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Preface

This book provides a theoretical basis and examples to demonstratthe importance of ab-
solute disease risk in counseling patients, in devising public health sttegies, and in clinical
management. We wrote this book for epidemiologists, clinicians, andtatisticians, with suf-
cient technical detail to allow others to estimate, test, and use models of absolute risk, and
with a range of examples to inspire broader application of the modelsThe development
and proper use of absolute risk models requires a collaborative e ¢rto identify a good
application, to gather the required clinical or epidemiologic data, andto build and test
the model on sound statistical principles. This book is broad enougho inform the various
research participants needed for such a collaboration.

Dr. Mitchell Gail's interest in absolute risk arose during a consultation with Dr. John
J. Mulvihill, who was counseling women at elevated risk of breast cangeand observed that
many women greatly overestimated their risk. Dr. Mulvihill's desire to obtain realistic esti-
mates grew into a collaboration involving epidemiologists and statisticians at the National
Cancer Institute, National Institutes of Health, that led to the \ Gail* model, published in
1989, to project breast cancer risk based on an analysis that tdocompeting risks into ac-
count. The U.S. National Cancer Institute's Breast Cancer Risk Asessment Tool (BCRAT)
incorporates updates to that model. Dr. Gail and Dr. Ruth Pfei er have continued to pursue
research on methods for estimating and evaluating absolute risk natels, taking advantage
of many advances made by the statistical community in survival andysis and in under-
standing how epidemiologic data and analyses t into a general modelig framework. They
have also promoted applications of risk models. For example, the Gainodel was useful in
designing and interpreting a clinical trial of tamoxifen to prevent breast cancer. The model
was used to plan the study and decide who should be eligible. After thérial, the model
gave a means to weigh risks and bene ts for deciding who might bene from tamoxifen
chemoprevention. Likewise, risk models can be used to stratify thgopulation into those
who might most bene t from screening or from high risk interventions. Dr. Pfei er led the
development of criteria to evaluate the public health impact of such gplications.

There are several excellent books on survival methods for modelinpure risk of disease,
with most applications concerning prognosis following a disease diags. Four books have
recently appeared that account for competing risks and elabora on theoretical aspects
of absolute risk, sometimes called cumulative incidence. Again, mostfahe applications
concern prognosis. The present book adds to this literature on adplute risk in several re-
spects. In addition to presenting the theoretical background fo absolute risk, including a
treatment of competing risks, this book: (1) discusses various sapling designs for esti-
mating absolute risk and for estimating criteria to evaluate models; ) provides details on
statistical inference, including construction of con dence intervals, for the various sampling
designs; (3) discusses criteria for evaluating risk models and for ogparing risk models,
including both general criteria and problem-speci ¢ expected lossg in well-de ned clinical
and public health applications; and (4) describes a wealth of applicatios, encompassing
both disease prevention and prognosis, and ranging from counseginindividual patients, to
clinical decision making, to assessing the impact of risk-based publicdalth strategies.

Much of the material in this book is based on work with others. While it is not pos-
sible to name all who helped shape our ideas, we particularly want to thnk the follow-
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ing collaborators who have contributed to several aspects of thisvork including Jacques
Benichou, David P. Byar, Raymond J. Carroll, Nilanjan Chatterjee , Jinbo Chen, Joseph P.
Costantino, Andrew N. Freedman, Laurence S. Freedman, Barryl. Graubard, Sylvan B.
Green, Stephanie Kovalchik, Ju-Hyun Park, David Pee, Elisabetta Retracci, and Catherine
Schairer. We thank the Intramural Research Program of the Divison of Cancer Epidemi-
ology and Genetics, National Cancer Institute, National Institut es of Health, for sustained
support for research on absolute risk and for the writing of this bak, and David Check for
help with gures, tables, and bibliography. We also thank John Kimmel at Chapman and
Hall for his advice and help.

