2 are educated guesses for the group proportions, qi = 1 − pi, [image: inline], and Φ(z) is the cumulative probability of Standard Normal random variable z.ee This formula applies to two-sided tests and does not incorporate a continuity correction.


ILLUSTRATIVE EXAMPLE

Power. We want to test H0: p1 = p2 at α = 0.05 (two sided) with sample sizes constrained to n1 = 250 and n2 = 300. Educated guesses for population proportions are p1 = 0.20 and p2 = 0.15. What is the power of this test?

Solution:

[image: inline]

Figure 17.7 contains a screenshot of results for this illustration from WinPepi Compare2.exe. Our hand calculations correspond to the output labeled “Power of chi-square test—not continuity corrected.” Chi-square tests are equivalent to z-tests for this type of problem (Section 18.3).


[image: images]

FIGURE 17.7  Output from WinPepi’s power program for comparing proportions. Results correspond to those of the Power illustrative example. Abramson J.H. (2011). WINPEPI updated: computer programs for epidemiologists, and their teaching potential. Epidemiologic Perspectives & Innovations, 8(1), 1.





Exercises

17.10  Determinants of sample-size requirements. List the factors that determine the sample-size requirements for a test of two proportions.

17.11  Sample-size plan. It is important to develop a detailed plan of study early in the development of an investigation in order to assure adequacy of the sample size. Consider a test of H0: p1 = p2 against Ha: p1 ≠ p2 at α = 0.05 with a power that is equal to 0.80. We predict that 20% of group 1 and 30% of group 2 will experience the outcome. If we recruit an equal number of individuals in each of the groups, how many individuals do we need to study?

17.12  Sample-size plan. Suppose it is twice as easy to recruit nonexposed subjects in the study considered in Exercise 17.11. How many individuals will we have to study with an allocation ratio of 2 to 1?

Summary Points (Comparing Two Proportions)

1.   This chapter addresses the analysis of binary responses from two groups. Data are computerized in the form of a binary explanatory variable (the exposure) and a binary response variable (the outcome).

2.   Estimators and parameters: Observed proportions [image: inline] are the point estimators of parameters p1 and p2.

3.   The relationship between the study exposure and outcome is measured in absolute terms as risk difference RD = p1 − p2.

(a)   The point estimator for the risk difference [image: inline].

(b)   A (1 − α)100% confidence interval for the RD is calculated with a plus-four method (similar to the procedure introduced in prior chapter for a single sample) or an exact method, as needed.

(c)   A test of H0: p1 − p2 = 0 (“no difference in the populations”) is conducted with a Normal approximation method (z-statistic) or, in small samples, with an exact procedure.

4.   The relationship between the study exposure and outcome can be measured in relative terms as a risk ratio [image: inline].

(a)   The point estimator for the risk ratio [image: inline].

(b)   A (1 − α)100% confidence interval for [image: inline].

(c)   A test of H0: RR = 1 (“no difference in the populations”) is performed with a Normal approximation method (z-statistic) or an exact procedure, as needed.

5.   Confidence intervals and P-values address random sampling errors only. They do not address systematic errors.

6.   The three major forms of systematic errors are confounding, information bias, and selection bias.

7.   Power and sample size:

(a)   The sample size requirements when testing H0: “no difference” are determined by (1) the required α-level of the test, (2) the required power level, (3) the expected proportion in group 1, (4) the expected proportion in group 2, and (5) the ratio of the two sample sizes n2/n1. Maximum efficiency is gained when n1 = n2. Formulas are provided in the chapter.

(b)   The power of a test of H0: “no difference” is determined by (1) the required α-level of the test, (2) n1 and n2, (3) the expected proportion in group 1, and (4) the expected proportion in group 2. Formulas are provided in the chapter.

Vocabulary

Allocation ratio

Cluster

Confounding

Differential misclassification

Drop-out rate

Incidence

Information bias

Lurking variables

Nondifferential misclassification

Prevalence

Prevalence difference

Prevalence ratio

Random error

Relative risk

Risk

Risk difference

Risk ratio

Selection bias

Standard error of the risk difference

Systematic error

Two-by-two cross tabulation

Review Questions

17.1    This is the symbol the text uses to denote the observed number of successes in group i.

17.2    This symbol is used to denote the sample proportion in group i.

17.3    This symbol denotes the population proportion in group i.

17.4    Select the best response: This statistic is a direct estimate of risk.

(a)   prevalence

(b)   incidence proportion

(c)   risk ratio

17.5    Select the best response: The term ______ is often used to refer to the explanatory variable in studies of risk.

(a)   outcome

(b)   exposure

(c)   dependent variable

17.6    What term refers to the difference between two incidence proportions?

17.7    What term refers to the ratio of two incidence proportions?

17.8    Fill in the blank: In large samples, the sampling distribution of a risk difference is ______ distributed with a mean of p1 − p2 and standard deviation of [image: inline].

17.9    In large samples, the sampling distribution of the ______ (mathematical function) of the risk ratio is Normally distributed with a mean of ln(RR) and standard deviation of [image: inline].

17.10  State the null hypothesis for testing the equality of proportions in three different unique but equivalent ways.

17.11  What is wrong with the statement [image: inline]?

17.12  What is wrong with the following statement? A 95% confidence interval for the risk difference has a 95% chance of capturing [image: inline].

17.13  Select the best response: The function of the P-values is to protect us from making too many

(a)   systematic errors

(b)   type I errors

(c)   type II errors

17.14  Which z-statistic for testing the equality of proportions provides the more conservative result, the regular z-statistic or the continuity-corrected z-statistic?

17.15  What does it mean when we say a test statistic is conservative?

17.16  What benchmark is used to determine whether a Normal-approximation (z) test is appropriate for testing two proportions?

17.17  Name two exact methods that can be used for testing proportions when the samples are small.

17.18  What is the value of the RR when the two groups being compared have the same risk of the outcome?

17.19  Which RR indicates the stronger association: 0.25 or 2?

17.20  “ln” represents what mathematical function?

17.21  List three types of systematic errors in comparative research.

17.22  Change one word in this false statement so that it becomes true: Confidence intervals protect against all errors with (1 − α)100% confidence.

17.23  Nondifferential misclassification tends to bias ratio measures of association in what direction?

Exercises

17.13  Smoking cessation trial. Exercise 17.4 considered a randomized trial of smoking cessation in which treatment with bupropion in combination with a nicotine patch was compared to use of a nicotine patch alone. The treatment group had success in 87 of 245 participants. The control group had successes in 40 of 244 participants. Calculate the difference in proportions and a 95% confidence interval for p1 − p2. Why is this confidence interval more useful than the hypothesis test results calculated in Exercise 17.4?

17.14  Telephone survey contact rates. Telephone surveys typically have high rates of nonresponse. This can cause bias when the variables being studied are associated with factors that determine the response rate. For mail and home surveys, it is known that advanced-warning letters letting participants know that a survey is on its way increases overall response. A study investigated the utility of leaving messages on answering machines as a means of encouraging participation in telephone surveys. A message was left or not left at random when an answering machine picked up the first call of a telephone survey. Table 17.7 lists cross-tabulated results for ultimately making contact by phone.


TABLE 17.7  Data for Exercise 17.14. Success in making telephone contact according to whether an advanced message was left.

[image: tab]

Data from Xu, M., Bates, B., & Schweitzer, J. C. (1993). The impact of messages on survey participation in answering machine households. Public Opinion Quarterly, 57(2), 232–237, Tables 1 and 2.



(a)   Descriptive statistics: Calculate contact “rates” (proportions) for each of the groups.

(b)   Hypothesis test: Test the proportions for a significant difference. Show all hypothesis-testing steps.

(c)   Estimation of the effect size: Calculate the difference in proportions and its 95% confidence interval. Does this effect seem large enough to be important?

17.15  Telephone survey completion rates. The study described in Exercise 17.14 also kept tabs of whether leaving advanced messages increased the likelihood of ultimately completing the interview. Data for this outcome are tallied in Table 17.8. Perform analyses similar to those requested in the prior exercise. To what extent did the advanced messages increase the response rate?


TABLE 17.8  Data for Exercise 17.15. Response to telephone survey according to whether an advanced message was left.

[image: tab]

Data from Xu, M., Bates, B., & Schweitzer, J. C. (1993). The impact of messages on survey participation in answering machine households. Public Opinion Quarterly, 57(2), 232–237, Tables 1 and 2.



17.16  Framingham women. Exercise 17.9 considered 6-year coronary disease risk in Framingham men. Comparable data for Framingham women revealed 30 coronary incidents in 689 women with high serum cholesterol. Among 445 women with low serum cholesterol, there were 8 incidents. Calculate the risk difference and its 95% confidence interval.

17.17  4S coronary mortality. The Scandinavian simvastatin survival study (4S) was a randomized clinical trial designed to evaluate the effects of the cholesterol-lowering agent simvastatin in patients with coronary heart disease. Over 5.4   years of follow-up, the treatment group consisting of 2221 individuals experienced 111 fatal heart attacks. The placebo group of 2223 individuals experienced 189 such events.ff Calculate the risks in the groups and test the difference for significance. In relative terms, how much did simvastatin lower heart attack mortality?

17.18  4S overall mortality. The 4S study introduced in Exercise 17.17 also tallied deaths due to any cause. The treatment group experienced 182 deaths (n1 = 2221) and the control group experienced 256 deaths (n2 = 2223). Compare the mortality experience in the two groups in the form of a relative risk and 95% confidence interval.

17.19  Acute otitis media. A double-blind randomized trial compared cefaclor to amoxicillin in the treatment of acute otitis media in children. There was no difference in clinical failure rates (all but four children in each group had a good clinical response), but after 14 days, 59 (55.7%) of 106 cefaclor-treated subjects had effusion-free ears compared to 40 of the 97 amoxicillin-treated subjects.gg Determine whether the effusion-free rates differed significantly in the groups. Show all hypothesis-testing steps.

17.20  Drug testing student athletes. The Supreme Court of the United States ruled in 2002 that schools could require random drug testing of students who participate in after-school activities. At that time, it was not known whether random drug testing reduced use of illicit drugs. To address this question, researchers at the Oregon Health and Science University completed a study in which student athletes at Wahtonka High School were subject to random drug testing, while student athletes at Warrenton High School were not subject to random testing. Five of the 95 student athletes at the Wahtonka school were positive for illicit drugs, while 12 of 62 student athletes at Warrenton High School were positive.hh Compare the experience of these two schools with methods introduced in this chapter. This question is intentionally left open to give students the opportunity to analyze the data in ways they see fit. More than one correct response is possible. Include both descriptive and inferential statistics in your response.
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	Cross-Tabulated Counts





[image: squimg] 18.1 Types of Samples

Chapter 17 compared binary responses from two groups. Data were occasionally displayed as two-by-two cross tabulations. The idea of using cross tabulations to analyze categorical outcomes is extended in this chapter to accommodate categorical variables with more than two levels.

We start by considering how data may be generated for cross tabulation. Three different sampling methods are considered. Sampling method I takes a simple random sample from the source population and later cross classifies observations. Sampling method II takes fixed numbers of individuals from groups defined by the explanatory variable. Sampling method III takes fixed numbers of individuals from groups defined by the response variable.a

Sampling Method I (Naturalistic): Take a simple random sample of N individuals from a population. Cross classify these observations with respect to the explanatory variable and response variable. This is a naturalistic sample, also called a multinomial or cross-sectional sample.

Comment: The term cross-sectional has several meanings in biostatistics. It can mean that the sample is a random cross-section of the population (as it does here), or it can mean that information about the explanatory variable and response variables refer to a cross-section in time (i.e., are nonlongitudinal). To avoid confusion, we will use the term naturalistic to refer to sampling method I and cross-sectional to refer to nonlongitudinal data.


ILLUSTRATIVE EXAMPLE

Naturalistic sample (Cytomegalovirus and coronary restenosis). Investigators prospectively studied 75 consecutive patients undergoing coronary atherectomy for symptomatic coronary artery disease. Before atherectomy was performed, blood levels of anticytomegalovirus (CMV) antibodies were measured. Forty-nine patients were seropositive for CMV, and 26 patients were seronegative. Subjects were then followed for 6 months after atherectomy to determine incidents of restenosis.b If we make the simplifying assumption that the sample represents a simple random sample of like patients, we can view this as a naturalistic sample of N = 75 in which n1 = 49 are seropositive and n2 = 26 are seronegatives for CMV.



Sampling Method II (Purposive Cohorts): Take a fixed number of individuals who are exposed (n1) and not exposed (n2) to an explanatory factor. These are purposive cohorts samples. Such cohorts may be constructed experimentally or nonexperimentally. The cohorts are then monitored with data ultimately cross classified according to the explanatory variable and response variable.


ILLUSTRATIVE EXAMPLE

Purposive cohort sample (Estrogen trial). We examined data from an experimental cohort that was part of the NIH-sponsored Women’s Health Initiative study. This experimental cohort study involved 16,608 postmenopausal women. Roughly half of these women were assigned conjugated estrogens (n1 = 8506). The remaining subjects (n2 = 8102) received a placebo. Coronary heart disease, invasive breast cancer, and other adverse outcomes were monitored in the groups on an ongoing basis.c



Sampling Method III (Case–control): Take a predetermined number (m1) of individuals who are “successes” with respect to the response variable; these are the cases. Select a predetermined number (m2) of individuals who are “failures” with respect to response variable; these are the controls.d Historical information about the explanatory variable is collected from both groups, after which data are cross classified according to the explanatory and response variables. These are case–control samples (also called case–referent samples).


ILLUSTRATIVE EXAMPLE

Case–control sample (Baldness and myocardial infarction). To examine the relationship between male-pattern baldness and myocardial infarction, investigators studied 655 men admitted to a hospital for a first nonfatal myocardial infarction (cases) and 772 admitted to the same hospitals with noncardiac diagnoses (controls). This is a case–control sample because the investigator selected fixed numbers of subjects based on the status of the response variable (myocardial infarction). The extent of baldness was assessed in subjects using several methods.e



Case–control studies require distinct methods of analysis and are therefore discussed separately in Section 18.5.

[image: squimg] 18.2 Describing Naturalistic and Cohort Samples

This section considers the description and exploration of naturalistic and cohort samples. Let us start with a data example.


ILLUSTRATIVE EXAMPLE

Data (Education level and smoking). We want to learn about the relationship between education and the prevalence of smoking in a particular community. A sample of 585 adult individuals with at least a high school degree is selected from a certain high socioeconomic status neighborhood. Educational level is classified by highest degree received as follows: (1) high school graduate, (2) associate degree, (3) some college, (4) undergraduate degree, or (5) graduate degree. Individuals are classified as smokers if they had smoked at least 100 cigarettes during their lifetime and currently smoke every day or nearly every day (binary response variable). The explanatory variable is education, with five categorical levels. The data may be viewed as a naturalistic sample of a particular high socioeconomic community.f Table 18.1 shows cross-tabulated results.


TABLE 18.1  Education level and smoking illustrative data.

[image: tab]

Data are fictitious but realistic. Prevalences are based on CDC. (2005). Cigarette smoking among adults–United States, 2004. MMWR, 54(44), 1121–1124. Data are stored online in EDU_SMOKE.*.





Table 18.1 is an example of an R-by-C contingency table. This is a five-by-two cross tabulation, with five rows and two columns. The same data could have been displayed in a two-by-five contingency table with the orientation of the explanatory and response variables reversed. This would not materially affect the results, but it would alter some of our formulas. For now, let us set up cross tabulations with the explanatory variable in the rows of the table and response variable in its columns. Table 18.2 shows how we will label table cells.


TABLE 18.2  Notation for labeling table cells.

[image: tab]



Marginal Percents

Column and row totals are listed along the margins of the R-by-C table. These are the marginal distributions. One may convert these to percents or display them with a bar chart. Figure 18.1 displays row and column marginal distributions for our illustrative data set. The top chart shows that we have slightly less than 100 smokers in the sample. The bottom chart reveals the predominance of college-educated individuals in the sample.


[image: images]

FIGURE 18.1  Marginal distributions, education, and smoking illustrative data.



Beware that marginal distributions will reflect underlying population distributions only in naturalistic samples. They will not reflect population distributions with other types of samples.

Conditional Percents

The relation between the explanatory variable and response variable is assessed by comparing relevant conditional percents. There are two types of conditional percents: percents conditioned on row totals (row percents) and percents conditioned on column totals (column percents). These have formulas:

[image: image]

When data are laid out with explanatory variable categories in rows and response variable categories in columns:

•   Naturalistic samples allow for the analysis of both row and column percents.

•   Purposive cohort samples allow for the analysis of row percents only.

•   Case–control samples allow for the analysis of column percents only.

For naturalistic and cohort data in R-by-two cross tabulations, the row percent in column 1 will reflect the incidence proportion or prevalence proportion within each groups. These are:

[image: image]

For example, in the illustrative data (Table 18.1), the prevalence of smoking in group 1 is [image: inline], the prevalence in group 2 is [image: inline], and so on. Figure 18.2 contains computer output for the illustrative data. I have highlighted the relevant row percents and placed a bar chart displaying these prevalences following the table. This analysis reveals a negative association between smoking and education, especially at the higher education levels.

Relative risk statistics as discussed in Chapter 17 may also be applied. Traditionally, the “least-exposed” group is denoted “group 1” to serve as the baseline for comparisons. If an explanatory variable cannot be placed in rank order, a baseline group is selected arbitrarily. The relative risk associated with exposure category i can now be calculated:

[image: image]


[image: images]

FIGURE 18.2  Prevalence of smoking by education, illustrative data. Graph produced with SPSS for Windows, Rel. 11.0.1.2001. Chicago: SPSS Inc. Reprint Courtesy of International Business Machines Corporation.




ILLUSTRATIVE EXAMPLE

Relative risks, R-by-two table. In the smoking and education illustrative data, let group 1 (high school graduates) serve as the baseline group for comparisons. Table 18.3 shows calculations of relative risks as follows: [image: inline] (reference group), [image: inline].


TABLE 18.3  Prevalences and prevalence (“risk”) ratios, education, and smoking illustrative data.

[image: tab]

Examples of calculations:

aPrevalence in group 1: [image: inline]

bPrevalence in group 2: [image: inline]

cRisk ratio in group 2: [image: inline]





Odds Ratios

The odds ratio is an alternative measure of effect for categorical data. The odds of an event is the proportion of successes divided by the proportion of failures: [image: inline]. Using the notation in Table 18.2B, the odds in group i is [image: inline]. The relation between the explanatory variable and the response variable now can be quantified with the odds ratios as follows:

[image: image]

When the odds of events are small (say, less than one to nine), odds ratios and relative risk will produce similar results. However, when events are common, the odds ratio will be more extreme (further from 1) than the comparable relative risk.


ILLUSTRATIVE EXAMPLE

Odds ratios, R-by-two table (Education and smoking). Table 18.4 illustrates calculation of the following odds ratios for the education and smoking illustrative data: [image: inline] (reference), [image: inline].


TABLE 18.4  Odds ratios, education, and smoking illustrative data.

[image: tab]

Examples of calculations:

aOdds of smoking in group 1: [image: inline]

bOdds of smoking in group 2: [image: inline]

cOdds ration in group 2: [image: inline]





Instead of using odds to calculate [image: inline], you may find it easier to first rearrange the R-by-two table to form a series of two-by-two tables. Table 18.5 shows how this is done. After data are rearranged in this manner, you can use the fact that [image: inline] to calculate the odds ratios. Now the odds ratio is merely the cross-product ratio of table counts—simply multiply the diagonals and turn these products into a ratio.

Responses with More Than Two Categories

Contingency table analysis allows us to consider responses that are classified at more than two levels.


TABLE 18.5  Breaking-up the five-by-two data into separate two-by-two tables with calculation of the cross-product (odds) ratio.

[image: tab]




ILLUSTRATIVE EXAMPLE

Categorical response with more than two levels (Efficacy of Echinacea). A randomized, double-blind, placebo-controlled trial evaluated the efficacy of the herbal remedy Echinacea purpurea in treating upper respiratory tract infections in children. Each time a subject had an upper respiratory tract infection, treatment with either Echinacea or a placebo was taken for the duration of illness. The severity of the illness was rated by parents of subjects as mild, moderate, or severe. Table 18.6A shows the results. Table 18.6B shows the row percents of responses in the groups. Approximately 46% of the cases were rated “mild” in both groups. A slightly higher percentage of the treatment group experienced severe illness (14.6% vs. 10.9%), suggesting that Echinacea is ineffective in treating upper respiratory tract illness in children.


TABLE 18.6  Efficacy of Echinacea illustrative data. Parental assessments of the severity of illness.

[image: tab]

Data from Taylor, J. A., Weber, W., Standish, L., Quinn, H., Goesling, J., McGann, M., et al. (2003). Efficacy and safety of echinacea in treating upper respiratory tract infections in children: A randomized controlled trial. JAMA, 290(21), 2824–2830.





Simple descriptions of conditional distributions are essential! They allow us to stop and think about the data before moving on to more abstract analyses.

Exercises

18.1    YRBS, prevalence proportions. Table 18.7 is based on results from the Youth Risk Behavior Surveillance (YRBS) system. The number of adolescents who had been in a car or other vehicle when the driver had been drinking alcohol is cross tabulated according to racial/ethnic group classifications. Calculate prevalences proportions for each of the groups. Then, determine the margin of error for each proportion according to this formula:

[image: image]

where [image: inline]


TABLE 18.7  Data for Exercises 18.1 and 18.8. Drove or rode in a car or other vehicle when driver was drinking alcohol within past 30 days by racial/ethnic group.

[image: tab]

Source: Frequency counts are projections based on data in Tables 1 and 4 of Eaton, D. K., Kann, L., Kinchen, S., Ross, J., Hawkins, J., Harris, W. A., et al. (2006). Youth risk behavior surveillance—United States, 2005. MMWR Surveillance Summaries, 55(5), 1–108. The actual survey used multistage sampling to collect data. Counts have been adjusted to emulate the design effect of the complex sample.



18.2    YRBS, relative risks. Use the results from Exercise 18.1 to express the relation between driving while drinking and ethnic/racial group in the form of relative risks. Let group 1 (non-Hispanic white) serve as the reference category. Interpret the results.

18.3    Cytomegalovirus infection and coronary restenosis. Table 18.8 contains results from the cytomegalovirus (CMV) and restenosis study considered as an illustrative example of naturalistic samples in Section 18.1. The occurrence of coronary restenosis within 6 months of surgery is cross tabulated according to CMV status.


TABLE 18.8  Data for Exercises 18.3 and 18.9. Restenosis within 6 months of angioplasty by CMV serological status.

[image: tab]

Data from Zhou, Y. F., Leon, M. B., Waclawiw, M. A., Popma, J. J., Yu, Z. X., Finkel, T., et al. (1996). Association between prior cytomegalovirus infection and the risk of restenosis after coronary atherectomy. New England Journal of Medicine, 335(9), 624–630.



(a)   Calculate the prevalence of CMV in the sample as a whole.

(b)   Calculate the incidence of restenosis in the sample as a whole.

(c)   What percent of CMV+ patients experienced restenosis? What percent of CMV− patients restenosed? What type of conditional percents are these?

(d)   Calculate the relative risk of restenosis associated with CMV.

(e)   Calculate the odds ratio of restenosis associated with CMV exposure. Why is this OR larger than the RR calculated in part (d) of the exercise?

18.4    Anger and heart disease. A nonexperimental study looked at whether people who angered easily were more likely to develop coronary heart disease than those who angered less easily. Spielberger anger scale scores were classified into low, moderate, and high categories. Individuals were followed for up to 72 months (median follow-up time: 53 months). Table 18.9 shows cross-tabulated results for acute and fatal coronary incidents. Calculate incidence proportions for each group. Describe the relationship between angering easily and coronary heart disease.


TABLE 18.9  Data for Exercises 18.4 and 18.10. Coronary heart disease (CHD) incidents according to anger-trait category.

[image: tab]

Data from Williams, J. E., Paton, C. C., Siegler, I. C., Eigenbrodt, M. L., Nieto, F. J., & Tyroler, H. A. (2000). Anger proneness predicts coronary heart disease risk: Prospective analysis from the atherosclerosis risk in communities (ARIC) study. Circulation, 101(17), 2034–2039.



18.5    Response to leprosy treatment. In 1954, the prominent statistician W. G. Cochran (1909–1980) published an important article on the analysis of cross-tabulated counts. In this article, techniques were illustrated with an example from a study on the treatment of leprosy. Table 18.10 lists the cross-tabulated results. The row variable in this table classifies patients according to their initial degree of skin damage. The column variable classifies response to therapy according to five levels of improvement. Address whether patients with high levels of skin damage progressed differently than those with low levels of skin damage by calculating the conditional percents of improvement in the two groups. Comment on these findings.


TABLE 18.10  Data for Exercise 18.5; response to treatment in leprosy patients according to level of skin damage at onset of treatment.

[image: tab]

Data from Cochran, W. G. (1954). Some methods for strengthening the common chi-square tests. Biometrics, 10, 435.