We dedicate this book to our parents, Irving and Ada Gail, and Franz and Liselotte
Pfei er.



Chapter 1

Introduction

A 40-year-old woman visits her doctor and is reassured to learn theher mammogram gave
no indication of breast cancer. However, her mother had breastancer diagnosed at age 60.
The woman asks: \What is the chance that | will have a diagnosis of beast cancer by age
60?" The answer to this question is an estimate of hemabsolute risk of breast cancer over
a de ned age interval. Several features of this question are impdant. First, her chance of
being diagnosed with breast cancer is reduced by the possibility thashe will die of some
cause unrelated to breast cancer before age 60. Thus, compsdgicauses of mortality need to
be taken into account to answer this question. Second, the chamcof being diagnosed with
breast cancer depends on the duration of the risk projection inteval, in this case the 20
years from age 40 to age 60. The longer the projection interval, tb higher is the absolute
risk. Third, the absolute risk depends on the age of the woman wheshe came to her doctor
for counseling. This is because the incidence rate of breast cancielcreases with age, as do
mortality rates from competing causes of death. Finally, risk factas present at the time of
counseling in uence the estimate of absolute risk. In this example, he fact that the woman's
mother had had breast cancer increases the estimate of her abate risk.

The previous example concerned the absolute risk of developing a @iase, breast cancer.
Absolute risk is also a clinically useful parameter after a disease haselen diagnosed. For
example, suppose a 70-year-old male is diagnosed with prostate azar, and the histopathol-
ogy (\Gleason score") from the biopsy is favorable. The absolute isk that the man will die
from prostate cancer may be quite small even with conservative maagement (Albertsen
et al., 2005), in part because many such men will die of other causesefore the prostate
cancer progresses. Thus, an estimate of absolute risk may be hé&ipin deciding whether
more aggressive treatments, such as surgery or radiation, areasranted.

The literature on competing risks sometimes uses other words forhie concept of abso-
lute risk. \Crude risk" (Gail, 1975; Tsiatis, 2005), \marginal proba bility" (Pepe and Mori,
1993), and \cumulative incidence" (Gray, 1988) are three such tems, although \cumula-
tive incidence" is also sometimes used to denote the cumulative \pure(Gail, 1975) risk or
the integrated cause-speci ¢ hazard (Andersen et al., 1993). Asolute risk should not be
confused with \pure" risk, which is the hypothetical probability of t he event (e.g., breast
cancer) if other competing causes of mortality could be eliminated. n contrast to absolute
risk, pure risk is not estimable without strong assumptions (Gail, 1975; Tsiatis, 198; Pren-
tice et al., 1978). Pure risk is also less relevant for many clinical decisits, because in fact
the patient will be subject to mortality from competing risks. Absolu te risk is also di erent
from relative risk, which is the ratio of risk for a person with one set of characteristis to
the risk for a reference person, who is often chosen to have all kigactors set to their lowest
(baseline) levels.

Although relative risks are useful for assessing the strength ofisk factors, they are
not nearly as useful as absolute risks for making clinical decisions agstablishing policies
for disease prevention. Such decisions or policies often weigh thevtaable e ects of an
intervention on the health outcomes of interest against the unfawrable e ects that the
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intervention might have on other health outcomes. The common curency for such decisions
is the (possibly weighted) absolute risk for each of the health outcmes in the presence and
absence of intervention.

The following sections of this introduction give examples of widely usedisk models and
some of their special features, discuss applications of absolute kisnodels in disease pre-
vention and prognostication following disease onset, and outline theontents and structure
of the book.