[image: squimg] 18.3 Chi-Square Test of Association

Hypotheses

A chi-square statistic is used to test the association between the row and column variables that comprise the R-by-C table. This statistic tests the independence of variables when data are from naturalistic samples and the homogeneity of proportions when data are from cohort and case–control samples. The test hypotheses are:

[image: image]

Note that the alternative hypothesis is neither one sided nor two sided, allowing for different types of associations.

Test Statistic

Chi-square random variables are derived by summing n independent squared Standard Normal (z) variablesg:

[image: image]

where n represents the degrees of freedom of the chi-square random variable. A chi-square random variable based on a single Standard Normal random variable has 1 degree of freedom. Therefore, the square root of a chi-square random variable with 1 degree of freedom is a Standard Normal random variable: [image: inline]

Chi-square distributions have the following characteristics.

•   They start at 0.

•   They are asymmetrical.

•   They become more and more symmetrical as their df increases.

•   They have a mean equal to their df.

•   They have variance equal to 2 × df.

•   Chi-square distributions with 1 and 2 df have modes of 0. All other chi-square distributions have modes = df − 2.

Figure 18.3 depicts chi-square distributions with 1, 2, and 3 degrees of freedom.

Table E. Appendix is our chi-square table. Each row in this table corresponds to a chi-square distribution with a different df. Each column in this table contains percentile and upper-tail landmarks on the distribution. The body of the table contains “critical values” on the distributions.


[image: images]

FIGURE 18.3  Chi-square distributions with 1, 2, and 3 degrees of freedom.



Figure 18.4 depicts a χ2 distribution with 1 df. From Table E, we learn that the 95th percentile on this distribution is 3.84.

Chi-square statistics are calculated from observed and expected frequencies. Observed frequencies (Oi) are the data in the R-by-C table. Expected frequencies (Ei) are calculated according to this formula:

[image: image]

Table 18.11 lists expected frequencies for the education and smoking illustrative example.


[image: images]

FIGURE 18.4  Chi-square distribution with 1 df. A value of 3.84 on this curve has cumulative probability 0.95 and right-tail probability 0.05.




TABLE 18.11  Expected frequencies for the education and smoking data example.

[image: tab]

Examples of calculations:

a1[image: inline]

b1[image: inline]



Dissection of the Expected Frequency Formula: If there were no association between education and smoking, the proportion of smokers at each education level would be the same and the best estimate of the proportion at each education level would be the proportion of smokers for all groups combined, [image: inline]. For the illustrative example, [image: inline]. By applying this proportion to group 1, the expected frequency in cell a1 is [image: inline]. Notice that [image: inline]. By the same token, the proportion of nonsmokers in all groups combined is [image: inline]. Applying this proportion to group 1, the expected number of nonsmokers in group [image: inline]. The same reasoning applies to each cell in the table.

Two different chi-square statistics are used in practice: Pearson’s chi-square statistic and the continuity-corrected (Yates’) chi-square statistic.

Pearson’s chi-square statistic is:

[image: image]

where Oi represents the observed count in table cell i and Ei represents the expected count in cell i.

The continuity-corrected (Yates’) chi-square statistic is:

[image: image]

These statistics have (R − 1) × (C − 1) degrees of freedom, where R represents the number of rows in the table and C represents the number of columns.

P-Value

Under the null hypothesis, the [image: inline] has a χ2 distribution with (R − 1)(C − 1) df and the P-value corresponds to the area under the χ2 curve to the right of [image: inline]. Use Table E or a software utilityh to find this probability. When using Table E, wedge the [image: inline] between adjacent table entries to find the approximate P-value.


ILLUSTRATIVE EXAMPLE

Chi-square test (Education and smoking). We have established that prevalence proportions in the education and smoking illustrative data vary from 24% to 9%. Now we test the association for significance.

A.  Hypotheses. H0: no association between educational level and smoking in the source population versus Ha: “association.”

B.  Test statistic. Table 18.1 lists observed counts. Table 18.11 lists expected counts. The Pearson’s chi-square statistic is:

[image: inline]

Degrees of freedom = (R − 1) × (C − 1) = (5 − 1) × (2 − 1) = 4 × 1 = 4

C.  P-value. The [image: inline] is wedged between landmarks of 11.14 (right tail = 0.025) and 13.28 (right tail = 0.01) on the [image: inline] distribution. Figure 18.5 depicts the placement of this test statistic, demonstrating that P ≈ 0.01. Using a software utility, P = 0.0103. The association is statistically significant.

D.  Significance level. The association is significant at α = 0.05 and is almost significant at α = 0.01.

E.  Conclusion. The data demonstrate a negative (inverse) association between education level and the prevalence of smoking (P = 0.010).


[image: images]

FIGURE 18.5  Sampling distribution for χ2stat from illustrative example. The P-value is about equal to 0.01.





Notes

1.   How the chi-square test works. When all observed counts equal expected counts, [image: inline]. When observed counts are far from expected, the [image: inline] get big and evidence against H0 mounts.

2.   Significant chi-square statistics. The 68–95–99.7 rule for the z-distribution allowed us to suspect significance when z-statistics (and t-statistics with more than just a few degrees of freedom) exceeded 2. Although there is no comparable rule for chi-square statistics, we do know that chi-square distributions have a mean equal to their degrees of freedom. Therefore, when the [image: inline] is much larger than its df, we suspect observed values deviate significantly from expected values.

3.   Avoid chi-square statistics in small samples. Chi-square tests are valid only in large samples.i The rule is that it is acceptable to use chi-square statistics as long as no table cell has an expected frequency less than 1.0 and not more than 20% of the cells have expected frequencies less than 5.0.j If this criterion cannot be met, an exact test (such as the one introduced in Section 17.3) must be used. WinPepi Compare2.exe calculates exact procedures for R-by-two tables.

4.   Pearson’s or Yates’? The question of whether to use Pearson’s chi-square statistics or the continuity-corrected statistic has been debated for decades. There is no consensus opinion on this topic.k

5.   Chi-square tests do not quantify the strength of an association. Chi-square tests of association provide insight into whether chance is a reasonable explanation for an observed association. They provide no insight into the type and strength of an association.

6.   Cells contributions. Cell contributions to chi-square statistics are called residuals. Figure 18.6 shows a table listing observed counts, expected counts, and three different types of residuals.

The unstandardized residual for table cell i is the difference between observed and expected frequencies:

[image: image]

The standardized residual for a cell is the unstandardized residuals divided by the square root of the expected frequency:

[image: image]


[image: images]

FIGURE 18.6  Observed counts, expected counts and residuals, education and smoking illustrative example. Graph produced with SPSS for Windows, Rel. 11.0.1.2001. Chicago: SPSS Inc. Reprint Courtesy of International Business Machines Corporation.



The adjusted standardized residual for a cell is:

[image: image]

Adjusted standardized residuals can be interpreted as z-statisticsl and can be converted to cell P-values. Here are the adjusted residuals for the illustrative data (computed by WinPepi):

[image: image]

7.   Equivalence of the z and chi-square tests. Chi-square tests for two-by-two cross tabulations produce results identical to z-tests (Section 17.3). The square root of the chi-square statistic is equal to the z-stastistic: [image: inline]. This is true for “uncorrected” and continuity-corrected forms of the statistics.


ILLUSTRATIVE EXAMPLE

(Estrogen trial). We considered results from the estrogen trial of the Women’s Health Initiative study. The incidence of the combined morbidity index in the treatment group was 751 per 8506 (8.83%). The incidence in the control group was 623 of 8102 (7.69%).m The test of H0: p1 = p2 yielded zstat = 2.66, P = 0.0078 (two-sided). We propose to test the same information with a chi-square statistic.

A.  Hypotheses. H0: no association in source population is equivalent to H0: p1 = p2. Ha: association in source population is equivalent to Ha: p1 ≠ p2.

B.  Test statistic. Table 18.12 lists observed and expected frequencies for the problem.


TABLE 18.12  Observed and expected frequencies for the estrogen trial illustrative example.

[image: tab]

aExample of calculation: Ecell a1 = (8506)(1374)/16,608 = 703.712.



[image: image]

This chi-square statistic has df = (R − 1) × (C − 1) = (2 − 1) × (2 − 1) = 1.

Notice that [image: inline].

C.  P-value. The [image: inline] of 7.102 with 1 df converts to P = 0.0077, producing the same results as the z-test (except for rounding error).

D.  Significance level. The results are statistically significant at the α = 0.01 level but not at the α = 0.005 level.

E.  Conclusion. The group that received estrogen was significantly more likely to experience the combined index outcome than the placebo group (8.8% vs. 7.7%, P = 0.0077).



Exercises

18.6    Chi-square landmarks. Use Table E to find the area under the χ2 curve with 3 degrees of freedom to the right of:

(a)   4.64

(b)   6.25

(c)   11.34

18.7    Chi-square approximation. Use Table E to find the approximate area under the curve to the right of 5.22 on a χ2 distribution with 3 degrees of freedom. (Suggestion: Draw the chi-square curve showing 5.22 on the horizontal axis. Shade the area to the right of 5.22. Bracket the shaded region with critical value landmarks from Table E.)

18.8    Drove when drinking alcohol. Table 18.7 presented cross-tabulated results for the number of adolescents who drove or rode in a car or other vehicle when the driver was drinking alcohol. Prevalence proportions varied from 11.3% (non-Hispanic white) to 4.9% (non-Hispanic black). Test the data in Table 18.7 for significance by calculating its chi-square statistic, df, and P-value.

18.9    Cytomegalovirus infection and coronary restenosis. Exercise 18.3 found that 43% of CMV+ patients experienced arterial restenosis within 6 months of atherectomy. In contrast, 8% of CMV− patients experienced a similar outcome. Table 18.8 contains observed counts.

(a)   Use a chi-square statistic to test the association for statistical significance.

(b)   Repeat the test with a z-statistic (Section 17.3). Show the relation between the chi-square statistic and the z-statistic.

18.10  Anger and heart disease. Exercise 18.4 found a higher risk of coronary disease in individuals with higher anger levels. Table 18.9 contains the data. Test the association for statistical significance. Report the chi-square statistic, its df, and P-value.

[image: squimg] 18.4 Test for Trend

 Ordinal Explanatory Variable

In situations in which the explanatory variable is ordinal and response variable is binary, it is natural to ask whether observed proportions follow a trend. We can test an observed trend for statistical significance as follows:

A.  Hypotheses. The null hypothesis (H0) is that there is no linear trend in proportions in the source population. The two-sided alternative hypothesis (Ha) declares a linear trend. One-sided alternatives specify the direction of the trend as either upward or downward.

B.  Test statistic. Each level of the explanatory variable is assigned an exposure score based on either ranks or quantitative assessments. Call this si. The test statistic isn

[image: image]

where O ≡ the observed sum of scores in cases = ∑ aisi

E ≡ expected sum of scores if H0 were true = [image: inline]

V ≡ the variance of scores = [image: inline]

Under the null hypothesis, the test statistic has a Standard Normal distribution.

C.  P-value. The P-value is derived from the z-statistic in the usual manner.

D.  Significance level. The P-value is used to gauge the strength of evidence against the null hypothesis.

E.  Conclusion. The test results are addressed in the context of the data and research question.


ILLUSTRATIVE EXAMPLE

Test for trend (Education and smoking). A downward trend in prevalence proportions was noted in the education and smoking illustrative data (Figure 18.2). We test whether this trend is statistically significant.

A.  Hypotheses. H0: no linear trend between education and smoking in the source population against Ha: linear trend between education and smoking in the source population.

B.  Test statistic.

[image: inline]

C.  P-value. P = 0.00108 (via Table F).

D.  Significance level. The evidence against H0 is significant at the α = 0.002 level and is almost significant at the α = 0.0010 level.

E.  Conclusion. The negative “dose–response” trend observed between education level and the prevalence of smoking is statistically significant (P = 0.0011).

Figure 18.7 is a screenshot from WinPepi’s Compare2.exe program showing output for this problem. The square root of the “Extended Mantel–Haenszel chi-sq.” is equivalent to our zstat,trend:

[image: image]


[image: images]

FIGURE 18.7  WinPepi screenshot, test of trend, education and smoking illustrative example. Abramson J.H. (2011). WINPEPI updated: computer programs for epidemiologists, and their teaching potential. Epidemiologic Perspectives & Innovations, 8(1), 1.





Ordinal Response Variable

The same zstat,trend can be applied to an ordinal response by merely transposing data from a two-by-C format to form an R-by-two format. Categorical responses now are laid out in rows.


ILLUSTRATIVE EXAMPLE

Test for trend in response, ordinal response variable (Leprosy treatment). Exercise 18.5 examined responses to treatment in 196 leprosy patients. Descriptive statistics suggested patients in the high skin-infiltration group were more likely to demonstrate a favorable response (see answer key to Exercise 18.5). Table 18.13 has taken the two-by-five cross tabulation from Table 18.10 and transposed it into a five-by-two table. It also calculates odds and odds ratios, which we note become progressively smaller as we proceed down the table. We now ask whether this trend is statistically significant.


TABLE 18.13  Leprosy illustrative example test for trend; response to treatment based on level of skin damage at onset of observation.

[image: tab]

Examples of calculations:

a[image: inline]

b[image: inline]



A.  Hypothesis statements. H0: no trend between amount of skin infiltration and response to leprosy treatment versus Ha: trend between amount of skin infiltration and response to leprosy treatment.

B.  Test statistic.

[image: inline]

C.  P-value. The two-sided P = 0.00988, providing strong evidence against the null hypothesis.

D.  Significance level. The evidence against H0 is significant at the α = 0.01 level but not at the α = 0.005 level.

E.  Conclusion. Leprosy patients with high levels of skin infiltration were more likely to demonstrate improvement than those with low levels of skin infiltration (P = 0.0099).



Note that the test of trend is more sensitive than the analogous test for association. The leprosy treatment data test of trend yields P = 0.00988, whereas the chi-square test of association for these data (calculations not shown) finds P = 0.14.

Exercises

18.11  Anger and heart disease. Exercise 18.4 found coronary heart disease risks of 1.0%, 1.3%, and 2.8% in low, intermediate, and high anger-trait groups. Table 18.9 lists observed frequencies for the problem. Apply a test of trend to these data. Show all hypothesis-testing steps.

18.12  Do seatbelt laws prevent serious injury? Table 18.14 lists frequencies for severity of motor vehicle accident injuries before and after enactment of a seatbelt law. Conditional (column) percents are included in the table.


TABLE 18.14  Level of injury prior to and after enactment of seatbelt legislation.

[image: tab]

Source: Unknown.



(a)   Comment on the conditional distributions of injuries before and after enactment of the law.

(b)   Calculate the odds ratios for each category of injury using “no injury” as the reference category. Then test the trend in odds ratios for significance.

(c)   Use a regular chi-square test of association (not a test for trend) to determine whether there is a statistically significant association between severity of injury and enactment of the seat belt law.

(d)   Which test was more sensitive—the test for trend or the “regular” test for association?

[image: squimg] 18.5 Case–Control Samples

Data

This chapter began by considering ways to generate cross-tabulated counts. Three sampling methods were considered: naturalistic, purposive cohorts, and case–control. Until this point, we have addressed naturalistic and cohort samples. Now we tackle case–control samples.

Case–control sampling provides an efficient way to study rare outcomes. In its simplest form, case–control studies select a fixed number of individuals who are positive for the response (these are the cases) and a fixed-number who are negative for the response (these are the controls). This sampling method excludes the possibility of estimating incidence or prevalence directly, but still allows for quantifying the association between the explanatory variable and response variable when cases and controls are selected in a manner that allows for nonbiased ascertainment of the exposure experience of the source population. To appreciate this type of sampling, consider Figure 18.8. This figure depicts the longitudinal experience of five individuals. Individual 1 develops a disease at time t1. At that time (shaded region), a control is selected at random from the remaining individuals in the population. Notice that individual 2 is eligible for selection as a control even though they later develop the disease, at time t2. This sampling method, known as incidence density sampling, allows for the direct estimation of the rate ratio associated with exposure in the underlying population.o


[image: images]

FIGURE 18.8  Case–control sampling by the incidence density method.



After the cases and controls are selected, information about the explanatory variable is collected and data are cross tabulated to form an R-by-C contingency table.


ILLUSTRATIVE EXAMPLE

Case–control data (Alcohol and esophageal cancer). Data for this example come from a case–control study on esophageal cancer. Cases were men diagnosed with esophageal cancer from a region in France. Controls were selected at random from electoral lists from the same geographic region. Table 18.15 cross tabulates the data for cases and controls based on daily alcohol consumption dichotomized at 80 g/day.


TABLE 18.15  Alcohol and esophageal cancer illustrative case-control data.

[image: tab]

Data from Tuyns, A. J., Pequignot, G., & Jensen, O. M. (1977). [Esophageal cancer in Ille-et-Vilaine in relation to levels of alcohol and tobacco consumption. Risks are multiplying]. Bulletin du Cancer, 64(1), 45–60. Data stored online as individual records in the file BD1.* as variables ALC2 and CASE. Data set from APHA data exchange, November 1988.





Odds Ratio

The relationship between the explanatory variable and response variable is quantified with an odds ratio. Using the notation established in Table 18.2C, the odds of exposure in cases is ô1 = a1/a2 and the odds of exposure in controls is ô2 = b1/b2. The ratio of these odds forms the odds ratio:

[image: image]

This odds ratio is stochastically equivalent to a rate ratio. There are several justifications for this statement. The first justification was proposed by Cornfield in 1951.p The more modern justification comes from Miettinen (1976).q Briefly, the incidence rate (incidence density) in the exposed population is a1/T1, where a1 represents the number of exposed cases and T1 represents the sum of person-time in the exposed subgroup in the population. The incidence rate in the non-exposed population is a2/T2. The rate ratio = [image: inline]. The numerator of the final expression (a1/a2) is the exposure odds in the case series. The denominator (T1/T2) is estimated by the exposure odds (b1/b2) in the control series. This shows that the purpose of the control group in a case–control study is to estimate the exposed to nonexposed person-time in the source population.


ILLUSTRATIVE EXAMPLE

Odds ratio (Alcohol and esophageal cancer). The odds ratio for the case–control data in Table 18.15 is [image: inline].

This suggests that high-alcohol consumers have 5.6 times the rate of esophageal cancer compared to low-alcohol consumers.



Confidence Interval for the Odds Ratio

Let OR represent the odds ratio parameter and [image: inline] represent the odds ratio estimate. The confidence interval for the OR is

[image: image]

where e is the base on the natural logarithm (e ≈ 2.71828…), z is the Standard Normal deviate corresponding to the desired level of confidence (e.g., z = 1.96 for 95% confidence), and [image: inline].


ILLUSTRATIVE EXAMPLE

Confidence interval for the odds ratio (Alcohol and esophageal cancer). Ninety and ninety-five percent confidence intervals for the alcohol and esophageal cancer illustrative case–control data are calculated:

•   We’ve established [image: inline]. Therefore, [image: inline] (by calculator).

•   [image: inline].

•   The 90% confidence interval for the OR = e1.7299 ± (1.645)(0.1752) = e1.7299± 0.2882 = e1.4417, 2.0181 = 4.23 to 7.52.

•   The 95% confidence interval for the OR = e1.7299 ± (1.96)(0.1752) = e1.7299± 0.3433 = e1.3866, 2.0732 = 4.00 to 7.95.



Hypothesis Test

Because an odds ratio of 1 indicates no association between the explanatory variable and response variable, we test H0: OR = 1 versus Ha: OR ≠ 1. When expected values exceed 5, a chi-square statistic (Section 18.3) or z-statistic (Section 17.3) may be used for the test. With smaller samples, Fisher’s exact test or a mid-P procedure is required (Section 17.3).

Recall: P-values and the confidence intervals address random sampling errors only. Stay vigilant to the fact that they provide no protection against the making of systematic errors.


ILLUSTRATIVE EXAMPLE

Hypothesis test (Alcohol and esophageal cancer). A chi-square statistic will be used to test the odds ratio from the alcohol and esophageal cancer illustration.

A.  Hypotheses. H0: OR = 1 vs. Ha: OR ≠ 1.

B.  Test statistic. Table 18.15 contains observed frequencies for the data. Table 18.16 contains expected frequencies under the null hypothesis.


TABLE 18.16  Alcohol consumption and esophageal cancer, expected counts, two-by-two analysis.

[image: tab]

Example of calculation:

aEa1 = (205)(200)/975 = 42.051



Pearson’s chi-square is

[image: inline]

This test statistic has df = (R − 1)(C − 1) = (2 − 1)(2 − 1) = 1.

C.  P-value. This [image: inline] is “off the chart” in Table E, indicating P < 0.0005. (P = 8.6 × 10−26). This provides strong evidence against the null hypothesis.

D.  Significance level. The evidence against H0 is significant at the α = 0.0001 level.

E.  Conclusion. The association between alcohol consumption and esophageal cancer is highly significant (P < 0.0001).



Multiple Levels of Exposure

When the explanatory variable in a case–control study is ordinal, the odds ratios are calculated for each exposure level relative to the “least-exposed” level of exposure. A test for trend and chi-square test of association may be applied as needed.


ILLUSTRATIVE EXAMPLE

Multiple levels of exposure, case–control data. The case–control study on esophageal cancer discussed earlier included a variable in which alcohol consumption was recorded according to the following four levels:

Level 1 = 0–39 g/day

Level 2 = 40–79 g/day

Level 3 = 80–119 g/day

Level 4 = at least 120 g/day

Table 18.17 shows the cross-tabulated results.


TABLE 18.17  Case–control data of alcohol and esophageal cancer with alcohol consumption recorded according to four levels.







	
	

	Esophageal cancer
	

	
	Alcohol (g/day)

	Cases

	Controls
	

	
	1 (0−39)

	  29

	386
	

	
	2 (40−79)

	  75

	280
	

	
	3(80−119)

	  51

	  87
	

	
	4 (120+)

	  45

	  22
	

	
	Total

	200

	775
	



Data from See Table 18.15. Data can be downloaded in the file BD1.* as variables ALC and CASE.



•   Descriptive statistics (exposure proportions). Table 18.18 shows the conditional distributions (column percents) of alcohol consumption in cases and controls. This reveals that cases were less likely than controls to fall into exposure category 1 and were more likely to fall into the other categories.


TABLE 18.18  Conditional distributions of exposure proportions from case–control study of alcohol and esophageal cancer with alcohol consumptions recorded according to four levels.







	
	

	Esophageal cancer
	

	
	Alcohol (g/day)

	Cases

	Controls
	

	
	1 (0−39)

	    14.5%

	    49.8%
	

	
	2 (40−79)

	37.5

	36.1
	

	
	3 (80−119)

	25.5

	11.2
	

	
	4 (120+)

	22.5

	  2.8
	

	
	Total

	  100.0%

	  100.0%
	





•   Odds ratios. Odds ratios are calculated with the lowest exposure level (0–39 g/day) serving as the reference category. Table 18.19 shows data rearranged into four separate two-by-two tables with the following odds ratios: [image: inline] (reference group), [image: inline].

•   Test of association. The chi-square test of association addresses H0: no association between alcohol and esophageal cancer in the source population vs. Ha: “association.” A chi-square test yields [image: inline]. (Calculations not shown. You may confirm these results for practice.)


TABLE 18.19  Four levels of alcohol consumption in the illustrative case–control data with data parsed into separate two-by-two tables.

[image: tab]



•   Test of trend. The test of H0: no linear relationship between alcohol consumption and esophageal cancer in the population (Section 18.4) yields zstat, trend = 12.37, P < 0.0005.

•   These data demonstrate a dose–response relationship between amount of alcohol consumed and esophageal cancer risk.



Exercises

18.13  Cell phones and brain tumors, study 1. A case–control study examined the relationship between cellular telephone use and intracranial tumors. The study (completed between 1994 and 1998) included 782 cases with various types of intracranial tumors and 799 controls with a variety of nonmalignant conditions. Subjects were considered to be “exposed” if they reported cellular telephone use for more than 100 h. The odds ratios (and 95% confidence intervals) for various tumor types were for glioma 0.9 (0.5 to 1.6), for meningioma 0.7 (0.3 to 1.7), for acoustic neuroma 1.4 (0.6 to 3.5), for all tumor types combined 1.0 (0.6 to 1.5).r Comment on these findings. Do results support or fail to support the theory that handheld cellular telephone use causes brain tumors?

18.14  Cell phones and intracranial tumors, study 2. A (different) case–control study on intracranial tumors and cell phone use completed between 1994 and 1998 used a structured questionnaire to explore the relationship between cell phone use and primary brain cancer in 469 cases and 422 controls. Compared with patients who never used handheld cellular telephones, the odds ratio associated with regular use was 0.85 (95% confidence interval 0.6 to 1.2). The OR for infrequent users was 1.0 (0.5 to 2.0). The odds ratio for frequent users was 0.7 (0.3 to 1.4). Odds ratios were less than 1.0 for all histologic categories of brain cancer except for neuroepitheliomatous cancers (odds ratio 2.1; 95% confidence interval 0.9 to 4.7).s Interpret these results in light of the findings from the study described in Exercise 18.13.t

18.15  Doll and Hill, 1950. An important historical case–control completed by Doll and Hill found that 647 of the 649 lung cancer cases were smokers. In contrast, 622 of 649 controls smoked.u Display these data as a 2-by-2 table and calculate the odds ratio associated with smoking. Include a 95% confidence interval for the OR.

18.16  Vasectomy and prostate cancer. Table 18.20 displays data from a case–control study on vasectomy and prostate cancer. Calculate the odds ratio; include a 95% confidence interval for the OR. (Optional: Calculate a P-value to test the association.)


TABLE 18.20  Data for Exercise 18.16. Vasectomy and prostate cancer.







	
	

	Cases

	Noncases
	

	
	Vasectomy +

	  61

	  93
	

	
	Vasectomy −

	114

	165
	

	
	
	
	
	




Data from Zhu, K., Stanford, J. L., Daling, J. R., McKnight, B., Stergachis, A., Brawer, M. K., et al. (1996). Vasectomy and prostate cancer: A case-control study in a health maintenance organization. American Journal of Epidemiology, 144(8), 717–722.



18.17  Baldness and myocardial infarction, self-assessed baldness. A case–control study was completed to learn about the relationship between male-pattern baldness and the risk of cardiovascular disease. Cases were men less than 55 years of age hospitalized for a heart attack. Cases were excluded if they had a prior history of serious heart problems. Controls were men with no history of heart disease admitted to the same hospitals for nonfatal, noncardiac problems. Table 18.21 cross tabulates results according to self-assessed baldness, with baldness graded on a scale of 1 (no baldness) to 5 (extreme baldness).


TABLE 18.21  Data for Exercise 18.17. Case–control study of baldness and myocardial infarction. Baldness was self-assessed by study subjects.







	
	Baldness

	Cases

	Controls
	

	
	1 (no baldness)

	251

	331
	

	
	

	165

	221
	

	
	3 (moderate baldness)

	195

	185
	

	
	4

	  50

	  34
	

	
	5 (extreme baldness)

	    2

	    1
	

	
	Total

	663

	772
	



Data from Table 6 in Lesko, S. M., Rosenberg, L., & Shapiro, S. (1993). A case-control study of baldness in relation to myocardial infarction in men. JAMA, 269(8), 998–1003.



(a)   Calculate the odds ratios associated with each level of baldness. Interpret your results.

(b)   Conduct a chi-square test of association. Report the chi-square statistic, its df, and P-value.

(c)   Conduct a test for trend.

18.18  Baldness and myocardial infarction, lurking variables. This exercise is a continuation of Exercise 18.17. The investigators found differences in cases and controls besides those have to due to baldness. For example, the median age of cases was 47 years, while the median age of controls was 43 years.

(a)   Explain why careful consideration of age differences is important when studying the relationship between baldness and heart disease.

(b)   The investigators used a logistic regression model to adjust odds ratios for the following factors: age, race, religion, years of education, body mass index, use of alcohol and cigarettes, family history of myocardial infarction, history of angina, hypertension, diabetes, hypercholesterolemia, gout, exercise, personality, and number of doctor visits in the prior year. The unadjusted and multivariate adjusted odds ratios reported by the article are listed in Table 18.22. Do the multivariate adjustments materially affect your interpretation?


TABLE 18.22  Unadjusted and multivariate adjusted odds ratios for baldness and myocardial infarction study, Exercise 18.18.







	
	Baldness level

	Unadjusted OR

	Multivariate adjusted [image: inline]
	

	
	1

	1.0 (reference)

	1.0 (reference)
	

	
	2

	1.0

	0.8
	

	
	3

	1.4

	1.1
	

	
	4

	1.9

	2.0
	

	
	5

	2.6 (very small sample)

	Could not estimate
	





[image: squimg] 18.6 Matched Pairs

Data

Section 12.1 considered the distinction between independent and paired samples in the context of quantitative responses. The same distinction applies to categorical responses. Recall that independent samples can be considered as distinct SRSs from separate populations. In contrast, paired samples match each observation in the first sample to a unique observation in the second sample. For example, we can match selections based on age, race, concurrent conditions, or any characteristics strongly associated with the response. This can help control for confounding by these matching variables, and also necessitates particular methods of analysis.

Matched-pair designs may be applied to cohort and case–control sampling methods. For cohort samples, the matched-paired data are displayed as follows:


TABLE 18.23  Matched-pair data table for cohort samples.







	
	Nonexposed pair-member (sample 2)

	Exposed pair-member (sample 1)
	

	
	

	Disease +

	Disease −
	

	
	Disease +

	a

	b
	

	
	Disease −

	c

	d
	

	

	
	

	

	
	





For case–control samples, the matched-pair table is:


TABLE 18.24  Matched-pair data table for case-control samples.







	
	Control pair-member (sample 2)

	Case pair-member (sample 1)
	

	
	

	Exposed +

	Exposed −
	

	
	Exposed +

	a

	b
	

	
	Exposed −

	c

	d
	

	

	
	

	

	
	





The cells in these tables receive counts of matched pairs, not counts of individuals. Cells a and d contain counts of concordant pairs; these are pairs that are the same with respect to the factor that can vary. Cells b and c contain counts of discordant pairs; these are pairs that differ with respect to the factor.

Odds Ratio

The odds ratio for the matched-pair data is provided by this formula:

[image: image]

Notice that only the discordant pairs contribute information to this statistic.

Confidence Interval for the OR by a Normal Approximation

The confidence interval for the OR by a Normal approximation method is given by:

[image: image]

where e is the base on the natural logarithms (e ≈ 2.71828…), z is a Standard Normal deviate corresponding to the desired level of confidence (z = 1.645 for 90% confidence, z = 1.96 for 95% confidence, and z = 2.576 for 99% confidence), and [image: inline].


ILLUSTRATIVE EXAMPLE

Matched case–control data (Diet and colonic polyps). A case–control study used matched pairs to study the relationship between adenomatous polyps of the colon and diet. Cases and controls underwent sigmoidoscopic screening. Controls were matched to cases on several factors, including date, clinic, age, and sex. There were 45 pairs in which the case but not the control reported low fruit and vegetable consumption (category c). There were 24 pairs in which the control but not the case reported low fruit and vegetable consumption (category b).v Based on this information:

•   [image: inline].

•   [image: inline].

•   [image: inline].

•   The 95% confidence interval for OR = e0.6286 ± (1.96)(0.2528) = e0.6286 ± 0.4959 = e(0.1331, 1.1241) = (1.14 to 3.08).



This Normal-approximation–based confidence interval can be used when there are at least 10 positive-discordant pairs (matched-pair category c) and 10 negative-discordant pairs (category b) in the data set. With smaller samples, an exact method of calculating probabilities is needed.

Exact Confidence Interval

A confidence interval for the OR can be calculated by an exact method by treating the number of pairs in category c as the random number of successes of a binomial random variable based on n = c + b independent trials. Let C represent the random number of successes in n matched pairs. Lowercase c represents the observed number of successes. C is distributed as a binomial random variable with parameters n = c + b and p. The value of parameter p is estimated by [image: inline]. Confidence limits for binomial parameter p are derived with a plus-four method (Section 16.5) or exact method. Confidence limits for p are then transformed to odds ratio with the lower confidence limit [image: inline] and the upper confidence limit [image: inline]. Alternatively, a procedure based on a relationship between the F probability distribution and binomial distribution may be applied as follows.w The lower confidence limit of the 95% confidence limit for OR is

[image: image]

and the upper limit is

[image: image]

where F0.025,df1,df2 is an F random variable with df1 and df2 degrees of freedom and upper tail P region of 0.025. Because F tables are spotty in listing critical values for F random variables with high degrees of freedom, you might need to use a software utility to derive F values with accuracy. Alternatively, we can use WinPepi’s PAIRSetc program (Figure 18.9) to calculate exact confidence intervals directly.


[image: images]

FIGURE 18.9  WinPepi’s PAIRSetc program. Abramson J.H. (2011). WINPEPI updated: computer programs for epidemiologists, and their teaching potential. Epidemiologic Perspectives & Innovations, 8(1), 1.




ILLUSTRATIVE EXAMPLE

Matched cohort data (Smoking and mortality in identical twins). When smoking was first suspected as causing premature mortality, R. A. Fisher offered the constitutional hypothesis as a possible explanation for the association. This hypothesis suggested that people genetically disposed to risk taking and adverse health outcomes were more likely to smoke, and hence more likely to experience premature death.x Years later, the constitutional hypothesis was put to a test by a study in which 22 smoking-discordant monozygotic twins were studied to see which twin first succumbed to death.y In this study, the smoking-twin died first in 17 of the pairs (matched-pair category c) and the nonsmoking twin died first in 5 instances (category b). Therefore, [image: inline].

Because there are only five negative-discordant pairs in this study, an exact method is used to calculate the confidence interval for the OR. For 95% confidence, the lower limit is [image: inline]. The upper confidence limit is [image: inline].

Figure 18.10 is a screenshot of the data input into WinPepi PAIRSetc.exe (program A). (Zeros are entered for cells a and d, but these cells do not contribute to estimates.) Figure 18.11 is a screenshot of output from the program. The limits for Fisher’s 95% confidence interval match those we calculated by hand.


[image: images]

FIGURE 18.10  Screenshot of WinPepi data entry screen for smoking and mortality in identical twins illustrative example. Abramson J.H. (2011). WINPEPI updated: computer programs for epidemiologists, and their teaching potential. Epidemiologic Perspectives & Innovations, 8(1), 1.




[image: images]

FIGURE 18.11  Screenshot of WinPepi output for the smoking and mortality in identical twins illustrative data. Abramson J.H. (2011). WINPEPI updated: computer programs for epidemiologists, and their teaching potential. Epidemiologic Perspectives & Innovations, 8(1), 1.





Hypothesis Test

Normal Approximation Method

When the number of discordant pairs (b + c) exceeds 5, we can use a z-statistic to test H0: OR = 1 (no association in the population) against Ha: OR ≠ 1 (association in the population). The test statistic isz:

[image: image]

With continuity correction, the test statistic is:

[image: image]

Either form of the test statistic is acceptable.aa


ILLUSTRATIVE EXAMPLE

Hypothesis test for matched pairs, Normal approximation (Smoking and mortality in identical twins). Recall the illustrative data in which smoking-discordant monozygotic twins were studied to see which twin first succumbed to death. In 17 twin sets, the smoking twin died first. In 5 twin sets, the nonsmoking twin died first (OR = 3.4). The test of association follows.

A.  Hypotheses. H0: no association between smoking and earlier mortality in population (OR = 1) vs. Ha: “association” (OR ≠ 1).

B.  Test statistic. [image: inline]

C.  P-value. P = 0.01047 (from Table F). With continuity correction, [image: inline].

D.  Significance level. The evidence against H0 is significant at the α = 0.025 level but not at the α = 0.01 level.

E.  Conclusion. The twin who smoked tended to succumb to death earlier than their nonsmoking sibling (P < 0.019).



Exact Test

With five or fewer discordant pairs, an exact binomial procedure is used to test H0: OR = 1. As was the case with exact confidence intervals, this is accomplished by treating the number of positive discordant pairs (matched-pair category c) as the observed number of successes for a binomial random variable based on n = c + b Bernoulli trails. The observed proportion in the sample is [image: inline]. If there were no association between the exposure and disease in the population, half the discordant pairs would fall into matched-pair category c and half would fall into category b. Therefore, under the null hypothesis p = ½ and the one-sided P-value looking for a positive association is = Pr(C ≥ c) assuming C ~ b(c + b, ½).


ILLUSTRATIVE EXAMPLE

Hypothesis test for matched pairs, exact binomial test (Fictitious case–control data). Suppose a matched-pair case–control study finds three discordant pairs in which the case is exposed to a risk factor (c = 3) and one discordant pair in which the control is exposed (b = 1). We will test demonstrate a one-sided test of association for this observation.

A.  Hypotheses. H0: no association between the risk factor and the disease in the population (OR = 1) vs. Ha: “positive association” (OR > 1).

B.  Test statistic. The effective sample size n = c + b = 3 + 1 = 4. The observed number of successes (c) = 3.

C.  P-value. Under the null hypothesis, p = ½ and the one-sided (Fisher’s) P-value = Pr(C ≥ 3) assuming C ~ binomial(4, ½). Using the binomial formula Pr(C = c) = nCc · pc · qn−c we calculate:

•   Pr(C = 3) = 4C3 · (½)3 · (½)1 = 4 · 0.125 · 0.5 = 0.25.

•   Pr(C = 4) = 4C4 · (½)4 · (½)0 = 1 · 0.0625 · 1 = 0.0625.

•   By Fisher’s method, the one-sided P-value = Pr(C ≥ 3) = Pr(C = 3) + Pr(C = 4) = 0.25 + 0.0625 = 0.3125.

•   To get the mid-P P-value, use half of Pr(C = 3) in your calculations, so P = ½(0.25) + 0.0625 = 0.1875.

Figure 18.12 is a screenshot of output from WinPepi PAIRSetc.exe replicating these results.


[image: images]

FIGURE 18.12  Screenshot from WinPepi PAIRSetc program showing results from exact test for matched-pair analysis. Abramson J.H. (2011). WINPEPI updated: computer programs for epidemiologists, and their teaching potential. Epidemiologic Perspectives & Innovations, 8(1), 1.



D.  Significance level. The result of the one-tailed Fisher’s exact test is not significant at the α = 0.30 level.

E.  Conclusion. The evidence for an association between the exposure and the outcome is weak (P = 0.32).



Exercises

18.19  Diet and adenomatous polyps. Recall the illustrative example concerning a matched case–control study of adenomatous colon polyps and diet. There were 45 matched pairs in which the case but not the control reported low fruit and vegetable consumption. There were 24 pairs in which the control but not the case reported low fruit and vegetable consumption. Test the association for significance. Show all hypothesis-testing steps.

18.20  Estrogen and endometrial cancer. Table 18.25 contains data from a matched case-control study on conjugated estrogen use and endometrial cancer.


TABLE 18.25  Estrogen use and endometrial cancer, case–control, matched pairs.

[image: tab]

Data from Antunes, C. M., Strolley, P. D., Rosenshein, N. B., Davies, J. L., Tonascia, J. A., Brown, C., et al. (1979). Endometrial cancer and estrogen use. Report of a large case-control study. New England Journal of Medicine, 300(1), 9–13 as reported on p. 137 of Abramson, J. H., & Gahlinger, P. M. (2001). Computer Programs for Epidemiologic Analyses: PEPI v. 4.0. Salt Lake City, UT: Sagebrush Press.



(a)   Calculate the odds ratio for estrogen exposure and endometrial cancer. Interpret this result

(b)   Calculate a 95% confidence interval for the OR. Interpret this result.

(c)   Test the hypothesis.

18.21  Thrombotic stroke in young women. A 1970s case–control study on cerebrovascular disease (stroke) and oral contraceptive use in young women matched cases to controls according to neighborhood, age, sex, and race.bb Table 18.26 displays data from this study for thrombotic stroke.


TABLE 18.26  Matched case–control data on thrombotic stroke and oral contraceptive use in women between 14 and 44 years of age.

[image: tab]

Data from Collaborative group for the study of stroke in young women. (1973). Oral contraception and increased risk of cerebral ischemia or thrombosis. New England Journal of Medicine, 288(17), 871–878.



(a)   Calculate the odds ratio for these data. Briefly, interpret the results in narrative form.

(b)   Suppose the match was broken and investigators analyzed the data as if derived from independent samples. Rearrange the information in Table 18.26 to show how it would appear in a two-by-two table of unmatched counts. Because the matched-pair table (Table 18.26) includes 106 pairs, your new table should total 212 individuals. Calculate the odds ratio for the data with the match broken. How does this compare to that of the (proper) matched-pair odds ratio?

Summary Points (Cross-Tabulated Counts)

1.   This chapter considers categorical data that are cross tabulated to form an R-by-C table with the explanatory variable along the rows and response variable along the columns.

2.   For naturalistic and purposive cohort samples, the row proportions in the cross tabulation represent group incidence proportions or prevalence proportions. (Row proportions are not relevant for case–control data.)

3.   This chi-square statistic [image: inline] is used to test H0: no association between the row variable and column variable in source population.

4.   When the explanatory variable is ordinal, a test for trend may be applied. We rely on statistical software for this calculation.

5.   Case–control studies select study subjects based on the status of the outcome variable in the study. This disables the calculation of incidence and prevalence but permits the estimation of relative risk through the odds ratio [image: inline].

(a)   Cases and controls must be selected in a manner that accurately reflects the exposure experience of diseases and nondiseased individuals in the source population.

(b)   The odds ratio has the same interpretation as a rate ratio, that is, it is a measure of relative effect.

(c)   The (1 − α)100% confidence interval for the [image: inline].

(d)   H0: OR = 1 is tested with the chi-square statistic presented in item 3.

(e)   When the explanatory variable is ordinal, a test for trend may be applied.

6.   Matched-pair samples may be used to address potential confounders. This requires adaptation of computational methods.

(a)   The matched-pair is the unit of analysis. A table that counts concordant and discordant pairs is constructed (Table 18.24).

(b)   The odds ratio estimator [image: inline], where c represents the number of discordant pairs with an exposed case and b represents the number of discordant pairs with an exposed control.

(c)   The (1 − α)100% confidence interval for the [image: inline].

(d)   H0: OR = 1 is tested with McNemar’s test (large samples) or exact binomial procedure (small samples).

Vocabulary

Case–control samples

Column percents

Conditional percents

Continuity-corrected (Yates’) chi-square statistic

Cross-product ratio

Degrees of freedom

Expected frequencies

Incidence density sampling

Marginal distributions

Naturalistic samples

Observed frequencies

Odds

Odds ratio

Pearson’s chi-square statistic

Purposive cohort samples

R-by-C contingency table

Row percents

Review Questions

18.1    Select the best response: This type of sample selects a random cross section of the population.

(a)   naturalistic sample

(b)   purposive cohort

(c)   case–control

18.2    Select the best response: This type of sample selects a fixed number of exposed and nonexposed individuals from the population.

(a)   naturalistic sample

(b)   purposive cohort

(c)   case–control

18.3    Select the best response: This type of sample selects a fixed numbers of persons who have experienced the study outcome and fixed number of individuals who have not yet experienced the study outcome from the population.

(a)   naturalistic sample

(b)   purposive cohort

(c)   case–control

18.4    What does the R stand for in an R-by-C table?

18.5    What does the C stand for in an R-by-C table?

18.6    What is a marginal distribution?

18.7    How do you calculate a marginal percent?

18.8    What is a conditional distribution?

18.9    How do you calculate a conditional row percent?

18.10  How do you calculate a conditional column percent?

18.11  This symbol represents the sample proportion in group i.

18.12  Select the best response: This statistic is an estimate of the risk of an outcome.

(a)   prevalence

(b)   incidence proportion

(c)   risk ratio

18.13  This statistic represents the incidence proportion in the exposed group minus the incidence proportion in the nonexposed group.

18.14  This statistic represents the incidence proportion in the exposed group divided by the incidence proportion in the nonexposed group.

18.15  Select the best response: A risk difference of 0.56 per 1000 indicates ____________ association between the exposure and the outcome.

(a)   a positive

(b)   no

(c)   a negative

18.16  Select the best response: A risk ratio of 0.56 indicates ___________ association between the study exposure and the outcome.

(a)   a positive

(b)   no

(c)   a negative

18.17  This is the ratio of “successes” to “failures.”

18.18  This is the ratio of two odds.

18.19  This is the most common statistic used to test for associations among categorical variables.

18.20  A chi-square statistic for testing for an association between the row variable and the column variable in an R-by-C table has this many degrees of freedom.

18.21  Fill in the blanks: Chi-square probability density functions are ______________ (symmetrical or asymmetrical) continuous distributions that become increasingly ____________ (symmetrical or asymmetrical) as their degrees of freedom increase.

18.22  Select the best response: Chi-square distributions __________ 0.

(a)   are centered on

(b)   start on

(c)   end on

18.23  True or false? Say whether each of these statements about chi-square probability density functions is true or false.

(a)   have a mean equal to 0

(b)   have a mean equal to their degrees of freedom

(c)   have a mode of 0

(d)   have a mode of 0 when df = 1 or 2

(e)   have a variance of 1

(f)   have a variance of two times their degrees of freedom

18.24  Select the best response: Expected values in R-by-C table cells assume

(a)   null hypothesis is true.

(b)   null hypothesis is false.

(c)   alternative hypothesis is true.

18.25  Fill in the blank: The expected value in table cell is equal to the (row total) × (column total) divided by __________.

18.26  State the null hypothesis for the chi-square tests of association in words.

18.27  State the null hypothesis for the Mantel test for trend in words.

18.28  Select the best response: This measure of association is used in case–control studies.

(a)   risk

(b)   risk ratio

(c)   odds ratio

18.29  Select the best response: When the outcome is rare (incidence less than 5%), the odds ratio has the same interpretation as the

(a)   risk

(b)   risk ratio

(c)   risk difference

18.30  Select the best response: These types of samples match individuals to one other based on factors thought to have the potential to confound the relationship being studied.

(a)   independent samples

(b)   paired samples

(c)   case–control samples

Exercises

18.22  Binge drinking by gender. Wechsler and coworkers (1994) found that 19.4% of students at 4-year U.S. colleges engaged in frequent binge drinking. Table 18.27 reports the data from this study by gender.


TABLE 18.27  Data for Exercise 18.22. Frequency of binge drinking by gender. Binge drinking is defined as having five or more drinks in a row three or more times during the past 2-week period.







	
	

	Binge +

	Binge −
	

	
	Men

	1630

	5550
	

	
	Women

	1684

	8232
	

	
	

	

	
	



Data from Wechsler, H., Davenport, A., Dowdall, G., Moeykens, B., & Castillo, S. (1994). Health and behavioral consequences of binge drinking in college. A national survey of students at 140 campuses. JAMA, 272(21), 1672–1677.



(a)   Calculate the prevalence of binge drinking for males and for females separately.

(b)   Fill in this blank: In absolute terms, males had a ____% greater prevalence of binge drinking than females.

(c)   Fill in this blank: In relative terms, males had a ____% greater prevalence of binge drinking than females.

(d)   Calculate a 95% confidence interval for the prevalence ratio of binge drinking for males.

18.23  Don’t sweat the small stuff. Consider a study in which 40 of 320 individuals (12.5%) in the treatment group experience an outcome. In contrast, 26 of 336 (7.7%) of the individuals in the control group experience the outcome. Table 18.28 displays the data in cross-tabulated form. Calculate chi-square statistics and P-values for this problem using both the Pearson’s and continuity-corrected (Yates’) chi-square statistics. (If your instructor allows, consider using a software program such as WinPepi’s Compare2.exe program to calculate results.) Interpret the results of the tests. Is it reasonable to derive different conclusions from these different test statistics?


TABLE 18.28  Data for Exercise 18.23.

[image: tab]



18.24  University Group Diabetes Program. A multicentered clinical trial completed in the 1960s assessed the efficacy of various oral hypoglycemics, insulin, and diet in preventing vascular complications of diabetes.cc It found that 26 of 204 patients (13%) treated with the oral hypoglycemic phenformin died unexpectedly from cardiovascular events. In contrast, 2 of 64 control patients (3%) experienced a similar outcome.

(a)   Is an exact procedure (e.g., Fisher’s) necessary to test these data or can a chi-square test be used? Justify your response.

(b)   Test the difference for significance.

18.25  Yates, 1934 (three-by-two). Table 18.29 displays results from a historically important methodological paper written by Frank Yates on the analysis of cross-tabulated counts.dd Explain why a chi-square statistic should not be used to test these data. Then use WinPepi > Compare2.exe > Program F1 to calculate a Fisher’s P-value for the problem. Comment on your findings.


TABLE 18.29  Data for Exercise 18.25.







	
	

	No malocclusion

	Malocclusion
	

	
	Breastfed

	4

	16
	

	
	Bottlefed

	1

	21
	

	
	Breastfed & bottlefed

	3

	47
	

	

	
	

	

	
	



Data from Yates, F. (1934). Contingency tables involving small numbers and the χ2 test. Supplement to the Journal of the Royal Statistical Society, 1(2), 217–235.



18.26  IUDs and infertility. A case–control study found a history of intrauterine device use in 89 of 283 infertile women. In contrast, 640 of the 3833 controls had used IUDs.ee Calculate the odds ratio and its 95% confidence interval for IUD use and infertility. (Note: Data must first be put into a two-by-two table before the odds ratio is calculated.) Interpret the results.

18.27  Esophageal cancer and tobacco use. The case–control study on esophageal cancer and alcohol use that we used to illustrate case–control methods in this chapter also collected data on tobacco use as a potential risk factor. Table 18.30 shows data from the study with tobacco use dichotomized at 20 g/day. Calculate the odds ratio and 95% confidence interval for these data. Interpret the results.


TABLE 18.30  Data for Exercise 18.27.







	
	

	No malocclusion

	Malocclusion
	

	
	Breastfed

	4

	16
	

	
	Bottlefed

	1

	21
	

	
	Breastfed & bottlefed

	3

	47
	

	

	
	
	
		



Data from Tuyns, A. J., Pequignot, G., & Jensen, O. M. (1977). [Esophageal cancer in Ille-et-Vilaine in relation to levels of alcohol and tobacco consumption]. Bulletin du Cancer, 64(1), 45–60. Data set are stored online in the file BD1.* as variables TOB2 and CASE.