1.1 Examples of risk models for disease incidence
1.1.1 Breast cancer incidence
1.1.1.1 A brief survey of models

Several models are available for projecting the risk of breast carme, as previously reviewed
(Amir et al., 2010; Gail and Mai, 2010). Some of these models are badeonly on age
and detailed family history, such as the model of Claus et al. (1994).Two other such
models,\BRCAPRQ" (Berry et al., 1997; Chen and Parmigiani, 2007) and \BOADICEA"
(Antoniou et al., 2008a), also allow one to include information on the satus of BRCAL
or BRCA2 mutations that greatly increase cancer risk. Other modds, such as the Na-
tional Cancer Institute's Breast Cancer Risk Assessment Tool (RERAT)(Galil et al., 1989;
Costantino et al., 1999; Gail et al., 2007; Matsuno et al., 2011), whiclis sometimes called the
\Gail model", and \IBIS" (Tyrer et al., 2005), which is sometimes calle d the \Tyrer{Cuzick
model", include factors in addition to family history, such as results o biopsies, and age
at rst live birth. IBIS also includes information on BRCA1 and BRCAL1 m utation carrier
status. The invasive breast cancer absolute risk model BC2013 (@i er et al., 2013), that
we discuss later in the book, includes potentially modi able risk factors, such as hormone
replacement therapy, alcohol use, and body mass index, as doeket model of age-specic
incidence by Colditz and Rosner (2000).

A more detailed summary of the risk factors in some of these models {grovided in Table
1.1 The variation in choice of risk factors is noteworthy. Other di e rences are also depicted.
BOADICEA and IBIS are calibrated to breast cancer rates in England and Wales, whereas
the Claus model and BCRAT are calibrated to age-specic breast cacer incidence rates
from the National Cancer Institute's Surveillance, Epidmiology and End Results (SEER)
Program. Rates in England and Wales are 5{25% lower than SEER rate in women over
age 55 years. Not all the models account for the e ects of competg causes of mortality in
projecting breast cancer risk. Although the e ects of competingrisks are small for short-
term projections, such as 5 years, lifetime projections or 20-yegrojections of absolute risk
can be reduced appreciably by competing mortality. Other di erences include the detailed
approaches to model building and the quality and coherence of theypes of data that went
into these models.

With the exception of studies on BCRAT, there is a paucity of indeperdent vali-
dation data to determine how well these models are calibrated and heo e ective they
are at discriminating women who will eventually develop breast cancerfrom those who
will not. BCRAT is thought to be well calibrated for use in the general U.S. popu-
lation. Some models that include more information on family history and BRCAL1 or
BCRA2 mutation status are widely used in high-risk clinics for women with strong
family histories of breast cancer. Thus, one needs to think carefly about the in-
tended application before choosing a model (Amir et al., 2010; Gail ash Mai, 2010).
In addition to the primary publications, helpful information is available at the follow-
ing web sites: for BRCAPRO, http://bcb.dfci.harvard.edu/bayesme ndel/brcapro.php; for
BOADICEA, http://ccge.medschl.cam.ac.uk/boadicea/web-applicat ion/; for IBIS, http://
www.ems-trials.org/riskevaluator/; and for BCRAT, http: ==www.cancer.gowbcrisktool=


http://www.cancer.gov/bcrisktool/
http://www.ems-trials.org/riskevaluator/
http://www.ems-trials.org/riskevaluator/
http://ccge.medschl.cam.ac.uk/boadicea/web-application/
http://bcb.dfci.harvard.edu/bayesmendel/brcapro.php
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4 INTRODUCTION

gives a description and risk projection for the online user, wherealsttp://dceg.cancer.gov/bb
gives links to SAS programs and other programs to perform BCRAT alcuations more ex-
ibly.