18.28  Brain tumors and electric blanket use. A case–control study assessed risks of brain tumors in children. Table 18.31 cross tabulates the data according to case status and electric blanket exposure. Calculate the odds ratio and its 95% confidence interval. Comment on the results.


TABLE 18.31  Data for Exercise 18.28.







	
	

	Cases

	Noncases
	

	
	EI. blanket +

	53

	102
	

	
	EI. blanket −

	485

	693
	

			

	
	
	
		



Data from Preston-Martin, S., Gurney, J. G., Pogoda, J. M., Holly, E. A., & Mueller, B. A. (1996). Brain tumor risk in children in relation to use of electric blankets and waterbed heaters. Results from the United States West Coast Childhood Brain Tumor Study. American Journal of Epidemiology, 143(11), 1116–1122. Data are available in the file BRAINTUM.*.



18.29  Baldness and myocardial infarction, interviewer assessments. Exercises 18.17 and 18.18 considered a case–control study of baldness and heart attacks in men using self-assessments of baldness. This same study also had the interviewers assess the extent of baldness of study subjects using a Hamilton baldness scale (Figure 18.13).

(a)   Which method of ascertaining baldness do you think would be preferable in this study, the self-assessment or interviewer-based assessment?

(b)   Table 18.32 cross tabulates the data according to the ascertainments made by the interviewers. Calculate the odds ratios of myocardial infarction associated with each level of baldness according to this classification.


TABLE 18.32  Data for Exercise 18.29. Baldness and myocardial infarction, case–control data. Baldness was assessed by interviewers according to the Hamilton baldness scale (Figure 18.13).







	
	Baldness

	Cases

	Controls
	

	
	Nonea

	238

	480
	

	
	Frontalb

	  44

	  82
	

	
	Mild vertexc

	108

	137
	

	
	Mod vertexd

	  40

	  46
	

	
	Severe vertexe

	  35

	  23
	

	
	Total

	465

	768
	



aHamilton baldness categories I and II.

bHamilton categories IIa, III, IIIa, and IVa.

cHamilton categories III and IV.

dHamilton categories V and Va.

eHamilton categories VI and VI.

Abramson J.H. (2011). WINPEPI updated: computer programs for epidemiologists, and their teaching potential. Epidemiologic Perspectives & Innovations, 8(1), 1.



(c)   Compare results from this analysis to the results achieved with the self-assessed baldness in Exercise 18.17.

18.30  Wynder and Graham’s case–control study of smoking and lung cancer. A historically important case–control study of smoking and lung cancer compared smoking histories of 605 lung cancer cases to 780 noncancer controls. Table 18.33 displays data from this study.

(a)   Calculate the odds ratio associated with each level of smoking; comment on the findings.

(b)   Conduct a test for trend in the odds ratios.


[image: images]

FIGURE 18.13  Examples of Hamilton scale of rating baldness.




TABLE 18.33  Data for Exercise 18.30. Case–control data on long-term smoking habit and lung cancer.







	
	Smoking level*

	Cases

	Noncases
	

	
	1 Nonsmoker (< 1 cigarette per day)

	    8

	115
	

	
	2 Light smoker (1−9 cigs per day)

	  14

	  82
	

	
	3 Moderate (10−15 cigs per day)

	  61

	147
	

	
	4 Heavy (16−20 cigs per day)

	213

	274
	

	
	5 Excessive (21−34 cigs per day)

	186

	  98
	

	
	6 Chain (35 of more cigs per day)

	123

	  64
	

	
	Total

	605

	780
	



*If subject smoked for less than 20 years, the amount of smoking was reduced in proportion to duration.

Data from Wynder, E. L., & Graham, E. A. (1950). Tobacco smoking as a possible etiologic factor in bronchiogenic carcinoma. JAMA, 143 (I)(4), 329–336.



18.31  Practice with chi-square. Calculate a chi-square test of association statistic and P-value for the case–control data in Table 18.21. Justify that it is acceptable to use a chi-square statistic in this situation even though two of the cells have small numbers.

18.32  Hemorrhagic stroke in young women. Exercise 18.21 addressed data from a matched-pair case–control study on oral contraceptive use and thrombotic stroke in young women. The investigators also collected information on hemorrhagic stroke. Table 18.34 lists data for this outcome.

(a)   Calculate the odds ratio for these data. Interpret the results.

(b)   Break the match and rearrange the data to form a 2-by-2 cross tabulation for unmatched data. Calculate the odds ratio ignoring the match. How does this odds ratio compare to that of the (proper) matched-pair analysis?


TABLE 18.34  Data for Exercise 18.32. Thrombotic stroke and oral contraceptive case-control study. Data are matched pairs.

[image: tab]

Data from Oral contraceptives and stroke in young women. Associated risk factors. (1975). JAMA, 231(7), 718–722.



______________

a This classification scheme is by no means standard; there is no agreed-upon taxonomy for classifying sample types. See the following references for historical context: (1) Barnard, G. A. (1947). Significance testing for 2 × 2 tables. Biometrika, 34(1/2), 123–138. (2) Cochran, W. G. (1952). The χ2 test of goodness of fit. Annals of Mathematical Statistics, 23(3), 325–327. (3) Fleiss, J. L. (1981). Statistical Methods for Rates and Proportions (2nd ed.). New York: John Wiley & Sons, pp. 20–24. (4) Miettinen, O. (1976). Estimability and estimation in case-referent studies. American Journal of Epidemiology, 103(2), 226–235.

b Zhou, Y. F., Leon, M. B., Waclawiw, M. A., Popma, J. J., Yu, Z. X., Finkel, T., et al. (1996). Association between prior cytomegalovirus infection and the risk of restenosis after coronary atherectomy. New England Journal of Medicine, 335(9), 624–630.

c Writing Group for the Women’s Health Initiative Investigators. (2002). Risks and benefits of estrogen plus progestin in healthy postmenopausal women: Principal results from the Women’s Health Initiative randomized controlled trial. JAMA, 288(3), 321–333.

d Controls in this context are more accurately termed the reference group, because they are not controls in the sense of a controlled trial. However, the term controls is standard, so we adopt its use.

e Lesko, S. M., Rosenberg, L., & Shapiro, S. (1993). A case-control study of baldness in relation to myocardial infarction in men. JAMA, 269(8), 998–1003.

f It is often difficult to decide whether a given sample is naturalistic or purposive cohorts. This distinction depends on the whether the distribution of the explanatory factor can be viewed as a simple random sample of a source population. This, in turn, depends on how we define the source population. In this particular example, data are not an SRS of the United States but are an SRS of the particular community.

g The paper that introduced the chi-square test statistic was published in 1900 by the influential 20th-century statistician and scientist Karl Pearson (1857–1936). This paper is considered to be one of the foundations of modern statistics. See: Pearson, K. (1900). On the criterion that a given system of deviations from the probable in the case of a correlated system of variables is such that it can be reasonably supposed to have arisen from random sampling. London, Edinburgh and Dublin Philosophical Magazine and Journal of Science Series 5, 50, 157–175.

h Examples of software utilities that calculate chi-square probabilities include the Microsoft Excel CHIDIST function, StaTable (www.cytel.com/Products/StaTable/), and WinPepi WhatIs.exe.

i Under the null hypothesis, observed frequencies deviate from expected frequencies according to a Standard Normal distribution. This fact is aided by the central limit theorem and operates best in large samples.

j Cochran, W. G. (1952). The χ2 test of goodness of fit. Annals of Mathematical Statistics, 23(3), 315–345. Cochran, W. G. (1954). Some methods for strengthening the common chi-square tests. Biometrics, 10, 417–451.

k Conover, W. J. (1974). Some reasons for not using the Yates continuity correction on 2×2 contingency tables {w/Rejoinder}. Journal of the American Statistical Association, 69, 374–376; 382. Mantel, N. (1974). Comment and a suggestion. Journal of the American Statistical Association, 378–380. Miettinen, O. (1974). Comment. Journal of the American Statistical Association, 69, 380–382. Overall, J. E. (1990). Comment. Statistics in Medicine, 9, 379–382.

l Haberman, S. J. (1973). The analysis of residuals in cross-classified tables. Biometrics, 29, 205–220.

m Writing Group for the Women’s Health Initiative Investigators. (2002). Risks and benefits of estrogen plus progestin in healthy postmenopausal women: Principal results from the Women’s Health Initiative randomized controlled trial. JAMA, 288(3), 321–333.

n Mantel, N. (1963). Chi-square tests with one degree of freedom; extensions of the Mantel-Haenszel procedure. Journal of the American Statistical Association, 58, 690–700.

o Miettinen, O. (1976). Estimability and estimation in case-referent studies. American Journal of Epidemiology, 103(2), 226–235.

p Cornfield, J. (1951). A method of estimating comparative rates from clinical data. Application to cancer of the lung, breast, and cervix. Journal of the National Cancer Institute, 11, 1269–1275.

q Miettinen, O. (1976). Estimability and estimation in case-referent studies. American Journal of Epidemiology, 103(2), 226–235.

r Inskip, P. D., Tarone, R. E., Hatch, E. E., Wilcosky, T. C., Shapiro, W. R., Selker, R. G., et al. (2001). Cellular-telephone use and brain tumors. New England Journal of Medicine, 344(2), 79–86.

s Muscat, J. E., Malkin, M. G., Thompson, S., Shore, R. E., Stellman, S. D., McRee, D., et al. (2000). Handheld cellular telephone use and risk of brain cancer. JAMA, 284(23), 3001–3007.

t The studies considered in Exercises 18.13 and 18.14 afford the opportunity to make two relevant points: (1) These studies looked at different types of intracranial tumors (e.g., gliomas, meningiomas, neuromas, and epitheliomas). These different tumor types behave differently and probably have different etiologies. This argues against pooling their results, at least initially; (2) without the option to assign cell phone use experimentally, other information must come into play when interpreting these statistics. One important fact is that the type of energy emitted by cell phones is nonionizing and does not cause damage to DNA chemical bonds. Combined with corroborating statistical evidence, this suggests that cell phone use is unlikely to cause brain tumors.

u Doll, R., & Hill, A. B. (1950). Smoking and carcinoma of the lung. British Medical Journal, 2, 739–748.

v Witte, J. S., Longnecker, M. P., Bird, C. L., Lee, E. R., Frankl, H. D., & Haile, R. W. (1996). Relation of vegetable, fruit, and grain consumption to colorectal adenomatous polyps. American Journal of Epidemiology, 144(11), 1015–1025. Frequencies reported in Rothman & Greenland (1998, p. 287).

w Liddell, F. D. (1983). Simplified exact analysis of case-referent studies: Matched pairs; dichotomous exposure. Journal of Epidemiology and Community Health, 37(1), 82–84.

x Fisher did not entirely rule-out smoking as a cause of premature death. He merely put forward the constitutional hypothesis as an alternative explanation. Fisher, R. A. (1957). Dangers of cigarette-smoking. British Medical Journal (5034), 1518–1520. Fisher, R. A. (1958). Cancer and smoking. Nature, 182(4635), 596. Fisher, R. A. (1958). Lung cancer and cigarettes. Nature, 182(4628), 108.

y Kaprio, J., & Koskenvuo, M. (1989). Twins, smoking and mortality: A 12-year prospective study of smoking-discordant twin pairs. Social Science & Medicine, 29(9), 1083–1089.

z This is equivalent to a McNemar test. The McNemar procedure is usually presented as a chi-square statistic with 1 df. We have taken the liberty of transforming the chi-square statistics to a z-statistic to take advantage of Table F.

aa The continuity-corrected statistic is more popular, but here are two references that suggest we do not use the continuity-correction form of this statistic: (1) Bennett, B. M., & Underwood, R. E. (1970). On McNemar’s test for the 2 × 2 table and its power function. Biometrics, 26, 339–343; (2) Lui, K.-K. (2001). Notes on testing equality in dichotomous data with matched pairs. Biometrical Journal, 43(3), 313–321.

bb Oral contraceptives and stroke in young women. Associated risk factors. (1975). JAMA, 231(7), 718–722.

cc UGDP. (1970). University Group Diabetes Program: A study of the effects of hypoglycemic agents on vascular complications in patients with adult-onset diabetes. Diabetes, 19(Suppl. 2).

dd Frank Yates (1902–1994)—student and colleague of R. A. Fisher; originator of the continuity-corrected chi-square statistic that bears his name.

ee Cramer, D. W., Schiff, I., Schoenbaum, S. C., Gibson, M., Belisle, S., Albrecht, B., et al. (1985). Tubal infertility and the intrauterine device. New England Journal of Medicine, 312(15), 941–947.
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	Stratified Two-by-Two Tables





[image: squimg] 19.1 Preventing Confounding

Confounding is a systematic error in inference due to the influence of extraneous variables (Section 2.2). This chapter reviews concepts about confounding and introduces a method to adjust for confounding when working with binary variables.

The word confounding comes from the Latin term meaning “to mix together.” When groups are unbalanced with respect to extraneous factors that influence the response, the effects of these extraneous factors get mixed up with the effects of the explanatory variable. This causes a distortion in the observed association, which we call confounding; thus, confounding is a bias due to the influence of extraneous variables. Extraneous variables that cause confounding are called confounders.a

Confounder variables exhibit the following three properties:


1.   They are associated with the explanatory variable in the study.

2.   They are independent determinants of the response.

3.   They are not an intermediary in the causal pathway between the explanatory variable and the response.



One way to understand confounding is to consider what would have happened in the exposed group had the exposure been absent. Of course this cannot occur in nature, so it is counterfactual. However, this type of thing helps clarify the nature of confounding. This type of “thought experiment” isolates the effects of the explanatory variable independent of the effect of confounders. The general idea is to make comparisons ceteris paribus (Latin for “with other things equal”).

Several statistical techniques can be used to prevent or mitigate the effects of confounders. Methods include randomization, restriction, matching, multivariate regression, and stratification.

•   Randomization (Section 2.2) is often the most effective way to prevent confounding. It works by balancing the extraneous factors that can confound results among the comparison groups. Randomization is especially effective in large samples where the law of large numbers balances confounders most incisively.

•   Restriction is a method that imposes uniformity in the study base by limiting the type of individuals who may participate in the study. By imposing restrictions, we effectively define a source population that is homogeneous with respect to the potential confounders. For example, if we limit a study to nonsmokers, smoking can no longer confound observed relationships. Restriction is applicable to both experimental and nonexperimental study designs.

•   Matching adjusts for factors by making like-to-like comparisons. We considered matched analyses in Section 11.5 (quantitative responses) and Section 18.6 (binary responses).

•   Regression adjusts for potential confounders through mathematical modeling. Chapter 15 used multiple linear regression for this purpose. Multiple linear regression applies to quantitative outcomes. Other types of regression models (e.g., logistic regression) apply to categorical responses.

•   Stratification divides the data set into homogenous subgroups before pooling results. This chapter introduces stratified methods for two-by-two tables.

[image: squimg] 19.2 Simpson’s Paradox

Simpson’s paradoxb is an extreme form of confounding in which the observed association switches direction after considering the influence of the confounder.


ILLUSTRATIVE EXAMPLE

Simpson’s paradox (Effectiveness of a treatment).c A trial tests a treatment at two separate clinics. Upon completion of the study, cross tabulation of results from both clinics combined is:


TABLE 19.1  Both clinics combined.

[image: tab]



The incidence proportion of success in the treatment group [image: inline] = 1095/10,100 = 11%. The incidence proportion in the control group [image: inline] = 5050/11,000 = 46%. Therefore, the relative incidence (“relative risk”d) of success associated with the treatment is 11% / 46% = 0.24. The treatment appears to be 76% less effective than the alternative.



Terminology and Notation: The analysis in the prior illustration is “crude” or “unadjusted” in the sense that it applies to all study subjects combined without mathematical adjustment. Let [image: inline] (no subscript) represent the crude relative risk. Data will be divided into subgroups or strata. Statistics within strata are strata-specific statistics. Let [image: inline] represent the incidence proportion in treatment group i in stratum k, and let [image: inline] represent the relative risk in stratum k. Let us now return to the illustrative example. Within clinic (“stratum”) 1, a different picture emerges:


TABLE 19.2  Clinic 1.

[image: tab]



Here, the incidence of success in the treatment group [image: inline] = 1000/10,000 = 10%. The incidence in the control group [image: inline] = 50/1000 = 5%. Therefore, the relative incidence of success [image: inline] = 10%/5% = 2.00. In this clinic, the new treatment is twice as effective as the old treatment.

Data for clinic 2 are similarly revealing:


TABLE 19.3  Clinic 2.

[image: tab]



In this clinic, [image: inline] = 95/100 = 95%, [image: inline]= 5000/10,000 = 50%, and [image: inline] = 1.9. Again, the new treatment is (almost) twice as effective as the alternative. Therefore, what initially appeared to be poor performance by the treatment is reversed when we look within strata.

How do we reconcile this paradox? The answer lies in the fact that subjects at clinic 1 were much less likely to recover than the subjects at clinic 2 and the treatment was used primarily at clinic 1. Thus, the severity of illness (as measured by “clinic”) confounded the relationship between the explanatory variable (treatment) and response variable (success). What initially appeared as a negative association reversed itself after controlling for severity of illness. This is an example of Simpson’s paradox.

[image: squimg] 19.3 Mantel–Haenszel Methods

Summary Measure of Effect

Confounding derives from the mixing of effects of confounding variables with those of the explanatory variable. In the previous example, the clinic was a surrogate for severity of illness. By stratifying the data into separate clinics, we achieved like-to-like comparisons and thus mitigated the effects of the confounding variable.

Our analysis could end here with data reported separately for each clinic. However, it is often desirable to have a single measure of effect that summarizes the unconfounded relationship between the explanatory variable and response variable. A Mantel–Haenszel procedure can be used for this purpose.

Here is the stratum-specific notation we need to calculate Mantel–Haenszel statistics:


TABLE 19.4  Notation, stratum k.

[image: tab]



The Mantel–Haenszel summary relative risk [image: inline] is a weighted average of strata-specific relative risks with weights equal to wk = n1k n2k/nk. It follows that

[image: image]

For the data in Table 19.2 and 19.3, the Mantel–Haenszel summary relative risk estimate is

[image: image]

Recall that the strata-specific relative risks in this data set are [image: inline] = 2.0 and [image: inline] = 1.9. It makes sense that the summary relative risk is between these two values.

Confidence Interval

The sampling distribution of the natural log of the Mantel–Haenszel summary relative risk estimator is approximately Normal with this standard error:e

[image: image]

Therefore, the (1 − α)100% confidence for the lnRRMH is

[image: image]

Take the antilogs of these limits to move the confidence interval to a nonlogarithmic scale.

For the illustrative data:

•   [image: inline]

•   The 95% confidence interval for the lnRRMH = ln(1.95) ± (1.96)(0.06963) = 0.66783 ± 0.13647 = (0.53136, 0.80430).

•   These limits are exponentiated to derive the 95% confidence interval for the Mantel–Haenszel RR: e(0.53136, 0.80430) = (1.70, 2.24)

Thus, after adjusting for “clinic” (a surrogate for the severity of illness), we can be 95% confident that the treatment is associated with between a 1.7-fold and a 2.2-fold increase in the success rate.

Calculation with a Software Utility

Because hand calculations of Mantel–Haenszel statistics are tedious and prone to error, it is helpful to use statistical programs and applications to perform these calculations. Most commercial statistical programs permit Mantel–Haenszel calculations on individual-level data (i.e., data with exposure, outcome, and confounder status recorded on individuals). In addition, many free public domain applications (e.g., OpenEpi.com and WinPEPI) will perform Mantel–Haenszel calculations based on stratified two-by-two cross tabulations. Let us use WinPEPI to demonstrate one such process.

WinPepi calculates Mantel–Haenszel statistics with its Compare.exe program (option B).f After entering the data and calculating statistics for stratum 1, click the “Next stratum” button; then enter data for stratum 2. Figure 19.1 is a screenshot from the program showing the cursor arrow pointing toward the “Next stratum” button.


[image: images]

FIGURE 19.1  Screenshot of WinPepi’s program for stratified table analysis. The cursor is pointing to the button to add a new stratum. Click the adjacent button to calculate Mantel–Haenszel and other statistics for all strata combined. Abramson J.H. (2011). WINPEPI updated: computer programs for epidemiologists, and their teaching potential. Epidemiologic Perspectives & Innovations, 8(1), 1.



When data for all strata are entered, click the “All strata” button to calculate Mantel–Haenszel statistics. Figure 19.2 is a screenshot of output from the illustrative example. Mantel–Haenszel summary relative risk estimates (highlighted) match our prior calculations.

Other Summary Measures of Effect

Mantel–Haenszel procedures may also be applied to odds ratios, risk differences, and other such measures of effect. For example, the Mantel–Haenszel summary odds ratio is

[image: image]

The standard error of the natural log of this estimate is

[image: image]


[image: images]

FIGURE 19.2  Screenshot of WinPepi output highlighting Mantel–Haenszel summary risk ratio estimates. Abramson J.H. (2011). WINPEPI updated: computer programs for epidemiologists, and their teaching potential. Epidemiologic Perspectives & Innovations, 8(1), 1.



where Gk = a1kb2k/nk; Hk = a2kb1k/nk; Pk = (a1k + b2k)/nk; and Qk = (a2k + b1k)/nk.g These and other Mantel–Haenszel procedures are easily calculated with WinPepi.

Test Statistic

The null hypothesis of “no association”h is tested with the Mantel–Haenszel test statistic:

[image: image]

Under the null hypothesis, this statistic is a chi-square random variable with 1 degree of freedom.

The Mantel–Haenszel test statistic for the illustrative data is [image: inline] 78.463 with 1 df. This converts to P = 8.2 × 10−19. Therefore, the association between the new treatment and “success” is highly significant.

Notes

1.   A continuity correction may be applied to the Mantel–Haenszel test statistic as follows: [image: inline]. The continuity-corrected Mantel–Haenszel statistic for the illustrative data is 77.594 with 1 df. P = 1.3 × 10−18. (Mantel chi-squares always have 1 df.)

2.   Figure 19.3 is a screenshot from WinPepi showing the Mantel–Haenszel test statistic for the illustrative data.

3.   The Mantel–Haenszel chi-square statistic has 1 df, so it can be reexpressed as

[image: image]


[image: images]

FIGURE 19.3  Screenshot of WinPepi output showing Mantel–Haenszel test statistics. Abramson J.H. (2011). WINPEPI updated: computer programs for epidemiologists, and their teaching potential. Epidemiologic Perspectives & Innovations, 8(1), 1.



Exercises

19.1    Is participating in a follow-up survey associated with having medical aid? A South African study compared whether participating in a 5-year follow-up interview was associated with having medical aid (a type of health insurance). Based on the setup of the problem in the original source, whether an individual was followed-up is the explanatory variable and receipt of medical aid is the response variable. The extraneous variable (“potential confounder”) is race.

(a)   Table 19.5A tabulates the results for all subjects combined. Calculate the prevalence of medical aid in the group that was followed up and the group that was lost to follow up. Describe the relationship between follow up and having medical aid.

(b)   Subjects were subclassified by race. Table 19.5B shows the results for white participants. Describe the relationship in this stratum.

(c)   Data for black participants are shown in Table 19.5C. Analyze the results for this stratum.

(d)   Why did there appear to be a negative association in the crude data and no association within strata?


TABLE 19.5  Data for Exercise 19.1. Participation in follow-up survey and having medical aid (health insurance).

[image: tab]

Data from Morrell, C. H. (1999). Simpson’s paradox: an example from a longitudinal study in South Africa. Journal of Statistical Education, 7(3), http://www.amstat.org/publications/jse/secure/v7n3/datasets.morrell.cfm.



19.2    Is participating in a follow-up survey associated with having medical aid? Use the strata-specific data in Table 19.5B and C to calculate the Mantel–Haenszel summary prevalence proportion ratio (“relative risk”) for the relationship between follow up while adjusting for race. Include a confidence interval for your estimate. (Suggestion: Check your calculations with WinPepi or another statistical utility.)

[image: squimg] 19.4 Interaction

Statistical interactioni refers to a situation in which a statistical model does not adequately predict the joint effects of two or more explanatory factors. With stratified two-by-two tables, this corresponds to heterogeneity in the strata-specific measures of effect. When the strata-specific measures of effect are relatively homogeneous, statistical interaction is absent.

In the prior illustrative example, the strata-specific relative risks were similar to each other. It therefore made sense to combine these estimates to form a single summary estimate. Had the relative risks been different at the two clinics, an interaction would have existed and it would not have made sense to summarize the effect of the treatment with a single summary statistic.


ILLUSTRATIVE EXAMPLE

Statistical interaction (Asbestos, cigarettes, and lung cancer). This fictitious but realistic example considers odds ratios from a case-control study on asbestos and lung cancer while considering the concurrent effects of smoking. Data for all subjects (smokers and nonsmokers) are:


TABLE 19.6  Smokers and nonsmokers combined.

[image: tab]



Within smokers, however, we find a much stronger association:


TABLE 19.7  Stratum 1 (smokers).

[image: tab]



For nonsmokers, cross tabulation reveals a much weaker association:


TABLE 19.8  Stratum 2 (nonsmokers).

[image: tab]



Combining these heterogeneous odds ratios to form a single summary odds ratio would not adequately predict the joint effects of smoking and asbestos on lung cancer risk. Therefore, a statistical interaction is said to exist. Whenever a statistical interaction exists, Mantel–Haenszel summary statistics should not be calculated. Instead, strata-specific statistics should be reported.



Chi-Square Test for Statistical Interaction

Strata-specific estimates of effects will deviate from each other randomly even when no interaction is present in the population. A statistical test may be applied to help distinguish random from systematic heterogeneity of the strata-specific effect estimates.

The Heterogeneity Test Applied to Relative Risks: We test H0: RR1 = RR2 = … = RRK (no interaction in population) versus Ha: at least one RRk differs (statistical interaction). An ad hoc statistic to test these claims is

[image: image]

where [image: inline] is the natural log of the relative risk in stratum k, [image: inline] is the natural log of the Mantel–Haenszel summary relative risk estimate, and [image: inline]. Under the null hypothesis, the [image: inline] has a chi-square distribution with K − 1 degrees of freedom, where K represents the number of strata.

The Heterogeneity Test Applied to Odds Ratios: We test H0: OR1 = OR2 = … = ORK (no interaction in the population) against Ha: at least one of the ORks differs (interaction). The test statistic is:

[image: image]

where [image: inline] is the natural log of the odds ratio in stratum k, [image: inline] is the natural log of the Mantel–Haenszel summary odds ratio, and [image: inline]. Under the null hypothesis, this statistic has a chi-square distribution with K − 1 degrees of freedom, where K represents the number of strata.


ILLUSTRATIVE EXAMPLE

Test for interaction (Asbestos, cigarettes, and lung cancer). We submit the asbestos, smoking, and lung cancer data to a test of interaction.

1.   Hypotheses. H0: OR1 = OR2 (no interaction) against Ha: OR1 ≠ OR2 (interaction).

2.   Test statistic.

(a)   For smokers: [image: inline].

(b)   For nonsmokers: [image: inline].

(c)   The Mantel–Haenszel summary odds ratio (calculated with WinPepi) [image: inline]. Therefore, [image: inline].

(d)   The test statistic is [image: inline] with df = K − 1 = 2 − 1 = 1.

3.   P-value. The observed [image: inline] with 1 df corresponds to P = 2.1 × 10−5.

4.   Significance level. The evidence against H0 is significant at the α = 0.0001 level.

5.   Conclusion. The observed strata-specific odds ratio estimates (60.0 in smokers and 2.0 in non-smokers) differ significantly (P < 0.0001). Thus, statistical interaction is present.



Many different chi-square statistics for interaction are used in practice. The ad hoc interaction statistics presented in this chapter are of the form:

[image: image]

This statistic is based on the principle that the sum of K standard Normal random variables follows a chi-square distribution with K − 1 degrees of freedom. Be aware that WinPEPI (and other software applications) may use different chi-square interaction statistics.j For example, when the illustrative data are submitted to WinPEPI’s interaction test, the chi-square test’s statistic is 21.38 and P-value is 3.8 × 1−6. This test result does not differ materially from those derived by our ad hoc formula.


[image: images]

FIGURE 19.4  WinPepi screenshot showing interaction statistic for the illustrative example. Abramson J.H. (2011). WINPEPI updated: computer programs for epidemiologists, and their teaching potential. Epidemiologic Perspectives & Innovations, 8(1), 1.



Exercises

19.3    Is participating in a follow-up survey associated with having medical aid? Exercise 19.1 considered whether participation in a follow-up survey was associated with having medical aid. Race was a confounding variable in this analysis. Table 19.5 lists both crude and race-specific cross tabulations.

(a)   Calculate the race-specific prevalence ratios (“relative risks”) for medical aid. Do you think statistical interaction is present?

(b)   Conduct a chi-square test of interaction for the prevalence ratios. Show all hypothesis-testing steps. Report the [image: inline], its df, and P-value. Is the opinion you formed about interaction in part (a) of the exercise confirmed?

19.4    Smoking and cervical cancer. Table 19.9 displays data from a case–control study on smoking and invasive cervical cancer with data stratified by number of sexual partners.


TABLE 19.9  Data for Exercise 19.4. Smoking and cervical cancer stratified by number of sexual partners, case–control data.







	
	Stratum 1 (zero to one partner)
	

	
	

	Cervical CA+

	Cervical CA−
	

	
	Smoke +

	12

	   21
	

	
	Smoke −

	25

	118
	

	
	Stratum 2 (two or more partners)
	

	
	

	Cervical CA+

	Cervical CA−
	

	
	Smoke +

	96

	142
	

	
	Smoke −

	92

	150
	

	
	
	
		



Data from Nischan, P., Ebeling, K., & Schindler, C. (1988). Smoking and invasive cervical cancer risk. Results from a case-control study. American Journal of Epidemiology, 128(1), 74–77.



(a)   Calculate the odds ratios within each stratum. Comment on your findings.

(b)   Test the odds ratios for interaction. Report the chi-square interaction statistic, its df, and P-value.

(c)   Merge the data from the two strata, and then calculate the crude odds ratio. How would data have been misinterpreted had it not been stratified by the number of sexual partners?

(d)   Rearrange the data to determine whether having two or more partners is a risk factor for invasive cervical cancer. Calculate the odds ratio. Consider these results in light of prior analyses in this exercise.

Summary Points (Stratified Two-by-Two Tables)

1.   This chapter considers confounding and interaction by examining data that have been stratified to form subgroups according to potentially confounding variables.

2.   Confounding is a systematic error in inference brought about by the influence of extraneous variables (“confounders”) lurking in the background.

3.   Properties of a confounder: (i) associated with the exposure, (ii) an independent determinant of the study outcome, and (iii) not an intermediary in the causal pathway between the explanatory factor and the outcome variable.

4.   Methods to prevent confounding include: (i) randomization of the exposure, (ii) restricting the study to subjects or individuals that are homogenous with respect to the confounding factor, (iii) matching on the confounding factor, (iv) using regression models to adjust mathematically for the confounding factor, and (v) stratified analysis (this chapter).

5.   Simpson’s paradox is an extreme form of confounding that occurs when the confounding variable reverses the direction of the association between the explanatory variable and the study outcome.

6.   Evidence of confounding is present when strata-specific measures of effect differ from the crude (overall) measure of effect. (The chapter considers the following measures of effect: risk ratio and odds ratio.)

7.   When confounding is present, the association between the study exposure and the outcome can be tested with a Mantel–Haenszel test statistic, and the strength of the association can be summarized with a Mantel–Haenszel summary measure of effect.

8.   Statistical interaction (effect measure modification and effect measure heterogeneity) occurs when strata-specific measures of effect differ significantly from each other. You can test for interaction with a chi-square test for heterogeneity.

9.   When statistical interaction is present, separate measures of effect should be reported for each stratum.

Vocabulary

Ceteris paribus

Confounders

Confounding

Crude relative risk

Mantel–Haenszel summary relative risk

Mantel–Haenszel test statistic

Matching

Randomization

Regression

Restriction

Simpson’s paradox

Statistical interaction

Strata-specific statistics

Stratification

Stratum-specific notation

Review Questions

19.1    Select the best response: Confounding is

(a)   any error in inference.

(b)   any systematic error in inference.

(c)   any systematic error in inference due to the influence of extraneous variables.

19.2    Select the best response: The Latin term confundere means

(a)   to mix together.

(b)   with all things equal.

(c)   bias.

19.3    Select the best response: The Latin term ceteris paribus means

(a)   to mix together.

(b)   with other things equal.

(c)   bias.

19.4    List the three properties of a confounder.

19.5    List five statistical methods that are used to mitigate confounding.

19.6    What is Simpson’s paradox?

19.7    What is a measure of effect?

19.8    What is a crude measure of effect?

19.9    What is a strata-specific measure of effect?

19.10  What is a Mantel–Haenszel summary measure of effect?

19.11  Select the best response: Which of the following is addressed by the Mantel–Haenszel test statistic for risk ratios?

(a)   H0: RR1 = RR2

(b)   H0: RR = 1

(c)   H0: RR = 0

19.12  Select the best response: Mantel–Haenszel summary measures of effect are weighted averages of _________________ measures of effect.

(a)   crude

(b)   strata-specific

(c)   adjusted

19.13  Select the best response: A synonym for “statistical interaction” is

(a)   confounding.

(b)   bias.

(c)   effect measure modification.

19.14  Select the best response: Which of the following is associated with a statistical test for interaction?

(a)   H0: RR1 = RR2

(b)   H0: RR = 1

(c)   H0: RR = 0

19.15  Provide the null hypothesis when testing for an interaction in odds ratios from three strata.

19.16  Provide the alternative hypothesis when testing for an interaction in the odds ratios from three strata.

19.17  Why should we not use a Mantel–Haenszel summary measure of effect when interaction is present?

Exercises

19.5    Sex bias in graduate school admissions? Table 19.3 contains data on the acceptance of applications to graduate programs at the University of California Berkeley for 1973. Assuming men and women who applied for admission were equally well-qualified, one would expect an equal proportion of acceptance by gender.

(a)   Table 19.10A cross-tabulates acceptance by gender for both majors combined. What proportion of male applicants were accepted? What proportion of female applicants were accepted? What is your initial impression?

(b)   Table 19.10B cross-tabulates data for major 1. Did males fare better than females in this major?

(c)   Table 19.10C cross tabulates data for major 2. What is the experience in this stratum?

(d)   Was there sex bias in graduate school admissions? Did it favor male or female applicants?

(e)   Explain why the crude analysis (part a) produced a faulty conclusion.

(f)   Calculate the relative incidence (“relative risk”) of acceptance by gender in major 1. Do the same for major 2. Test these relative risks for heterogeneity. Show all hypothesis-testing steps. Was an interaction present?


TABLE 19.10  Data for Exercise 19.5. Acceptance to UC Berkeley Graduate programs by gender and major.

[image: tab]

Data from Bickel, P. J., Hammel, E. A., & O’Connell, W. (1975). Sex bias in graduate admission: Data from Berkeley. Science, 187, 398–404. Data reported on p. 17 of Freedman, D. A., Pisani, R., Purves, R., & Adhikari, A. (1991). Statistics (2nd ed.). New York: W. W. Norton.



(g)   Calculate the Mantel–Haenszel summary relative risk for acceptance by gender adjusting for major. In relative terms, to what extent were male applicants less likely to be accepted?

19.6    Helicopter evacuation and survival following trauma. Accident victims may be transported to the hospital by helicopter or, more typically, by road ambulance. Does the use of helicopter actually save lives? Table 19.11 presents a hypothetical example comparing survival rates in victims by evacuation method.


TABLE 19.11  Data for Exercise 19.6. Survival following motor vehicle accidents by evacuation method and seriousness of accident. Data are hypothetical.

[image: tab]

Data from Oppe, S., & De Charro, F. T. (2001). The effect of medical care by a helicopter trauma team on the probability of survival and the quality of life of hospitalized victims. Accident Analysis & Prevention, 33(1), 132.



(a)   Table 19.11A cross-tabulates the data for all accidents. Calculate the crude relative risk of death associated with helicopter evacuation.

(b)   Data stratified by the seriousness of the accident are reported in Table 19.11B and 19.11C. Calculate these strata-specific relative risks.

(c)   How do you explain the discrepancy between the crude results and strata-specific results?

(d)   Calculate the Mantel–Haenszel adjusted summary relative risk for helicopter evaluation and death while adjusting for the seriousness of the accident.

19.7    Infant survival. Data on the survival of 715 infants in relation to the amount of medical care received are as follows:







	
	Crude data (clinics 1 and 2 combined)
	

	
	

	Did not survive

	Survived
	

	
	Less care

	20

	373
	

	
	More care

	  6

	316
	

	
	
	
		



Data from Whittaker, J. (1990). Graphical Models in Applied Multivariate Statistics. Chichester: John Wiley & Sons; Bishop, Y. M. M., Fienberg, S. E., & Holland, P. W. (1975). Discrete Multivariate Analysis: Theory and Practice. Cambridge, MA: MIT Press.

(a)   Determine the proportion of infants who did not survive in each group. Report the association in terms of a risk ratio. What do you conclude from this crude comparison?

(b)   The experience within the two clinics that contributed to the earlier table is shown in the following tables. Address the effect of receiving less care within each clinic. What do you now conclude?







	
	Clinic 1

	

	
	

	
	

	Did not survive

	Survived
	

	
	Less care

	3

	176
	

	
	More care

	4

	293
	









	
	Clinic 2

	

	
	

	
	

	Did not survive

	Survived
	

	
	Less care

	17

	197
	

	
	More care

	  2

	  23
	



(c)   How do you explain the apparent contradictory results of the crude analysis in part (a) and the stratified analysis in part (b)?

(d)   Using a computer application such as WinPEPI or OpenEpi.com, test for interaction in the risk ratios. Show all hypothesis testing steps.

(e)   Calculate the Mantel–Haenszel summary risk ratio associated with less care. Include a 95% confidence for the RR. Summarize your findings.

19.8    Oral cancer. Data from a case–control study on oral cancer and smoking stratified by alcohol consumption are shown in the following tables. Quantify the effects of smoking on oral cancer risk while controlling for smoking. Briefly, summarize your findings.







	
	Alcohol use +

	

	
	

	
	

	Cases

	Controls
	

	
	Smoking +

	225

	166
	

	
	Smoking −

	    6

	  12
	









	
	Alcohol use −

	

	
	

	
	

	Cases

	Controls
	

	
	Smoking +

	8

	18
	

	
	Smoking −

	0

	  3
	

	
	
	
		



Data from Richardson, D. B., & Kaufman, J. S. (2009). Estimation of the relative excess risk due to interaction and associated confidence bounds. American Journal of Epidemiology, 169(6), 756–760; Rothman, K., & Keller, A. (1972). The effect of joint exposure to alcohol and tobacco on risk of cancer of the mouth and pharynx. Journal of Chronic Diseases, 25(12), 711–716.

19.9    Herniated lumbar discs. Data from a case–control study on participation in sports and herniated lumbar discs stratified by smoking status are shown in the following tables. Quantify the effect of “no sports participation” on the risk of disc herniation.







	
	Stratum 1: Smokers

	

	
	

	
	

	Cases

	Controls
	

	
	No sports participation

	  36

	  28
	

	
	Sports participation

	138

	113
	

	
	Stratum 2: Smokers

	

	
	

	
	

	Cases

	Controls
	

	
	No sports participation

	31

	  20
	

	
	Sports participation

	82

	126
	

	
	
	
		



Data from Richardson, D. B., & Kaufman, J. S. (2009). Estimation of the relative excess risk due to interaction and associated confidence bounds. American Journal of Epidemiology, 169(6), 756–760; Mundt, D. J., Kelsey, J. L., Golden, A. L., Panjabi, M. M., Pastides, H., Berg, A. T., et al. (1993). An epidemiologic study of sports and weightlifting as possible risk factors for herniated lumbar and cervical discs. The Northeast Collaborative Group on Low Back Pain. American Journal of Sports Medicine, 21(6), 854–860.

______________

a For an extraneous factor to be a confounder, it must be associated with the explanatory variable and must be an independent predictor of the response.

b Simpson, E. H. (1951). The interpretation of interaction in contingency tables. Journal of the Royal Statistical Society. Series B, 13(2), 238–241.

c Blyth, C. R. (1972). On Simpson’s paradox and the sure thing principle. Journal of the American Statistical Association, 67, 364–366.

d We have established use of the term “relative risk” to apply to incidence proportion ratios and prevalence proportion ratios.

e Greenland, S., & Robins, J. M. (1985). Estimation of a common effect parameter from sparse follow-up data. Biometrics, 41(1), 55–68.

f Abramson, J. H. (2004). WINPEPI (PEPI-for-Windows): Computer programs for epidemiologists. Epidemiologic Perspectives & Innovations, 1(1), 6.

g Robins, J., Breslow, N., & Greenland, S. (1986). Estimators of the Mantel–Haenszel variance consistent in both sparse data and large-strata limiting models. Biometrics, 42, 311–323.

h In testing a relative risk, H0:RRMH = 1; in testing an odds ratio H0:ORMH = 1; in testing a risk difference, H0:RDMH = 0; and so on.

i Statistical interaction is distinct from biological interaction. Biologic interaction refers to the interdependent operation of two or more causes working together to produce a given effect. Biological interactions are always present when causes act in consort, whereas statistical interaction depends on the statistical model used to describe the data—you can have interaction in a multiplicative statistical model and no interaction in an additive model for the same factors, for instance. See Rothman, K. J., Greenland, S., & Walker, A. M. (1980). Concepts of interaction. American Journal of Epidemiology, 112(4), 467–470.

j For details on how WinPepi calculated the interaction statistics, see formula 10.35 (p. 170) in Fleiss, J. L. (1981). Statistical Methods for Rates and Proportions. (Second ed.). New York: John Wiley & Sons.
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TABLE C. t TABLE  Table entries are values of t random variables.
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t-values computed with Microsoft Excel 9.0 TINV function.
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[image: squimg] Chapter 1: Measurement

1.1    Value, variable, observation.

The value of LUNGCA for the 7th observation is 18.

The value of COUNTRY for the 11th observation is Iceland.

1.3    Value, variable, observation (cont.).

VAR3 records the gender of subjects.

1.5    Measurement scale.

VAR1 − Categorical

VAR2 − Categorical

VAR3 − Categorical

VAR4 − Quantitative

VAR5 − Categorical

1.7    Duration of hospitalization.

(a)   The following variables are categorical: SEX, AB, CULT, and SERV. The following variables are quantitative: DUR, AGE, TEMP, and WBC. There are no ordinal variables in this data set.

(b)   The value of DUR for observation 4 is 11.

(c)   The value of AGE for observation 24 is 43.

1.9    Dietary histories.

Prospective dietary logs are more accurate than retrospective recall. Memory tends to be unreliable.

1.11    Variable types 2.

(a)   Quantitative

(b)   Quantitative

(c)   Categorical

(d)   Quantitative

(e)   Quantitative

(f)   Ordinal

(g)   Categorical

(h)   Ordinal

(i)    Categorical

(j)    Quantitative

(k)   Categorical

(l)    Ordinal

(m)  Ordinal

(n)   Categorical

1.13    Age recorded on different measurement scales.

Age can be recorded quantitatively in months, years, and so on. It can also be grouped into categories, for example, 1 = youngest age group and 2 = next age category.

1.15    Binge drinking.

AGEGRP is ordinal. BINGE2003 and BINGE2008 are quantitative.

[image: squimg] Chapter 2: Types of Studies

2.1    Sample and population.

(a)   The sample consists of the 125 individuals in the study. The source population can be viewed as either (a) all patients that attended this hospital during the study period or (b) all individuals in the hospital’s geographic capturement area, that is, the population who might have been hospitalized had there been a need. It would be useful to know additional information about these source populations, for example, the time-frame of the study, the demographic make-up of the capturement area, and so on.

(b)   The sample consists of the 18 diabetics in the study. The population consists of 35- to 44-year-old male diabetics. It would be useful to know other person, place, and time factors that define the source population.

2.3    California counties.

There are 58 counties to choose from. Starting on line 33 of Table A, the first four random numbers that apply are 18, 56, 16, and 38. These numbers identify the following counties: Lassen, Ventura, Kings, and San Francisco.

2.5    Experimental or nonexperimental?

(a)   Nonexperimental

(b)   Nonexperimental

(c)   Experimental

2.7    Five-City Project. Study design schematic:

[image: images]

2.9    Five-City Project (cont.).

The first five digits in line 17 of Table A are 50728. Therefore, cities 5 and 2 will be designated at treatment cities.

2.11    Campus survey.

(a)   The high nonresponse rate hinders our ability to make generalizations about the population; the distribution of behaviors in responders may not randomly reflect behaviors in the campus populations.

(b)   The information on the questionnaires is of uncertain quality. What people say about their behavior often does not match how they behave.

2.13    Telephone directory sampling frame.

This sampling frame omits households that lack land telephones lines. It also excludes those with unlisted numbers and double counts those with more than one phone line.

2.15    Four-naughts.

Four zeors in a row would occur 1 in every 10,000 four-tuples.

2.17    Employee counseling.

(a)   Depending on how one structures the research question, the population can be defined as either the 1000 employees who used the service or all employees who might potentially use the service.

(b)   The sample consists of the 25 employees who completed and returned their questionnaire.

(c)   Since only one in four potential respondents returned a completed questionnaire, there is the potential for nonresponse bias (a form of selection bias in which nonresponders differ systematically from responders).

(d)   This would still not be an SRS. This would be a systematic sample.

Chapter 3: Frequency Distributions

3.1    Poverty in eastern states, 2000.

Percent of people living below the poverty line by state.

[image: images]

•   Shape: The distribution has a mild positive skew. There are no apparent outliers.

•   Location: The median (underlined) has a depth of (26 + 1) / 2 = 13.5 and a value of 10.2. Michigan and Massachusetts are the “median states.”

•   Spread: Values vary from 7.3% to 15.8%.

3.3    Leaves on a common stem.

(a)   Comparison A. Groups have the same central locations; group 1 has greater variability (spread).

[image: images]

(b)   Comparison B. Group 1 has larger values on average; groups have the same variability.

[image: images]

(c)   Comparison C. Group 1 has a lower average and greater spread.

[image: images]

3.5    Hospital stay duration.

(a)   Frequency table

[image: images]

(b)   Five of 25 (20.0%) were less than 5 days.

(c)   Ninety-two percent were less than 15 days (see Cumulative Frequency column).

(d)   Two of 25 (8%) were at least 15 days in length.

3.7    Body weight expressed as a percentage of ideal.

[image: images]

•   Shape: The distribution has a negative skew and high outlier.

•   Location: The median is 114 (underlined).

•   Spread: Data range from 88 to 152.

3.9    Seizures following bacterial meningitis.

[image: images]

Data have a pronounced positive skew and a high outlier (shape). The median is 24 (location). Induction times are highly variable, ranging from 0.1 to 96 months (spread).

3.11    U.S. Hispanic population.

Here is the stemplot with single stem values:

[image: images]

Here is the stemplot with split stem values:

[image: images]

The stemplot with split stem values does a better job showing the distribution’s shape. Notice the positive skew with possible outlier values: 42 (New Mexico), 32 (California), 32 (Texas), and 25 (Arizona). The median (about 4) is underscored.

3.13    Air samples.

Here’s a stemplot with a regular stem:

[image: images]

Here’s a stemplot with split stem values:

[image: images]

Interpretation:

•   The sites have similar central locations.

•   Site 1 exhibits greater variability.

•   A high outlier value is apparent at site 1.

3.15    Practicing docs.

(a)   2004 data. The distribution has a positive skew and several potential outliers (labeled on plot). The median has a depth of (51 + 1)/2 = 26 and an approximate value of 22. (Median is approximate because it is based on counting the truncated leaves on the stemplot.) Data range from about 15 to 64.

[image: images]

Here is how SPSS plots the data:

[image: images]

Notice that SPSS includes frequency counts to the left of the stem. The stem exhibits a quintuple split but does not use our convention of using “*, T, F, S, and .” to keep track of stem values. Seven observations are identified as EXTREMES (values of 31 or greater). STEM WIDTH 10.0 refers to the stem multiplier (×10).

(b)   1975 data. The distribution has a positive skew and several potential outliers. The median has a depth of (51 + 1)/2 = 26 and an approximate value of 11. Values range from 7.7 to 34.6.

[image: images]

(c)   1975 and 2004 data in back-to-back stemplot form. The back-to-back placement of the plots facilitates comparisons. Note that there is little overlap of the distributions.

[image: images]

3.17    Cancer treatment.

[image: images]

The distribution has a strong positive skew with at least two potential outliers (510 and 700). The median has a depth of (11 + 1)/2 = 6 and a value of approximately 30 (underlined); the actual median is 34 (precision lost when data points were truncated to draw the plot). Data range from 0 to 700.

[image: squimg] Chapter 4: Summary Statistics

4.1    Gravitational center.

Locations of means are shown with a ˆ.

(a)   [image: inline]

(b)   [image: inline]

(c)   [image: inline]

(d)   [image: inline]

4.3    More visualization.

The calculated means are (a) 9.9, (b) 159, and (c) 2.8. How good were your visual estimates?

4.5    Outside?

Five-point summary: 88, 101, 114, 120, 152

IQR = 120 − 101 = 19

FenceUpper = 120 + (1.5)(19) = 148.5

The value 152 is outside the upper fence.

[image: images]

4.7    Spread.

No arithmetics is required to see that batch A has the greatest variability.

4.9    Standard deviation (and variance) via technology.

For site 1, s = 14.56 and s2 = 211.93.

For site 2, s = 2.88 and s2 = 8.286.

4.11    Units of measure changes numeric values of the standard deviation.

The distributions are identical and are merely expressed in different units. The standard deviations are s1 = 1 year, s2 = 12 months, and s3 = 365 days, respectively.

4.13    Which statistics?

Data set (a) is fairly symmetrical. Therefore, use of the mean and standard deviation are recommended.