1.1.1.2 The National Cancer Institute's (NCI's) Breast Can cer Risk Assessment Tool,
BCRAT

In this section we describe how BCRAT was developed and updated,ame of its features,
and e orts to test its calibration and discriminatory accuracy. BCR AT was originally derived
from data from the Breast Cancer Detection Demonstration Project (BCDDP), which was
designed to encourage women to be screened with mammography tietect breast cancer.
From 1973 to 1975, over 280,000 women volunteered for the initialcseening mammography,
and many were followed with annual mammography for 4 subsequentears. Some prevalent
cancers were detected at the time of the initial mammographic scren, but incident invasive
and in situ cancers detected during follow-up formed the basis of a case-dool study of
white women. Data from 2,852 women with breast cancer (cases) &n3,146 controls yielded
estimates of the relative risks of breast cancer that were assodid with risk factors such
as age at menarche, age at rst live birth, numbers of previous biopies that yielded benign
histology, and number of mother or sisters with a previous diagnosief breast cancer.Table
1.2 describes the coding and estimated relative risks for these riskattors based on analyses
in Gail et al. (1989). The combined relative risk, compared to a womarat the lowest risk level
of each factor, is given by multiplying factors A,B,C, and D in Table 1.2 that correspond to
the various risk factors (see footnote toTable 1.2). For example, a 40-year-old nulliparous
white woman who began menstruating at age 14 years (A=1), who ha had no biopsies
(B=1 and D=1), and whose sister had breast cancer (C=2.76) has a overall relative risk
of .00 1.00 2.76 1.00 = 2.76.

To convert relative risks to absolute risks, Gail et al. (1989) combired information on
relative risks with age-speci ¢ breast cancer incidence rates estiated from 243,211 white
women followed in BCDDP and with national mortality rates from non-b reast cancer com-
peting causes of mortality. A key step was determining the baseline ge-speci c incidence
rate for a woman with all risk factors at their lowest levels. The basdine incidence rate
was estimated by multiplying the age-specic BCDDP breast cancer ates, which repre-
sent women with various risk factor combinations, timesf 1-AR(t) g, where AR(t) is the
age-speci ¢ attributable risk at age t. The conversion factorf 1-AR(t) g estimates the recip-
rocal of the average relative risk among those age t in the populatio. Gail et al. (1989)
estimated this factor from cases in the case-control study, usig a formula of Bruzzi et al.
(1985). Chapters 4and 5 show how the baseline incidence rates anctlative risks for breast
cancer can be combined with national mortality rates to compute alsolute risk.

The resulting absolute risk model is referred to as \Gail Model 1" by Costantino et al.
(1999). Statisticians at the National Surgical Adjuvant Breast and Bowel Project (NSABP)
modi ed Gail Model 1 by substituting age-speci c invasive breast cancer incidence rates
from the National Cancer Institute's Surveillance, Epidemiology and End Results (SEER)
Program for BCDDP incidence rates and by modifying the estimate ofAR(t) accordingly,
but not the relative risks, to produce \Gail Model 2," as described in the Appendix to
Costantino et al. (1999). Unless otherwise noted, we refer heréar only to Gail Model 2,
which is incorporated in BCRAT. Estimates of absolute breast cancerisk from Gail Model
2 (i.e., BCRAT) can vary considerably, depending on the woman's age tacounseling, her
risk factors, and the age interval for the risk projection. For example, the projected 5-year
risk for the previously described 40-year-old nulliparous woman is 1%but her risk to age 90
is 17%. A 60-year-old woman who began menstruating at age 11, hdaer rst child at age
25, has had a breast biopsy with atypical hyperplasia, and whose ntber had breast cancer
has a 5-year risk of 7%, and a risk to age 90 of 31%hapter 5 descibes how to estimate
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Table 1.2: Relative risk calculations for the Breast Cancer Risk Assesment Tool (BCRAT)

Relative risk for
each factor or

Risk factor combination of factors
A. Age at menarche (years)
14 1.00 (I’Ef)
12-13 1.10
<12 1.21

B. Number of breast biopsies
Age at counseling< 50 years

0 1.00 (ref)
1 1.70

2 2.88
Age at counseling 50 years
0 1.00 (ref)
1 1.27

2 1.62

C. Age at rst live birth (years) Number of
mother/sisters
with  breast

cancer
< 20 0 1.00 (ref)