Data set (b) is bimodal and has an outlier. The median and IQR should be used to describe this distribution.

Data set (c) has a mild negative skew. It would be prudent to calculate both the mean and median to see whether they differed. If they differed in a meaningful way, you should report the median and IQR.

4.15    Leaves on stems.

(a)   Comparison A

Group 1: [image: inline] = 50 and s = 31.6.

Group 2: [image: inline] = 50 and s = 15.8.

How statistics relate to what we see: Same central locations; greater spread is group 1.

(b)   Comparison B

Group 1: [image: inline] = 70 and s = 15.8.

Group 2: [image: inline] = 50 and s = 15.8.

How statistics relate to what we see: Higher central location in group 1; equal group spreads.

(c)   Comparison C

Group 1: [image: inline] = 50 and s = 31.6.

Group 2: [image: inline] = 70 and s = 15.8.

How statistics relate to what we see: Smaller central location and greater spread in group 1.

4.17    Health insurance by state.

(a)   Mean = 14.28, median = 13.8. This suggests the distribution has a positive skew or high outlier.

(b)   Five-point summary: 8.5, 11.2, 13.8, 16.75, 25.1

(c)   IQR = 16.75 − 11.2 = 5.55

FenceUpper = 16.75 + (1.5)(5.55) = 25.075. There is an outside value on top. This value is 25.1.

FenceLower = 11.2 − (1.5)(5.55) = 2.875. There are no outside values on the bottom.

4.19    What would you report?

The stemplot is mound shaped and symmetrical. (Symmetry is confirmed by the fact that both [image: inline] and the median are equal to 5.5.) Therefore, the mean and standard deviation should do a good job summarizing this distribution.

[image: images]

4.21    Practicing docs (side-by-side boxplots).

Notes for 1975 data: 5-point summary: 7.7, 10.05, 11.4, 13.85, and 34.6. IQR = 13.85 − 10.05 = 3.8. FenceL = 10.05 − (1.5) · (3.8) = 4.35; there are no lower outside values. FenceU = 13.85 + (1.5) · (3.8) = 19.55; there are two upper outside values: 20.2 and 34.6. The upper inside value is 18.3.

Notes for 2004 data: 5-point summary: 15.6, 20.05, 22.2, 24.05, and 64.2. IQR = 24.05 − 20.05 = 4. FenceL = 20.05 − (1.5) · (4) = 14.05; therefore, there are no lower outside values. FenceU = 24.05 + (1.5) · (4) = 30.05; therefore, there are seven upper outside values: 30.7, 31.3, 31.9, 33.0, 33.8, 37.4, and 64.2. The upper inside value is 28.1.

[image: images]

•   Shapes: Both distributions have upper outside values indicating positive skews. The tail of the 2004 distribution appears to be more prominent than the tail of the 1975 distribution.

•   Locations: In 2004, the states demonstrated a much higher number of practicing medical doctors per capita, so much so that there is no overlap in the boxes and little overlap in the whiskers.

•   Spreads: Their IQRs appear to be similar. However, their range of values is greater in 2004.

4.23    Melanoma treatment.

The response variable is cell doubling time in days (DOUBLING) and the explanatory variable is the manner in which the cells were cultured (indicated by the variable COHORT). These side-by-side boxplots indicate much longer doubling times in cohort 1 (extended ex vivo culturing of cells) and less variability in doubling times in cohort 2 (short ex vivo culturing).

[image: images]

[image: images]

Note: The cell doubling times are multiplied by a factor 10 for the plot.

[image: squimg] Chapter 5: Probability Concepts

5.1    Explaining probability.

We cannot say for certain whether this particular patient will survive, but we can say that in a large number of patients with identical characteristics, 60% will survive at least five years and 40% will not.

5.3    February birthdays.

(a)   February 28 occurs four times every 4 years. Three of the years have 365 days, and every fourth year (leap year) has 366 days. Therefore, [image: images].

(b)   February 29 occurs once every 4 years. Therefore, [image: images].

(c)   (February 28 or 29) occur five times every four years. Therefore,[image: inline].

5.5. N = 26.

(a)   1 in 26 = 0.0385

(b)   1 in 26 = 0.0385

(c)   0

5.7    Expressions of probability.





	(a)   This event seldom happens. It has a very low chance of occurring.

	5%



	(b)   This event is infrequent. It is unlikely.

	20%



	(c)   This happens as often as not; chances are even.

	50%



	(d)   This is very frequent. It has high probability.

	80%



	(e)   This event almost always occurs. It has a very high probability.

	95%




5.9    Lottery.

(a)   μ = Σ xi · Pr(X = xi) = (0 · 0.999999982) + (10,000,000 · 0.000000018) = 0 + 0.18 = 0.18

(b)   19 cents

5.11    Uniform (0, 1) pdf.

(a)   Pr(X ≤ 0.8) = 0.8

(b)   Pr(X ≤ 0.2) = 0.2

(c)   Pr(0.2 ≤ X ≤ 0.8) = 0.8 − 0.2 = 0.6

5.13    The sum of two uniform (0,1) random variables.

(a)   Pr(X ≤ 1) = half the area under the curve = 0.5
Also note that the area is that of a right angle triangle with height = 1 and base = 1. Area = ½ × h × b = ½ × 1 × 1 = 0.5.

(b)   Pr(X ≤ 0.5) = ½ × h × b = ½ × 0.5 × 0.5 = 0.125

(c)   Pr(0.5 ≤ X ≤ 1.5) = 1 − Pr(X ≤ 0.5) − Pr(X ≥ 1.5) = 1 − 0.125 − 0.125 = 0.75.
Explanation:

•   Pr(X ≤ 0.5) = 0.125 as explained in part (b).

•   By symmetry, Pr(X ≥ 1.5) is also equal to 0.125.

•   The area under the curve sums to exactly 1 (property 2 of probabilities). Subtract Pr(X ≤ 0.5) and Pr(X ≥ 1.5) from 1 to get Pr(0.5 ≤ X ≤ 1.5).

5.15    Uniform distribution of highway accidents.

(a)   Pr(in the first mile) = shaded area = height × base = 1 × [image: inline] = [image: inline] or 0.20.

[image: images]

(b)   Pr(not in the first mile) = 1 − Pr(in the first mile) = 1 − 0.20 = 0.80

[image: images]

(c)   Pr(between miles 2.5 and 4) = 1.5 × [image: inline] = 0.30.

[image: images]

(d)   Pr(in first mile OR between 2.5 and 4 miles) = Pr(in the first mile) + Pr(between 2.5 and 4 miles) = 0.20 + 0.30 = 0.50.

[image: images]

5.17    Bound for Glory (variance).

σ² = Σ (xi − μ)2 · Pr(X = xi) = [(0 − 0.1667)2 · 59/60] + [(10 − 0.1667)2 · 1/60] = 0.0273 + 1.6116 = 1.6389 (units are dollars²).

5.19    The sum of two uniform (0,1) random variables (areas under the curve).

(a)   Pr(X < 1) = ½ hb = ½ ·1·1 = 0.50:

[image: images]

(b)   Note that Pr(X > 1.5) = ½ hb = ½ · ½ · ½ = [image: inline] (right tail in this figure):

[image: images]

By the law of complements, Pr(X ≤ 1.5) = 1 − Pr(X > 1.5) = 1 − [image: inline] = [image: inline], as shown as the area under the curve to the right of 1.5 in the above figure.

(d)   Pr(1 < X < 1.5) = Pr(X < 1.5) − Pr(X < 1) = [image: inline] ½ = [image: inline].

[image: squimg] Chapter 6: Binomial Probability Distributions

6.1    Tay-Sachs.

(a)   Yes, this is a binomial random variable because it is based on n = 3 independent Bernoulli trials, each with probability of success p = 0.25.

(b)   This is not a binomial because the number of trials n is not fixed.

6.3    Tay-Sachs inheritance.

Based on Mendelian genetics, there is a one-in-four chance that both carriers will contribute the Tay-Sachs allele during conception. Let X represent the number of Tay-Sachs affected children out of 3. X ~ b(3, 0.25). Therefore:

Pr(X = 0) = nCx · px · (1 − p)n−x = 3C0 · 0.250 · (1 − 0.25)3 = 1 · 1 · 0.4219 = 0.4219

Pr(X = 1) = 3C1 · 0.251 · (1 − 0.25)2 = 3 · 0.25 · 0.5625 = 0.4219

Pr(X = 2) = 3C2 · 0.252 · (1 − 0.25)1 = 3 · 0.0625 · 0.75 = 0.1406

Pr(X = 3) = 3C3 · 0.253 · (1 − 0.25)0 = 1 · 0.0156 · 1 = 0.0156

6.5    Telephone survey.

Given: X ~ b(8, 0.15)

Pr(X = 2) = 8C2 · 0.152 · 0.856 = 28 · 0.0225 · 0.3771 = 0.2376.

6.7    Tay-Sachs.

μ = np = (3)(0.25) = 0.75

σ2 = npq =(3)(0.25)(0.75) = 0.5625

6.9    Prevalence 76.8%.

(a)   μ = (5)(0.768) = 3.84

(b)   μ = (10)(0.768) = 7.68

(c)   Pr(X ≥ 9) = Pr(X = 9) + Pr(X = 10) = 0.2156 + 0.0714 = 0.2870

6.11    Prevalence 10%.

(a)   X ~ b(15, 0.10)

(b)   Pr(X = 0) = 0.2059

(c)   Pr(X = 1) = 0.3432

(d)   Pr(X ≤ 1) = Pr(X = 0) + Pr(X = 1) = 0.2059 + 0.3432 = 0.5491

(e)   Pr(X ≥ 2) = 1 − Pr(X ≤ 1) = 1 − 0.5491 = 0.4509

6.13    Linda’s omelets.

Let X represent the number of contaminated eggs in the three-egg omelet. Given: X ~ b(n = 3, p = 0.16667). Calculate: Pr(X = 0) = 3C0 · 0.166670 · (1 − 0.16667)3 = 1 · 1 · 0.5787 = 0.5787. Therefore, the probability of “at least one” Pr(X ≥ 1) = 1 − Pr(X = 0) = 1 − 0.5787 = 0.4213.

6.15    Decayed teeth.

[image: inline]. Therefore, there are 190 possible combinations.

6.17    Human papillomavirus.

(a)   The pmf for X ~ b(4, 0.20):

[image: images]

(b)   Pr(X ≥ 1) = 1 − Pr(X = 0) = 1 − 0.4096 = 0.5904

[image: squimg] Chapter 7: Normal Probability Distributions

7.1    Heights of 10-year-olds.

Let X represent heights of 10-year-old males in centimeters. Given: X ~ N(138, 7). Visually, this probability density function is represented as a bell-shaped curve centered on a μ value of 138 with inflection points at μ ± σ = 138 ± 7, as depicted in the following drawing. According to the “68 part” of the 68–95–99.7 rule, 68% of the values from this distribution will fall in this range. The remaining 32% fall outside this range, with equal numbers at either extreme: 16% fall below 131 and 16% fall above 145.

[image: images]

7.3    Visualizing the distribution of gestational length.

X ~ N(39, 2)

The curve appears as Figure 7.13 on page 160.

7.5    Heights of 10-year-old boys.

X ~ N(138, 7)

(a)   What proportion of the population is less than 150 cm tall?

The four-step solution is:

1.   State: We want to determine Pr(X < 150)

2.   Standardize: [image: inline]

3.   Sketch:

[image: images]

4.   Use Table B: Pr(z < 1.71) = 0.9564

(b)   What proportion of the population is less than 140 cm tall?

1.   State: Pr(X < 140)

2.   Standardize: [image: inline]

3.   Sketch:

[image: images]

4.   Use Appendix Table B: Pr(z < 0.29) = 0.6141

(c)   What proportion is between 150 and 140 cm?

Make use of the fact demonstrated in Figure 7.12 (page 159): Pr(140 ≤ X ≤ 150) = Pr(X ≤ 150) − Pr(X ≤ 140) = 0.9564 − 0.6141 = 0.3423

[image: images]

7.7    45th percentile on a Standard Normal curve.

z0.45 = −0.13

[image: images]

7.9    Middle 50% of WAISs.

1.   State: X ~ N(100, 15). We want to find the range for the middle 50% of values, that is, from the 25th percentile to the 75th percentile.

2.   Table B: The z-scores for these percentiles are z0.25 = −0.67 and z0.75 = 0.67

3.   Sketch:

[image: images]

4.   Unstandardize using the formula x = μ + (zp)(σ)

The 25th percentile is x = 100 + (−0.67)(15) = 100 − 10.05 = 89.95 ≈ 90.

The 75th percentile is x = 100 + (0.67)(15) = 100 + 10.05 = 110.05 ≈ 110. The range 90 to 110 captures the middle 50% of values.

7.11    Death row inmate.

Again, the four-step procedure is used:

1.   State: X ~ N(100, 15). We want to determine Pr(X < 51)

2.   Standardize: [image: inline]

3.   Sketch: not shown

4.   Table B: Pr(z ≤ −3.27) = 0.0005 (about 0.05%)

7.13    Alzheimer brains.

1.   State: X ~ N(1077, 106). We want to determine Pr(X ≥ 1250)

2.   Standardize: [image: inline]

3.   Sketch: not shown

4.   Use Table B: Pr(z ≥ 1.63) = 1 − 0.9484 = 0.0516

7.15    z percentiles.

(a)   z0.10 = −1.28 (The 10th percentile on a Standard Normal curve is 1.28.)

(b)   z0.35 = −0.39

(c)   z0.74 = 0.64

(d)   z0.85 = 1.04

(e)   z0. 999 = 3.09

7.17    Gestation less than 32 weeks.

•   State the problem. Let X represent normal gestational length from conception to birth in weeks: X ~ N(39, 2). This question asks “What percentage of gestational lengths is less than 32 weeks?” In notation, Pr(X < 32) = ?

•   Standardize the value. The z-score corresponding to 32 weeks is z = (32 − 39)/2 = −3.50.

•   Sketch the curve and shade the probability area. The drawing is not shown in this key. However, one can imagine the standardized value of −3.50 located in the far left tail of the Standard Normal curve. The AUC to the left of this point is very tiny.

•   Use Appendix Table B to look up the probability. Table B does not include the cumulative probability for −3.50. However, it does include the fact that Pr(z ≤ −3.49) = 0.0002. Our standardized value is very close to this point, so we can assume Pr(z ≤ −3.50) ≈ 0.0002. Using the StaTable probability application, Pr(z ≤ −3.50) = 0.000233. Therefore, 0.02% of gestations are less than 32 weeks in length.

7.19    A six-foot seven-inch tall man.

Let X represent male height in inches. We are given X ~ N(70, 3). The probability of seeing a man who is 70″ tall or taller is Pr(X ≥ 70) = Pr(z ≥ (70 − 70)/3) = Pr(z ≥ 0) = 0.5. Therefore, half the men in the population will be taller than 5′10″. In contrast, the probability of seeing a man who is 79″ tall or taller is Pr(X ≥ 79) = Pr(z ≥ (79 − 70)/3) = Pr(z ≥ 3) = 1 − Pr(z < 3) = 1 − 0.9987 = 0.0013. Therefore, only 0.13% of men are taller than 6′7″. It follows that the 6′7″ man is a rarity, while the 5′10″ man is common. That is why 6′7″ seems so much taller than 5′10″.

7.21    |z| ≥ 2.56.

Pr(z ≥ 2.56) = 0.0052 and Pr(z ≤ −2.56) = 0.0052. Since these two events are disjoint (in separate tails of the pdf), we can add their probabilities to get the probability of their union: Pr(z ≥ 2.56 or z ≤ −2.56) = Pr(z ≥ −2.56) + Pr(z ≤ −2.56) = 0.0052 + 0.0052 = 0.0104.

7.23    MCATs.

Let X represent scores on the biological section of the MCATs. We are given the fact that X ~ N(9.2, 2.2). The probability of a score of 10.8 or greater is Pr(X ≥ 10.8) = Pr(z ≥ (10.8 − 9.2)/2.2) = Pr(z ≥ 0.73) = 0.2327. Therefore, approximately 23% of those taking the exam will get a score of 10.8 or better.

[image: squimg] Chapter 8: Introduction to Statistical Inference

8.1    Breast cancer survival.

Whether a value is a parameter or a statistic often depends on how the research question is stated. The current research question seems to address survival of breast cancer cases in general. Therefore, these 1225 cases must be considered a sample of the larger population of breast cancer cases and all the highlighted calculations represent sample statistics.

8.3    Parameter or statistic?

(a)   Statistic

(b)   The number 12% is a parameter. The number 8% is a statistic.

(c)   All are statistics. (These statistics will be used to infer costs at online and community pharmacies, respectively.)

8.5    Survey of health problems.

(a)   True. The standard deviation of [image: inline].

(b)   False. It is not reasonable to assume that the number of health problems per person is Normal. Most people will have 0 or 1 health problem and a small number will have 2, 3, 4, or more problems; the distribution is likely to have a positive skew.

(c)   True. Because n is large, we can count on the central limit theorem to make the sampling distribution of [image: inline] fairly Normal.

8.7    Repeated lab measurements.

(a)   The standard deviation of the mean of four measurements [image: inline].

(b)   Assuming the measurements are unbiased, the average is more likely to reflect the true value the measurement than is a single measurement.

(c)   [image: inline]. Solving for n, [image: inline]. To achieve a standard error of 0.2, use [image: inline].

8.9    Pediatric asthma survey, n = 50.

npq = (50)(0.05)(0.95) = 2.375. Therefore, the sample is too small to apply the Normal approximation.

The binomial function X ~ b(50, 0.05) can be applied to random variable X.

8.11    Pediatric asthma survey, n = 250.

npq = (250)(0.05)(0.95) = 11.875. Therefore, the Normal approximation to the binomial can be applied. Note that μ = 250 · 0.05 = 12.5 and [image: inline], that is, X ~ N(12.5, 3.446).

1.   State: We want to determine Pr(X ≥ 25)

2.   Standardize: [image: inline]

3.   Sketch:

[image: images]

4. Use Table B: Pr(z ≥ 3.63) ≈ 0.000

8.13    Fill in the blanks.

(a)   binomial

(b)   p

(c)   np

(d)   [image: inline]

(e)   [image: inline]

8.15    Patient preference.

We start by assuming X ~ b(10, 0.5).

Pr(X ≥ 7)

= Pr(X = 7) + Pr(X = 8) + Pr(X = 9) + Pr(X = 10)

= 0.117188 + 0.043945 + 0.009766 + 0.000977

= 0.1719

[image: squimg] Chapter 9: Basics of Hypothesis Testing

9.1    Misconceived hypotheses.

(a)   The null and alternative hypotheses must be set up so that either H0 or Ha is true. Here, it is possible for neither to be true.

(b)   Hypotheses must address the parameter (for example, μ), not the statistic (for example, [image: inline]).

(c)   Same problem as we identified in (b). These hypothesis statements address sample statistic [image: inline]. They should address population parameter p.

9.3    Patient satisfaction.

(a)   [image: inline]

(b)   The sketch of [image: inline] is not shown in this key. Note that the curve should be centered on μ = 50 with points of inflection at 48.75 and 51.25. The standard deviation landmarks starting 2 standard errors below the mean are at 47.5, 48.75, 50.0, 51.25, and 52.5.

(c)   Notice that [image: inline]. Therefore, 48.8 is a little less than 1 standard deviation below μ0. This would not be unusual and would not provide strong evidence against H0.

9.5    P from z.

One-sided P = Pr(z ≤ −2.45) = 0.0071 (from Table B)

Two-sided P-value 2 × 0.0071 = 0.0142

9.7    Patient satisfaction (sample mean of 48.8).

(a)   Ha: μ < 50

(b)   [image: inline]

(c)   P = Pr(z < −0.96) = 0.1685. Interpretation: If H0 were correct, results this extreme or more extreme would occur about 17% of the time (that is, would not be that unusual). Thus, the sample mean of 48.8 is not significantly different from a population mean of 50.

9.9    LDL and fiber.

The P-value lets you know that the observed difference (or one more extreme) could occur 1 in 100 observations if there was no reduction in the population. Because this is unlikely, the results are considered to be statistically significant.

9.11    Gestational length, African American women, hypothesis test.

A.   Hypotheses. H0: μ = 39 versus Ha: μ ≠ 39

B.   Test statistic. [image: inline]

C.   P-value. One-sided P = Pr(z ≤ −1.17) = 0.1210 (from Table B) and two-sided P = 2 × 0.1210 = 0.2420. The evidence against H0 is nonsignificant by usual conventions.

D.   Significance level. The results are not significant at α = 0.10 (retain H0).

E.   Conclusion. The mean gestational length in this sample of African-American women (38.5 weeks) is not significantly different from the expected population mean of 39 weeks (P = 0.24).

9.13    Gestational length, African American women, sample size.

[image: inline]. Round this up to 168.

9.15    Female administrators.

(a)   Conditions for the test: Data represent an SRS of female executives. The distribution of [image: inline] is approximately Normal.

(b)   First note that [image: inline]. Under the null hypothesis [image: inline]. The sketch of [image: inline] is shown below.

[image: images]

(c)   [image: inline].

One-sided P = Pr(z ≤ −1.88) = 0.0301

Two-sided P = 2 × 0.0301 = 0.0602

(d)   Explanations for the observed difference:

1)   Chance (P = 0.0602)

2)   Selection bias: The sample is not an SRS of female executives.

3)   Confounding: An extraneous variable is lurking in the background. For example, these executives may be younger and/or less experienced on average than the population.

4)   Gender bias.

9.17    University men.

The four-step procedure is used to solve the problem:

A.   Hypotheses. H0: μ = 69 versus Ha: μ ≠ 69

B.   Test statistic. zstat = 1.52

C.   P-value. One-sided P = Pr(z ≥ 1.52) = 0.0643. Therefore, the two-sided P = 2 × 0.0643 = 0.1286. This is considered to be nonsignificant by usual conventions.

D.   Significance level. Results are not significant at α = 0.10 (retain H0).

E.   Conclusion. This group is not taller than average (P = 0.13).

9.19    The criminal justice analogy.







	
	

	TRUTH
	

	
	DECISION OF JURY

	Did not do crime

	Did crime
	

	
	Not guilty

	(a)

	(c)
	

	
	Guilty

	(b)

	(d)
	

			

	
	
	
		



Declaring an innocent person guilty (b) is analogous to a type I error. Declaring a criminal not guilty (c) is analogous to a type II error. In both hypothesis testing and in the criminal justice system, it is important to avoid a type I error.

9.21    Lab reagent, power analysis.

Conditions: α = 0.05 (two-sided), n = 6, μ0 = 5 weeks, μa = 4.75 weeks, σ = 0.2 weeks. Based on these conditions, [image: inline].

Chapter 10: Basics of Confidence Intervals

10.1    Misinterpreting a confidence interval.

The pharmacist is incorrect. The confidence interval applies to the population mean μ; it does not apply to the distribution of individual observations.

10.3    Newborn weight.

(a)   [image: inline]

(b)   [image: inline]

(c)   [image: inline]

10.5    SIDS.

The 95% confidence interval for [image: inline].

Interpret your results. Based on this sample, we have 95% confidence the population mean μ is between 2774 and 3222.

10.7    Hemoglobin.

(a)   [image: inline]

(b)   [image: inline]

10.9    P-value and confidence interval.

The 95% confidence interval for μ will exclude 0 because the mean is significantly different from 0 at α = 0.05. However, the 99% confidence interval will capture 0 because the mean is not significantly different from 0 at α = 0.01.

10.11    Antigen titer.

[image: images]

[image: images]

95% confidence interval for μ = 7.4033 ± (1.96)(0.0404) = 7.4033 ± 0.0792 = (7.3241 to 7.4825)

10.13    Reverse engineering the confidence interval.

(a)   Because the sample mean is the center of the confidence interval, [image: inline] = (6.5 + 5.7) / 2 = 6.1.

(b)   The margin of error is half the confidence interval length: m = ½ · (6.5 − 5.7) = 0.4.

(c)   For 95% confidence, m = 1.96 × SE. Therefore, SE = m/1.96 = 0.4/1.96 = 0.204.

(d)   99% confidence interval for μ = 6.1 ± (2.576)(0.204) = 6.1 ± 0.53 = (5.57 to 6.63) pounds.

(e)   Yes, the sample mean is significantly different from 7.2 pounds at α = 0.01 because it excludes 7.2 with 99% confidence.

10.15    True or false?

(a)   False; 5 is the margin of error.

(b)   False; 13 is the point estimate.

(c)   True.

10.17    Lab reagent, 90% confidence interval for true concentration.

90% confidence interval for [image: inline]. We conclude with 90% confidence that the true concentration of the solution is between 4.854 and 5.123 (mg/dL).

[image: squimg] Chapter 11: Inference About a Mean

11.1    Blood pressure.

(a)   [image: inline]

(b)   [image: inline] Therefore, [image: inline]. Round up to the next integer to ensure the stated level of precision. Therefore, resolve to use 107 observations.

11.3    Sketch a curve.

The middle 95% of the curve is defined by t22,0.975 = 2.074 and t22,0.025 = −2.074.

[image: images]

11.5    Probabilities not in Table C.

Pr(T8 > 2.65) is between 0.01 and 0.025 (VIA TABLE C). Using a computer program, Pr(T8 > 2.65) = 0.015.

[image: images]

11.7    Software utility programs.

(a)   Pr(T8 ≥ 2.65) = 0.0150

(b)   Pr(T 8 ≥ 2.98) = 0.0088

(c)   Pr(T19 ≤ 2.98) = 0.9962

11.9    Critical values for a t-statistic.

First note that df = 21 − 1 = 20. For a one-sided test we get a P-value less than 0.05 when the tstat is either less than −1.725 or more than 1.725, that is, |tstat| ≥ 1.725. For a two-tailed test, we get a P-value less than 0.05 when the tstat is either less than −2.086 or more than 2.086, that is, |tstat| ≥ 2.086.

11.11    Menstrual cycle length.

A.   Hypotheses. H0: μ = 29.5 days versus Ha: μ ≠ 29.5 days

B.   Test statistic.

[image: images]

C.   P-value. Use Table C to determine that t8,0.90 = 1.40 (right tail = 0.10) and t8,0.95 = 1.86 (right tail = 0.05). Therefore, the one-sided P-value is between 0.05 and 0.10 and the two-tailed P-value is 0.10 < P < 0.20. Using a utility program, P = 0.11.

D.   Significance level. The evidence against H0 is not significant at α = 0.10 (retain H0).

E.   Conclusion. The sample mean (27.78 days) is not significantly different from the hypothesized value of 29.5 days (P = 0.11).

11.13    Menstrual cycle length.

(a)   [image: inline]. Therefore, the 95% CI for μ = 27.78 ± (2.306)(0.9687) = 27.78 ± 2.23 = (25.55 to 30.01) days.

(b)   The confidence interval includes 28.5. It also includes 30. Therefore, the sample mean is not significantly different from either 28.5 or 30 at α = 0.05.

11.15    Water fluoridation.

(a)   DELTA values:



	AFTER

	BEFORE

	DELTA



	49.2

	18.2

	31.0



	30.0

	21.9

	  8.1



	16.0

	  5.2

	10.8



	47.8

	20.4

	27.4



	  3.4

	  2.8

	  0.6



	16.8

	21.0

	−4.2



	10.7

	11.3

	−0.6



	  5.7

	  6.1

	−0.4



	23.0

	25.0

	−2.0



	17.0

	13.0

	  4.0



	79.0

	76.0

	  3.0



	66.0

	59.0

	  7.0



	46.8

	25.6

	21.2



	84.9

	50.4

	34.5



	65.2

	41.2

	24.0



	52.0

	21.0

	31.0




Stemplot of DELTA values:

[image: images]

Interpretation:

•   Data spread from −4 to 34.

•   The median is about 7.5 (taken from the stemplot).

•   The shape of the distribution is difficult to assess because of the small sample size. There are no prominent outliers.

(b)   All but 4 of the 16 cities (25%) showed improvement.

(c)   n = 16

[image: images]

df = 16 − 1 = 15

t15,0.975 = 2.131

95% CI for μd = 12.21 ± (2.131)(3.405) = 12.21 ± 7.26 = (4.95 to 19.47) additional cavity-free children per 100.

11.17    Large t-statistic.

When the sample contains more than just a few observations, the associated t-statistic will have more than a few df and will look very much like a Standard Normal z-distribution. Based on the 68–95–99.7 rule, we would almost never get a test statistic that is 6.6 standard deviations away from the 0. Therefore, we can say that the t-test statistic is in the far right-hand tail of the sampling distribution and the P-value will be very, very small (e.g., less than 0.01).

11.19    Vector control in an African village.

(a)   [image: inline]

t100-1,1−(0.05/2) = t99,0.975 = 1.984 (via computer applet). If a computer program is not available, you can make use of the fact that program t99,0.975 ≈ t100,0.975 = 1.984

95% CI for μ = 249 ± (1.984)(3.982) = 249 ± 7.9 = (241.1 to 256.9) square feet.

(b)   It would not be correct to make this statement. The confidence interval applies to population mean μ, not to individual observations.

11.21    Boy height.

[image: images]

df = 26 − 1 = 25

t25,0.975 = 2.060

95% CI for μ = 63.8 ± (2.060)(0.608) = 63.8 ± 1.3 = (62.5 to 65.1) inches.

11.23    Faux pas.

(a)   Data






	VISIT1

	VISIT2

	DELTA



	  5

	  4

	−1



	13

	11

	−2



	17

	12

	−5



	  3

	  3

	  0



	20

	14

	−6



	18

	14

	−4



	  8

	10

	  2



	15

	  9

	−6




(b)   [image:  inline].

(c)   The stemplot is:

[image: images]

•   Six of the eight students (75%) showed a decline in the number of faux pas.

•   Data range from −6 to 2 (spread).

•   The median is about −1.5 (location).

•   The distribution is mound shaped with no apparent outliers, and shows no dramatic departures from Normality.

(d)   Yes, a t-procedure can be used because the data are mound-shaped and there are no major departures from Normality.

(e)   Hypothesis test.

A.   Hypotheses. H0: μd = 0 versus Ha: μd ≠ 0

B.   Test statistic. [image: inline] [image: inline] with df = 8 − 1 = 7.

C.   P-value. P = 0.034 (via applet). Using Table C, 0.025 < P < 0.05. These P-value provide good evidence against H0.

D.   Significance level. The difference is significant at α = 0.05 but not at α = 0.01.

E.   Conclusion. There was a significant reduction in the number of faux pas after the intervention (P = 0.034).

11.25    Beware α = 0.05.

(a)   P = 0.0464. Yes, the test is statistically significant at α = 0.05.

(b)   P = 0.0514. No, the test is not statistically significant at α = 0.05 (P > α).

(c)   It is not reasonable to derive different conclusions because the observed mean changes are identical and the P-values are nearly identical, both providing fairly strong evidence against the null hypothesis.

11.27    Benign prostatic hyperplasia, maximum flow.

A.   Hypotheses. H0: μd = 0 versus Ha: μd ≠ 0

B.   Test statistic. n = 10, sample mean difference = 3, sd = 4.6188, tstat = 2.054 with df = 10 − 1 = 9

C.   P-value. P = 0.072. The evidence against H0 is marginally significant.

D.   Significance level. The evidence against the null hypothesis is significant at α = 0.10 but not at α = 0.05.

E.   Conclusion. Maximum urine flow increased by an average of 2.91 units. By standard conventions, this result is deemed marginally significant (P = 0.072).

11.29    Therapeutic touch.

[image: inline]

t14,0.975 = 2.145

95% confidence interval for μ = 4.67 ± (2.145)(0.4493) = 4.67 ± 0.96 = (3.71 to 5.63).

This result is compatible with random “5 out of 10” guessing.

[image: squimg] Chapter 12: Comparing Independent Means

12.1    Sampling designs.

(a)   Independent samples

(b)   Paired samples

(c)   Single sample

12.3    Facetious data.

(a)   The mean in group 1 is 98. The mean in group 2 is 108. The mean difference is 98 − 108 = −10. This mean difference is based on independent samples.

[image: images]

(b)   The mean change in group 1 is equal to 4. This mean difference is based on paired samples.

(c)   The mean change in group 2 is equal to 1. This mean difference is based on paired samples.

(d)   Group 1 had a greater mean change by 4 − 1 = 3 units. This is an independent comparison.

12.5    Air samples.

(a)   Stemplots

[image: images]

Discussion:

•   Site 1 has a high outlier.

•   The distributions have similar central locations.

•   Site 1 has greater variability.

(b)   Means and standard deviations

[image: images]

(c)   The summary statistics confirm that the distributions have similar central locations and that site 1 has much greater variability.

12.7    Air samples.

(a)   [image: inline]

(b)   dfconserv = 7; t7,0.975 = 2.365

The 95% CI for μ1 − μ2 = (36.25 − 36.00) ± (2.365)(5.247) = 0.25 ± 12.41 = (−12.16 to 12.66) μg/m3

(c)   [image: inline]. The one-side P-value (by Appendix Table C) is greater 0.25. Therefore, the two-tailed P > 0.50. Using a software utility (www.cytel.com/Products/StaTable/), P = 0.96. There is no significant difference in means.

12.9    Sample size calculation.

n = (2)(0.672)(1.28 + 1.96)2 / 0.252 = 150.80. Resolve to study 151 individuals in each group.

12.11    Testing a test kit.

(a)   One sample

(b)   Paired samples

12.13    Risk taking behavior in boys and girls.

The boxplots is:

[image: images]

The girls have lower scores on average and less variability. There is one outlier in the girls group.

12.15    Scrapie treatment, delay of death.

A.   Hypotheses. H0: μ1 = μ2 versus Ha: μ1 ≠ μ2

B.   Test statistic. [image: inline] and tstat = (116 − 88.5)/5.91 = 4.65. Since n1 = 10 and n2 = 10, dfconserv = 10 − 1 = 9.

C.   P-value. The two-sided P-value is between 0.001 and 0.002. Using a computer applet the two-sided P-value = 0.0012.

D.   Significance level. The evidence against the null hypothesis is significant at α = 0.01.

E.   Conclusion. The treated hamsters survived significantly longer than the control hamsters (mean survival 116 vs. 88.5 days, P = 0.0012).

12.17    Bone density in newborns.

(a)   The infants of smoking mothers had slightly higher bone density on average compared to those of the nonsmoking mothers (0.098 compared to 0.095 g/cm3).

[image: inline]. dfconserv = the lesser of (n1 − 1) or (n2 − 1) = 77 − 1 = 76. Since this df is not in Appendix Table C, use the next smallest df (60) to derive t60,1−(0.05/2) = t60,0.975 = 2.000. The 95% confidence for μ1 − μ2 = (0.098 − 0.095) ± (2.000)(0.003558) = 0.003 ± 0.007 = (−0.004 to 0.010) g/cm3.

(b)   In testing H0: μ1 − μ2 = 0, the value of the mean difference under the null hypothesis is 0. Since the 95% confidence interval for μ1 − μ2 includes a value of 0, you would retain H0 at α = 0.05 and conclude no significant difference in the mean bone densities of newborns from smoking and nonsmoking mothers.

12.19    Efficacy of echinacea, severity of symptoms.

A.   Hypotheses. H0: μ1 − μ2 = 0 versus Ha: μ1 − μ2 ≠ 0.

B.   Test statistic. [image: inline];

dfconserv = 337 − 1 = 336.

C.   P-value. Use the row for 100 df in Table C to derive a conservative estimate of the P-value estimate. Thus, P > 0.50. (A statistical applet derived P = 0.5691.)

D.   Significance level. The evidence against the null hypothesis is not statistically significant at any reasonable level for α.

E.   Conclusion. There was no significant difference in the mean severity of symptoms in the echinacea treatment group and the control group (P = 0.57).

12.21    Calcium supplementation and blood pressure, exploration.

Here are the side-by-side boxplots:

[image: images]

The plot shows that the calcium treated group had a greater average decline in blood pressure. They also exhibited greater variability. There is a high outside value in the placebo group.

12.23    Delay in discharge.

A.   Hypotheses. H0: μ1 = μ2 versus Ha: μ1 ≠ μ2

B.   Statistics calculated with SPSS > Analyze > Compare means > Independent Samples T


[image: images]

tstat = 2.121 with dfWelch = 21.7



C.   P = 0.046

D.   Significance level. The observed difference is significant at α = 0.05 but not at α = 0.04.

E.   Conclusion. The mean delay at facility A was significantly greater than that at facility B (14.1 vs. 11.0 days, P = 0.046).

12.25    Time spent sitting or walking.

A.   Hypotheses. This exercise seeks to answer whether lean and obese people differ in the average time they spend sitting. Under the null hypothesis, the population means are equal, so we test H0: μ1 = μ2 versus Ha: μ1 ≠ μ2.

B.   Test statistics. Statistics calculated with SPSS > Analyze > Compare means > Independent Samples T. Output shown.


[image: images]

tstat = −4.201 with dfWelch = 15.2 (unequal variance t-procedure).



C.   P = 0.001.

D.   Significance level. The observed difference is significant at α = 0.001.

E.   Conclusion. The lean individuals spent significantly less time sitting per day than the obese individuals (407 vs. 571 min, P = 0.001).

[image: squimg] Chapter 13: Comparing Several Means (One-Way Analysis of Variance)

13.1    Birth weight, exploration.

(a)   This study is nonexperimental (“observational”) because the investigator did not assign the explanatory factor (smoking) to study participants.

(b)   Outline of study design:

[image: images]

(c)   Interpretation of Figure 13.5.

•   Location: Nonsmokers and ex-smokers have higher average birth weights than smokers.

•   Spread: It is difficult to evaluate variability in such small samples. However, hinge-lengths (IRQs) seem comparable.

•   Shape: The samples are too small (six to eight in each group) to make definitive statements about their shapes; there is an outside value in group 2.

13.3    Smoking and birth weight, ANOVA.

A.   Hypotheses. H0: μ1 = μ2 = μ3 = μ4 versus Ha: at least two of the μis differ

B.   Test statistic. ANOVA table (below). Fstat = 4.096/1.255 = 3.26 with 3 and 21 df.

[image: images]

C.   P-value. P < 0.05 by Appendix Table D (use the 3 and 20 df column). P = 0.042 by a software utility.

D.   Significance level. The results are significant at α = 0.05 but are not significant at α = 0.04.

E.   Conclusion. Mean birth weights differed significantly according to the smoking status of the mothers (P = 0.042). Infants of nonsmoking mothers demonstrated the highest average birth weight (7.9 pounds), while the mothers who smoked at least half a pack per day demonstrated the lowest (6.3 pounds).

13.5    Smoking and birth weight, post hoc comparisons.

(a)   Least squared difference (LSD) tests


[image: images]

Calculated by SPSS (Rel. 11.0.1. 2001. Chicago: SPSS Inc.)
 



Summary in concise narrative form: Differences between groups 1 and 4 and between groups 2 and 4 are statistically significant. The difference between groups 1 and 3 is marginally significant.

(b)   Bonferroni’s method tests


[image: images]

Calculated with SPSS (Rel. 11.0.1. 2001. Chicago: SPSS Inc.)
 



Summary in concise narrative form: The difference between groups 1 and 4 is marginally significant. All other differences are not statistically significant.

(c)   Post hoc confidence intervals incorporating Bonferroni’s correction


[image: images]

Calculated with SPSS (Rel. 11.0.1. 2001. Chicago: SPSS Inc.)



13.7    Smoking and birth weight. Kruskal–Wallis test.

A.   Hypotheses. H0: birth weight distributions in the four populations are the same versus Ha: the populations differs

B.   Test statistic. Chi-square = 7.305 with 3 df (Calculated with SPSS, Rel. 11.0.1. 2001. Chicago: SPSS Inc.)

C.   P-value. P = 0.063 (“marginal significance”)

D.   Significance level. The results are significant at α = 0.10 (reject H0) but are not significant at α = 0.05 (retain H0).

E.   Conclusion. The birth weight distributions differ, with evidence rising to marginal significance (P = 0.063).

13.9.    Antipyretic trial.

(a)   Here is the plot:

[image: images]

This plot shows that aspirin and ibuprofen are associated with greater average fever reduction than acetaminophen. Results with ibuprofen are more variable (larger IQR) than with aspirin.

(b)   Means and standard deviations (calculated with SPSS, Rel. 11.0.1. 2001. Chicago: SPSS Inc.)

[image: images]

(c)   Hypothesis test

A.   Hypotheses. H0: μ1 = μ2 = μ3 versus Ha: at least two of the μis differ

B.   Test statistic. Calculated with SPSS, Rel. 11.0.1. 2001. Chicago: SPSS Inc.

[image: images]

C.   P-value. P = 0.030, showing the differences to be statistically significant.

D.   Significance level. The results are significant at α = 0.05 (reject H0) but are not significant at α = 0.01 (retain H0).

E.   Conclusion. There is significant difference in the mean reduction in body temperature according to analgesic type (P = 0.030). Aspirin reduced fever by an average of 1.26°F, ibuprofen reduced fever by an average of 1.20°F, and acetaminophen reduced fever by an average of 0.25°F.

(d)   Here are the post hoc comparisons via the LSD method:


[image: images]

*The mean difference is significent at the 0.05 level.



The aspirin group and acetaminophen group differ significantly (P = 0.023), as do the ibuprofen group and acetaminophen group (also P = 0.023). The aspirin group and ibuprofen group means do not differ significantly (P = 0.888).

[image: squimg] Chapter 14: Correlation and Regression

14.1    Bicycle helmet use.

(a)   Here is the scatterplot:

[image: images]

A negative linear relationship is evident. There is a possible outlier in the upper right-hand quadrant (observation 13, Los Arboles).

(b)   r = −0.581 (n = 13)

(c)   Discuss what this (the potential outlier) means in plain terms… This observation had high helmet use and low socioeconomic status.

(d)   r = −0.849 (n = 12)

The correlation went from moderate strength to strong after removing the outlier, indicating a much better fit of data points to the negative trend line.

(e)   Hypothesis test

A.   Hypotheses. H0: ρ = 0 versus Ha: ρ ≠ 0

B.   Test statistic. tstat = −5.08 with 10 df

C.   P-value. P = 0.00048 (strong evidence against the null hypothesis)

D.   Significance level. The evidence against H0 is significant at α = 0.01 (reject H0).

E.   Conclusion. The observed negative association between the receipt of free or reduced-fee lunches at school and the prevalence of bicycle helmet use is statistically significant (r = −0.85, n = 12, P = 0.00048).

14.3    Bicycle helmet use, n = 12.

(a)   Regression coefficients

a = 47.490

b = −0.539

Interpretation of b: For each additional “percent children receiving reduced-fee or free meals,” the model predicts a 0.5% decline in bicycle helmet use.

Interpretation of a: This is where the regression line would cross the Y axis, that is, where x = 0.

(b)   The 95% CI for β = (−0.775 to −0.303).

(c)   The slope is significant at α = 0.05 because the 95% confidence interval does not include 0.

(d)   Here is the stemplot of residuals:

[image: images]

There are no major departures from Normality.

14.5    Anscombe’s quartet.

I would use correlation or linear regression to analyze data set I because there appears to be a positive linear trend. I would not use correlation or regression to analyze the other data sets because these relations cannot be accurately described with a single straight line.

14.7    Domestic water and dental cavities, range restriction.

(a)   The range below 1 ppm fluoride demonstrates a fairly straight relationship. The least squares regression line for this range has these coefficients:

a = 780.34

b = −528.07

Therefore, regression line for this range is [image: inline] = 780.34 + (−528.07)X.

The slope in this range predicts a decline of 528 caries per ppm of fluoride (equivalently, 52.8 fewer caries per 0.1 ppm fluoride).

(b)   r2 = 0.856. The fit of this model is not as good as the ln–ln model calculated in Exercise 14.6, in which r2 = 0.947.

(c)   Opinions on this matter will differ. I prefer this model. Although its fit is not as good as the ln–ln model (Exercise 14.6), this model is (a) easier to interpret and (b) addresses a useful biological range. The major declines in caries occur in the 0 to 0.8 range. Since higher levels have only modest benefits, and other sources suggest toxicity with high fluoride, it seems reasonable to restrict the analysis to this biologically relevant range.

14.9    True or false.

(a), (c), (e), and (g) are false. The others are true.

14.11    [image: inline] is always on the least squares regression line.

When [image: inline]. Therefore, [image: inline] is always on the least squares regression line.

14.13    Nonexercise activity thermogenesis (NEAT).

(a)   The scatterplot reveals a linear negative association between NEAT and FATGAIN. There are no apparent outliers. The relationship appears to be moderate in strength. (See prior comments about the difficulty judging correlational strength by eye alone.)

[image: images]

The least square regression line is [image: inline]. This linear relationship is statistically significant (P = 0.00061). Each calorie unit of NEAT predicts 0.0034 fewer kilograms of fat gained. Equivalently, each 100 calories of NEAT predicts 0.34 fewer kilograms of fat gained.

(b)   [image: inline].

(c)   The regression line is not shown in this key.

(d)   Observation 1 (x1, y1) = (−100, 4.2). The predicted value for this observation [image: inline] and [image: inline].

Observation 2 (x2, y2) = (−60, 3.0). The predicted value for this observation is [image: inline] and [image: inline].

Observation 3 (x3, y3) = (−20, 3.8). The predicted value for this observation is [image: inline] and [image: inline].

The graph showing the residuals is not shown in this key.

14.15    Gorilla ebola.

(a)   DISTANCE is the independent variable. ONSET is the dependent variable.

(b)   The scatterplot reveals a positive linear association with no apparent outliers.

[image: images]

(c)   r = 0.962, demonstrating that the correlation is extremely strong.

[image: images]

(d)   r2 = 0.9622 = 0.93

(e)   The least square regression model is ONSET = −8.09 + 11.26 · DISTANCE. Results calculated with SPSS v 20.0.0 are shown in the following table.


Coefficientsa

[image: images]

aDependent Variable: ONSET



The slope predicts that it takes, on average, 11.3 days for the outbreak to move from one band of gorillas to the next.

[image: squimg] Chapter 15: Multiple Linear Regression

15.1    The relation between FEV and SEX in the illustrative data set.

The simple regression model is FEV = 2.451 + (0.361)(SEX). Because SEX is coded 0 = female and 1 = male, the intercept (2.451) represents mean FEV for female subjects and the slope represents the mean difference between females and males. Therefore, the mean FEV for males is 0.361 (L/sec) higher than that for females.

Adding AGE to the model results in FEV = 0.281 + (0.323)(SEX) + (0.220) (AGE). To address whether AGE confounded the observed relationship between SEX and FEV, we consider the effect of adding AGE to the regression model, which reduced the slope of SEX slightly, from 0.361 to 0.323 (11% decrease in relative terms). Thus, the potential for AGE to confound the relationship between SEX and FEV is minimal.

Chapter 16: Inference About a Proportion

16.1    AIDS-related risk factor.

(a)   The population to which inference will be made is U.S. adult heterosexuals at the time of the survey. The parameter of interest is the proportion of individuals with multiple sexual partners. The sample proportion [image: inline] = 170/2673 = 0.063598 ≈ 0.064 or 6.4%.

(b)   Examples of selection biases that may be pertinent: (1) Specific high-risk groups (for example, homeless, intravenous drug users) may not have permanent telephone lines and may be underrepresented in the sample. (2) Nonresponse should be scrutinized.

(c)   Without a specific validation study to address this issue, it is difficult to determine the accuracy of responses. However, we may hypothesize that data could have understimated the true prevalence is respondents underreported sexual behavior out of fear of embarrassment or reprisal.

16.3    AIDS-related risk factor.

(a)   Sampling distributions: Let X represent the number of individuals who are positive for the attribute. Random variable X has a binomial distribution with n = 2673 and parameter p. The value of p is unknown. Using the notation established in this chapter, X ~ b(n = 2673, p = unknown).

(b)   A Normal approximation can be used if p is not too small. Suppose, for example, p = 0.01. Then npq = (2673)(0.01)(0.99) = 26.5. Since this exceeds 5, the sampling distribution of X is X ~ N(μ = 2673 · p, [image: inline]). In contrast, if P is very small (say, 0.0001), then a normal approximation can not be used because npq = 2673 · 0.0001 · 0.99990 = 0.267.

16.5    AIDS-related risk factor.

A.   Hypotheses. H0: p = 0.075 versus Ha: p ≠ 0.075

B.   Test statistic. We start by checking the npq rule: np0q0 = 2673(0.075) (0.925) = 185. Therefore, the sample is large enough to use the z-test.

[image: images]

C.   P-value. P = 0.025 via Appendix Table F (good evidence against H0)

D.   Significance level. The evidence against H0 is significant at α = 0.05 (reject H0) but is not significant at α = 0.01 (retain H0).

E.   Conclusion. The current prevalence of 6.4% is significantly less than the historical level of 7.5% (P = 0.025).

16.7    Patient preference, Fisher’s method.

A.   Hypotheses. H0: p = 0.50 versus Ha: p > 0.50

B.   Test statistic. An exact binomial test is used because of the small sample size. Under H0, X ~ b(8, 0.5). The observed number of success in the sample is x = 7.

C.   P-value. P (one-sided) = Pr(X = 7) + Pr(X = 8) = 0.0313 + 0.0039 = 0.0352. This provided good evidence against the null hypothesis.

D.   Significance level. The evidence against H0 is significant at α = 0.05 (reject H0) but is not significant at α = 0.01 (retain H0).

E.   Conclusion. The data provide reliable evidence that more than half the patient population favors procedure A (P = 0.0352).

16.9    AIDS-related risk factor.

[image: images]

The 95% confidence interval for, population prevalence p = 0.0643 ± (1.96) (0.004740) = 0.0643 ± 0.0093 = (0.055 to 0.074) or (5.5% to 7.4%).

16.11    Patient preference.

The 95% confidence interval for p by Fisher’s method is 0.473 to 0.997. The 95% confidence interval for p by the Mid-P method is 0.520 to 0.994. Confidence intervals calculated with WinPepi describe.exe version 1.5.1.

16.13    Cerebral tumors and cell phone use.

A.   Hypotheses. H0: p = 1/2 against Ha: p ≠ 1/2

B.   Test statistic. [image: inline]

[image: images]

[image: images]

C.   P-value. P = 0.085 via Table F. Results suggest that evidence against H0 is marginally significant (by usual conventions).

D.   Significance level. The results are significant at α = 0.10 (reject H0) but not significant at α = 0.05 (retain H0).

E.   Conclusion. Data provide some evidence that the tumors occurred more frequently on the side of the head as cellular phone use (P = 0.085).

Additional notes

•   With continuity correction, zstat,c = 1.56 and P = 0.12

•   The Fisher’s test derives P = 0.117

•   The published article (Muscat et al., 2000) reported P = 0.06 based on a one-sided goodness of fit test with continuity correction (Muscat 2006, personal communication). This corresponds perfectly with our two-sided continuity corrected z-test.

16.15    Insulation workers.

A.   Hypotheses. H0: p = 0.0259 versus Ha: p ≠ 0.0259 B. Test statistic. First check whether the Normal approximation can be used: np0q0 = (556)(0.02590)(1 − 0.0259) = 14.0. Therefore, the Normal (z-statistic) method is OK.

[image: images]

C.   P-value. P = 0.0020 (“highly significant” by usual conventions).

D.   Significance level. Data provide significant evidence against H0 at α = 0.01.

E.   Conclusion. The incidence of cancer deaths in these insulation workers (4.68%) is significantly greater than the expected incidence of 2.59% (P = 0.0020).

16.17    Kidney cancer survival.

A.   Hypotheses. H0: p = 0.2 versus Ha: p ≠ 0.2

B.   Test statistic. The z-test can be used because np0q0 = (40)(0.2)(0.8) = 6.4. The observed proportion [image: inline]

The [image: inline]

C.   P-value. P = 0.00158 by Table F, providing highly significant evidence against H0.

D.   Significance level. The evidence against H0 is significant at α = 0.01 (reject H0).

E.   Conclusion. There has been a significant improvement in survival (P = 0.0016).

Note: Using the exact Mid-P procedure (calculated with WinPepi describe.exe 1.5.1) the two-sided P = 0.0039.

16.19    Sample-size requirement.

Conditions: 95% confidence; p* = 0.50 (since no educated guess for p is available); desired margin of error m = 0.06.

Calculation: [image: inline]. Therefore, resolve to study 267 individuals.

16.21    Alternative medicine.

95% CI for population prevalence [image: inline] [image: inline]. We conclude with 95% confidence that between 41.5% and 46.5% of the population would use alternative medicine if traditional medical care failed to produce the desired results.

Note: The plus-four confidence interval method is unnecessary with this large sample size—a straight Normal approximation would have sufficed. However, there is no harm in using the plus-four method.

16.23    Perinatal growth failure.

A.   Hypotheses. H0: p = 0.025 versus Ha: p > 0.025

B.   Test statistic. x = 8

C.   P-value. P = Pr(X ≥ 8 | X ~ b(33, 0.025)) = 6.5 × 10−7 (“highly significant”).

D.   Significance level. Data provide significant evidence against H0 at extremely low α levels.

E.   Conclusion. Infants with perinatal grown failure syndrome have a higher incidence of very-low intelligence scores at age 8 compared to the general population (P < 0.0001).

16.25    Incidence of improvement.

Incidence [image: inline]

Confidence interval for p by the plus-four method:

[image: images]

95% confidence interval for p = 0.2785 ± (1.96)(0.0504) = 0.2785 ± 0.0988 = 0.1797 to 0.3773 or about 18% to 38%.

We can conclude with 95% confidence that between 18% and 38% of this population shows spontaneous improvement within a month.

16.27    Familial history of breast cancer, sample size requirements.

(a)   [image: inline]
[image: inline] [image: inline]. Therefore, resolve to study 941 individuals.

(b)   [image: inline]. Therefore, resolve to study 453 individuals.

(c)   The larger expected differences diminished the sample size requirement of the study.

(d)   [image: inline] [image: inline]. Therefore, resolve to study 1291 individuals.

(e)   The lower α level increased the sample size requirement of the study.

16.29    Freshman binge drinking.

(a)   This is a large sample, so we could go directly to the large sample formula. However, there is no harm in using the plus-four method. Thus, [image: inline], and ñ = (5266 + 4) = 5270, and the 95% CI for [image: inline][image: inline]. We can now state with 95% confidence that the population prevalence is between 33.0% and 35.5%.

(b)   The 99% CI for [image: inline][image: inline]. We can now state with 99% confidence that the population prevalence is between 32.6% and 36.0%.

(c)   Yes. Both the 95% confidence interval and 99% confidence interval for p exclude a population proportion of 20%. This is equivalent to saying that the evidence against H0: p = 0.20 is reliable at both α = 0.05 and 0.01 levels of statistical significance.

[image: squimg] Chapter 17: Comparing Two Proportions

17.1    Prevalence of cigarette use among two ethnic groups.

(a)   The sampling distribution of [image: inline]1−[image: inline]2 will be approximately Normal with mean μ = p1 − p2 = 0.40 − 0.12 = 0.28 and standard deviation [image: inline]. In symbols, 
[image: inline]1−[image: inline]2 ~ N(0.28, 0.01859)

(b)   [image: inline] (from Table B)

(c)   [image: inline]

17.3    Cytomegalovirus and coronary restenosis.

(a)   Risk in the CMV+ group [image: inline]

Risk in the CMV− group [image: inline]

Risk difference [image: inline]1−[image: inline]2 = 0.4286 − 0.0769 = 0.3517

(b)   95% confidence by the plus-four method:

[image: images]

95% confidence interval for p1 − p2 = (0.4314 − 0.1071) ± (1.96) (0.0907) = 0.3243 ± 0.1778 = (0.1465, 0.5021).

We are 95% confident that CMV increases the risk of restenosis by between 14.7% and 50.2%.

(c)   Here are results calculated by WinPepi Compare2.exe (version 1.38).
DIFFERENCE (A minus B) = 0.324 SE = 0.091

Large-sample method (Fleiss), continuity-corrected:

90% CI = 0.147 to 0.501

95% CI = 0.119 to 0.530

99% CI = 0.063 to 0.586

Wilson’s score method:

Not continuity-corrected (Newcombe’s method 10):

90% CI = 0.153 to 0.455

95% CI = 0.117 to 0.477

99% CI = 0.044 to 0.518

Continuity-corrected (Newcombe’s method 11):

90% CI = 0.131 to 0.469

95% CI = 0.094 to 0.490

99% CI = 0.022 to 0.529

The 95% confidence interval by the Wilson score method, not continuity-corrected (bold face) most closely corresponds with our plus-four method.

17.5    Joseph Lister and anti septic surgery.

[image: inline]1 = 0.457143

[image: inline]2 = 0.1500

Hypothesis test

A.   Hypotheses. H0: p1 = p2 versus Ha: p1 ≠ p2

B.   Test statistic. zstat = 2.91

C.   P-value. P = 0.0036, providing highly significant evidence against the null hypothesis.

D.   Significance level. The evidence against H0 is significant at α = 0.005 (reject H0).

E.   Conclusion. Adoption of aseptic surgical techniques decreased postoperative mortality from 45.7% to 15.0% (P = 0.0036).

17.7    Induction of labor and meconium staining.

(a)   Estimates

[image: images]

(b)   The following table of expected values shows that all expected values exceed 5. Therefore, an exact procedure is unnecessary.

[image: images]

(c)   Hypothesis test using z-procedure

A.   Hypothesis statements. H0: p1 = p2 versus Ha: p1 ≠ p2

B.   Test statistic. [image: inline]

[image: images]

C.   P = 0.00133 (via Appendix Table F).

D.   Significance level. The evidence against the null hypothesis is significant at the α = 0.002 level but not at the α = 0.001 level.

E.   Conclusion. Induction of labor significantly lowered incidence of meconium staining (P = 0.0013).

(d)   The P-value by Fisher’s test is 0.0014, which is not materially different from the P-value derived by the z-test.

17.9    Framingham Heart Study.

The incidence proportion in the high cholesterol group [image: inline].

The incidence proportion in the low cholesterol group [image: inline].

[image: inline].

Note that [image: inline] and

[image: inline]. The 95% CI for lnRR = 1.2276 ± (1.960)(0.27847) = 1.2276 ± 0.54580 = 0.6818 to 1.77340. Therefore, the 95% confidence interval for the RR = e(0.6818, 1.77340) = (1.98 to 5.89). Interpretation: We can be 95% confident that the RR in the source population is between 1.98 and 5.89 (i.e., two to six times the risk of coronary heart disease in high cholesterol group compared to the low cholesterol group).

17.11    Sample-size plan.

Assumptions: α = 0.05, p1 = 0.20, p2 = 0.30, average risk [image: inline], and n1 = n2 = n.

[image: images]. Therefore, resolve to study 293 individuals in each group.

WinPEPI estimated a sample size requirement of 294 per group. The discrepancy between the hand calculated estimate of 293 and WinPEPI’s estimate of 294 is inconsequential and is due to rounding error (e.g., using z0.80 = 0.84 instead of z0.80 = 0.842).

The earlier calculation assumes no continuity correction. Incorporation of a continuity correction factor results in [image: inline] [image: inline] per group.

17.13    Smoking cessation trial.

[image: inline]

Confidence interval by the plus-four method:

[image: images]

95% CI for p1 − p2 = (0.3563 − 0.1667) ± (1.96)(0.03864) = 0.1896 ± 0.0757 = (0.1139, 0.2653).

The confidence interval is more useful than the hypothesis test because it quantifies the effect of the intervention. The hypothesis test merely addressed whether there was any effect.

17.15    Telephone survey completion rates.

(a)   Descriptive statistics. Proportion that completed the survey in the group that received advanced warning [image: inline]1 = 134/291 = 0.4605. Proportion in the group that did not receive advanced warning [image: inline]2 = 33/100 = 0.3300.

(b)   Hypothesis test.

A.   H0: p1 = p2 versus Ha: p1 ≠ p2.

B.   Note:

[image: images]

C.   P = 0.023.

D.   The observed difference is significant at α = 0.025 but not at α = 0.02.

E.   The advanced warning letter improved interview completion rates from 33.0% to 46.0% (P = 0.023).

(c)   Estimation of effect size. The point estimate of the difference in proportions [image: inline]. Thus, advanced warning improved the response rate by 13.0% (in absolute terms).

[image: images]

95% CI for [image: inline] [image: inline]. We can be 95% confident that the effect of the warning letter is to improve the response rate from 1.7% to 23.2%. A larger study is needed to derive a more precise estimate of the effect.

17.17    4S coronary mortality.

[image: images]

A.   Hypotheses. H0: p1 = p2 versus Ha: p1 ≠ p2

B.   Test statistic. zstat = 4.66

C.   P-value. P (two-tailed) = 0.0000032

D.   Significance level. The evidence against the null hypothesis is significant at α = 0.01.

E.   Conclusion. The simvastatin treatment group demonstrated significantly lower fatal heart attacks risk compared to the placebo group (5.0% vs. 8.5%, P = 3.2 × 10−6).

In relative terms, how much did simvastatin lower heart attach risk? The easiest way to address this question is to first calculate the relative risk:

[image: images]

The relative reduction in risk = 1 − 0.59 = 0.41, or 41%.

17.19    Acute otitis media.

A.   Hypotheses. H0: p1 = p2 versus Ha: p1 ≠ p2

B.   Test statistic. zstat = 2.054

C.   P-value. P = 0.040 D. Significance level. The evidence against the null hypothesis is significant at α = 0.05.

E.   Conclusion. Clearance of the effusions from ear infections after 14 days was significantly better with cefaclor than with amoxicillin (55.7% vs. 41.2%, P = 0.040).

Notes

•   With continuity correction, zstat, c = 1.913 and P = 0.056.

•   Take care in interpreting results, and do not extrapolate beyond the conditions of the test. The current test applies only to the 14-day follow-up point. In the published article (Mandel et al., 1982), the improvement rates equalized by 42 days (68.9% in the cefaclor group and 67.5% in the amoxicillin group). This and other studies suggest no difference in long-term failure rates with cefaclor and amoxicillin. For clinical recommendations, see AHRQ (2001). Number 15. Management of Acute Otitis Media. Retrieved August 30, 2006, from http://www.ncbi.nlm.nih.gov/books/bv.fcgi?rid=hstat1.chapter.21026.

[image: squimg] Chapter 18: Cross-Tabulated Counts

18.1    YRBS prevalence proportions.

[image: images]

18.3    Cytomegalovirus infection and coronary restenosis.

(a)   Prevalence of CMV in both groups combined = 49/75 = 0.653 = 65.3% (b) Incidence of restenosis overall = 23/75 = 0.307 = 30.7%

(c)   The proportion of the CMV+ group experiencing restenosis [image: inline].

The proportion of the CMV− group experiencing restenosis [image: inline].

These are row percents.

(d)   [image: inline]

(e)   [image: inline]

This OR is larger than the RR because the outcome is common.

18.5    Response to leprosy treatment.

Here are the relevant row percentages:


[image: images]

*Example of calculation: 7/52 × 100% = 13.5%.



These distributions show that patients with high skin damage were more likely to show improvement than those with low skin infiltration.

18.7    Chi-square approximation.

The area under the curve is between the chi-square landmarks of 4.64 (right-tail 0.20) and 5.32 (right-tail 0.15). Therefore, 0.15 < P < 0.20. The precise area computed with a software utility is 0.1564.

18.9    Cytomegalovirus infection and coronary restenosis.

(a)   [image: inline]

With continuity-correction, [image: inline]

(b)   zstat = 3.14, P = 0.0017. Note that [image: inline]

With continuity-correction, [image: inline]

18.11    Anger and heart disease.

A.   Hypotheses. H0: “no trend between anger-trait and hard coronary events in the source population” versus Ha: “trend in population”

B.   Test statistic. zstat, trend = 3.16

C.   P-value. P = 0.0016

D.   Significance level. The evidence against H0 is significant at α = 0.005 but at α = 0.001.

E.   Conclusion. The positive trend between the anger trait and incidence of coronary heart disease is statistically significant (P = 0.0016).

18.13    Cell phones and brain tumors, study 1.

Results fail to support an association between cell phone use and brain tumors. The odds ratios for glioma and meningioma show small negative associations. The odds ratio for acoustic neuroma shows a small positive association. All confidence interval are consistent with no association. The point estimate for all tumor types combined is 1.0 indicating no association between recent cell phone use and intracranial tumors in general. All confidence interval are consistent with population odds ratios of 1 (no association).

18.15    Doll and Hill, 1950.

[image: images]

[image: inline]

This suggests that the smokers had 14 times the risk of nonsmokers.

Determining the confidence interval for the OR:

ln(14.04) = 2.6419

SE = sqrt(647−1 + 622−1 + 2−1 + 27−1) = 0.7350

The 95% CI for OR = e(2.6419 ± 1.96 × 0.7350) = e(1.2013, 4.0825) = 3.3 to 59.3

18.17    Baldness and myocardial infarction, self-assessed baldness.

(a)   [image: inline]

This reveals a positive trend in odds ratios after baldness level 2.

(b)   [image: inline]. The association is highly significant.

(c)   zstat,trend = 3.39, P = 0.00070. The trend is highly significant.

18.19    Diet and adenomatous polyps.

A.   Hypotheses. H0: no association between fruit and vegetable consumption and colon polyps in the population versus Ha: H0 false.

B.   Test statistic. zMcN = sqrt[(45− 24)2 / (45 + 24)] = 2.528

C.   P-value. P = 0.011

D.   Significance level. The evidence against H0 is significant at α = 0.05 and is almost significant at α = 0.01.

E.   Conclusion. The association between low fruit and vegetable consumption and the recurrence of colon polyps is statistically significant (P = 0.011).

Additional notes: With continuity-correction, zMcN, c = sqrt[(|45 − 24| − 1)2 / (45 + 24)] = 2.408 and P = 0.016.

18.21    Thrombotic stoke in young women.

(a)    [image: inline]. Interpretation: Oral contraceptive use was associated with an almost nine-fold increase in the risk of thrombotic stroke.

(b)   Here are the data with the match broken:

[image: images]

The odds ratio with the match broken is = (46)(99) / (7)(60) = 10.8, overestimating the more appropriate matched-pair odds ratio of 8.8.

18.23    Don’t sweat the small stuff.

Without continuity-correction: χ2stat = 4.107, df = 1, P = 0.043

With continuity-correction: χ2stat, c = 3.598, df = 1, P = 0.058

It would not be reasonable to derive different conclusions because the actual data has not changed. Both Pearson’s test (P = 0.043) and Yates’ test (P = 0.058) provide reasonably reliable evidence against the null hypothesis. Therefore, the treatment group experienced the outcome significantly more often than the control group (12.5% vs. 7.7%).

18.25    Yates, 1934 (three-by-two).

Here are the expected values:






	

	Normal teeth

	Malocclusion



	Breast fed

	1.739

	18.261



	Bottle fed

	1.913

	20.087



	Breast & bottle feed

	4.348

	45.652


	


	
	
	



You should not use a chi-square test in this situation because three table cells have expected values that are less than 5. WinPepi Compare2.exe (version 1.38) calculates a Fisher’s P of 0.1503. Therefore, the evidence against H0 is not significant. The conclusion is that the prevalence of malocclusion did not differ significantly according to whether the infant was breast fed or bottle fed (P = 0.15).

18.27    Esophageal cancer and tobacco use.

[image: inline] confidence interval for the OR = (1.37, 2.81). This confidence interval was calculated with WinPEPI > Compare2 > A Proportions or odds > Cornfield’s confidence interval for the odds ratio.

Interpretation: The point estimate suggests a doubling in the risk of esophageal cancer risk with tobacco use at the reported level. The 95% confidence interval suggests data are consistent with population odds ratios between 1.37 and 2.81.

18.29    Baldness and myocardial infarction, interviewer assessments.

(a)   The interviewer assessments are likely to be more consistent and objective than the self-assessments.

(b)   Baldness levels were classified as 1 = none, 2 = frontal, 3 = mild vertex, 4 = moderate vertex, and 5 = severe vertex according to interviewer assessments using the Hamilton baldness scale. Odds ratio estimates are as follows: [image: inline] [image: inline].

(c)   This table below compares the results of the two analyses:



	Baldness level

	Self-assessed baldness

	Interviewer-assessed baldness



	1 (no baldness)

	1.0 (reference)

	1.0 (reference)



	2

	1.0

	1.1



	3 (moderate baldness)

	1.4

	1.6



	4

	1.9

	1.8



	5 (severe baldness)

	2.6 (small sample)

	3.1 (small sample)




Similar positive trends are observed between baldness level and myocardial infraction risk.

18.31    Practice with chi-square.

Observed

[image: images]

Expected

[image: images]

Use of the chi-square test is justified because only 20% of the table cells have expected frequencies less than 5.

(O − E)2 / E



	Baldness

	Cases

	Controls



	1 (none)

	1.191

	1.023



	2

	0.998

	0.857



	3

	2.151

	1.847



	4

	3.227

	2.771



	5 (extreme)

	0.272

	0.234


	


	
	
	



χ2stat = 1.191 + 1.023 + 0.998 + 0.857 + 2.151 + 1.847 + 3.227 + 2.771 + 0.272 + 0.234 = 14.571

df = (5 − 1)(2 − 1) = 4

P = 0.0057 (highly significant evidence against H0)

Chapter 19: Stratified two-by-two Tables

19.1    Is participating in a follow-up survey associated with having medical aid?

(a)   Among the 416 children who were followed-up, 46 (11.1%) had medical aid. In contrast, 195 of 1174 (16.6%) who were not followed-up had medical aid. Therefore, there is a negative association between follow-up and having medical aid.

(b)   Among the white participants, 10 of 12 (83%) who were followed-up had medical aid. In total, 104 of the 126 white subjects who were not followed-up (83%) had medical aid. Therefore, there is no association between follow-up and having medical aid in this stratum.

(c)   Nine percent of both groups had medical aid. Therefore, there is no association between follow-up and having medical aid in this stratum.

(d)   Race is associated with follow-up and medical aid coverage. Therefore, race confounded the crude analysis in part (a).

19.3    Is participating in a follow-up survey associated with having medical aid?

(a)   Race-specific prevalence ratios:

[image: images]

These strata-specific relative risks are homogeneous, so interaction is absent.

(b)   Hypothesis test

A.   Hypotheses. H0: RR1 = RR2 (no interaction) versus Ha: RR1 ≠ RR2 (interaction)

B.   Recall that [image: inline] (calculated with WinPEPI > Compare2 > A.   Proportions > “Stratified tables”). Calculation of our ad hoc interaction statistic is as follows:

[image: images]

C.   P = 0.93.

D.   Significance level. The evidence against the null hypothesis is not at all significant.

E.   Conclusion. There is no significant interaction in the relative risks ([image: inline]).

Comment: The test for interaction derived by WinPEPI produces chi-square = 0.005, 1 df, P = 0.94 (i.e., nearly identical results). However, instead of using the Mantel–Haenszel relative risk estimate in its equation, WinPEPI uses an “inverse variance” pooled estimate of relative risk as its baseline summary measure.

19.5    Sex bias in graduate school admissions?

(a)   Crude analysis

[image: images]

Overall, a higher percentage of male applications were accepted.

(b)   Applicants for major 1

[image: images]

In major 1, a higher percentage of female applications were accepted.

(c)   Applicants for major 2

[image: images]

Major 2 accepted approximately the same percentage of male and female applicants.

(d)   There does not seem to be gender bias in favor of males in this graduate school’s admissions practices. A higher percentage of female applicants were accepted to major 1 (82% vs. 62%). In major 2, the acceptance rates were about the same for females and males (7% and 6%, respectively).

(e)   The initial analysis was confounded because males tended to apply to major 1. Major 1 had a high acceptance rate (601 of 933 = 64%), while major 2 had a low acceptance rate (46 of 714 = 6%).

(f)   Relative incidence of acceptance for males by major

[image: images]

Test for interaction

A.   Hypotheses. H0: RR1 = RR2 (no interaction) versus Ha: RR1 ≠ RR2 (interaction)

B.   Test statistic. χ2stat,int = 0.136 with df = 1. Calculated with WinPEPI > Compare 2 > A. Proportions.

C.    P-value. P = 0.713 D. Significance level. The evidence against the null hypothesis is not significant at any reasonable level of α.

E.   Conclusion. The “RR” for males in major 1 was 0.75. In major 2, the RR was 0.84. These RRs do not differ significantly (P = 0.71). Therefore, interaction in the ratio measures of effect is absent.

Comment: It is possible to have no interaction in the incidence ratios while still having an interaction in the incidence ratio differences: interactions are measure of effect specific. For example, there is no significant interaction in incidence ratios for the current data (P = 0.71). However, a test for interaction in the incidence difference conducted with WinPEPI proved to be significant (P = 1.5 × 10−5). Thus, the ratio effect measure statistical model adequately predicted the joint effects of gender and major, while the difference effect measure model did not.

(g)   [image: inline]. After adjusting for major, male applicants were 23% less likely to be accepted than female applicants. The 95% confidence interval for the RR is (0.68, 0.86).

19.7    Infant survival.

(a)   Incidence in the group with less care [image: inline].

Incidence in the group with more care [image: inline].

[image: inline]. “Less care” was associated with almost three times the risk of not surviving.

(b)   In clinic 1, the mortality rates were 1.7% (less care) and 1.3% (more care), respectively, for a relative risk of 1.24. In clinic 2, the mortality rates were 7.9% and 8.0%, respectively, for a relative risk of 0.99. Thus, there is almost no association between survival and amount of care received within the clinics. It is also worth noting that clinical 2 has much higher mortality in absolute terms, possibly because it treats a much sicker population.

(c)   The crude association was confounded by “clinic,” with “clinic” perhaps representing a surrogate measure for severity of the underlying condition.

(d)   Test for interaction in the RRs.

A.   H0: RR1 = RR2 versus Ha: RR1 ≠ RR2.

B.   Chi-square interaction statistic = 0.047, df = 1 (derived using WinPEPI > Compare2 > precision-based heterogeneity statistic for ratio measures).

C.   P = 0.83.

D.   The evidence against H0 is not significant.

E.    The risk ratio in the two clinics (1.24 and 0.99, respectively) do not differ significantly (P = 0.83). Therefore, evidence of interaction in risk ratios is absent.

(e)   Mantel–Haenszel summary risk ratio = 1.11 (95% CI: 0.40 to 3.07) calculated with WinPEPI > Compare2 > A proportions. This indicates that there is no significant association between mortality and amount of care received after adjusting for the effect of “clinic.”

19.9    Herniated lumbar discs.

[image: images]

In testing, H0: OR1 = OR2, [image: inline], df = 1, P = 0.055 (via WinPEPI’s heterogeneity of odds ratio procedure). Therefore, the odds ratios in the two strata (1.05 and 2.38, respectively) appear to be heterogeneous (P = 0.055); there is evidence of significant interaction in odds ratios.

Because interaction is present, we report separate odds ratios for the strata. There appears to be little effect of “no sports participation” among smokers (odds ratio = 1.05). In contrast, “no sports participation” seems to increase the risk among nonsmokers (odds ratio = 2.38).
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