1 2.61

2 6.80

20-24 0 1.24

1 2.68

2 5.78

25-29 or nulliparous 0 1.55

1 2.76

2 491

30 0 1.93

1 2.83

2 4.17

D. Atypical hyperplasia (AH )

No biopsies 1.00 (ref)

At least one biopsy and no AH on found on any biopsy 0.93

No AH found and AH status unknown for at least one biopsy 1.00

AH found on at least one biopsy 1.82

To compute the overall relative risk, multiply the four component relative risks from cate-
gories A, B, C, and D. For example, a 40-year-old nulliparous woman Wwo began menstru-
ating at 14, who has had no biopsies, and whose sister had breastrezer has an overall
relative risk of 1.00 1.00 2.76 1.00 = 2.76.

absolute risk by combining relative and attributable risks from caseeontrol or cohort data
with registry data on incidence rates and mortality rates, as was doe to produce BCRAT.
The fact that women with previous breast biopsies with hyperplasia aad a strong family
history of breast cancer are at much higher risk than women withot these factors can
in uence clinical management and preventive e orts. However, bdore such actions are taken
on the basis of a risk model, one should have evidence that the modgields valid predictions,
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ideally by evaluating the model in independent data from the data usel to develop the
model (Harrell, 2001; Steyerberg, 2009; van Houwelingen and Ptdr, 2012). One of the
most important criteria to be satis ed is that the model be well calibrated. As described
in detail in Chapter 6, a model is said to be well calibrated if the ratio ofevents observed
in the independent validation data to the number of events expectd based on the model
is near 1.0. This ratio should be near 1.0 not only for the entire validation cohort, but in
various subsets de ned by combinations of risk factors and by levis of projected risk.

One cause of poor calibration is \over- tting" that can arise when t he data are tted to
many covariates, some of which may have been selected on the basfgreliminary univariate
analyses on the same data. Methods to ameliorate this problem havgeen described (Copas,
1987; van Houwelingen, 2000, 2001; Harrell, 2001; Steyerberga&t, 2004; Steyerberg, 2009;
van Houwelingen and Putter, 2012). Systematic errors can also leato poor calibration.
For example, BCRAT is not appropriate for women who have had a preious breast cancer,
women who have had a previous diagnosis of certain breast lesions lfl@ar carcinoma in
situ or ductal carcinoma in situ), women known to have strong genetic predispositions to
breast cancer from mutations in the BRCAL1 or BRCA2 genes and cdrin other genes,
and women who were treated with radiation to the chest for Hodgkinlymphoma, which
increases breast cancer risk (Travis et al., 2005). The model maylso lead to miscalibrated
risk estimates when applied to populations that di er from those in which the model was
developed. For example, BCRAT was developed with data from white wmen initially; it
has subsequently been improved for African-American and Asian-Aerican populations by
modi cations based on data from those populations. The model waglesigned for women
who were screened with mammography regularly, as in the BCDDP poplation. A study in
the Nurses Health Study population showed that Gail Model 1 overstimated risk during
1976{1988, when women were not being screened regularly (Spidgean et al., 1994), but a
subsequent study of this population during 1992{1997, when scening was widely applied,
showed good calibration of Gail Model 2 (BCRAT) (Rockhill et al., 2001). Thus, absolute
risks can be in uenced by the type of surveillance being applied, and ¥ other factors that
might cause secular changes in disease rates (Schonfeld et al., 2p10

Another important feature of a risk model is its discriminatory accuracy. A model has
good disciminatory accuracy if the distribution of risks in those who cevelop disease has
little overlap with the risk distribution among those who do not develop disease and whose
risks tend to be lower. Discriminatory accuracy is often measured & the area under the
receiver operating characteristic curve (AUC)(seeChapter 6). The AUC for BCRAT is
only about 0.60, and the model has been criticized for lack of discrimiatory accuracy
(Rockhill et al., 2001). Initial e orts to increase the discriminatory accuracy by including
information from single nucleotide polymorphisms (SNPs) only improvel the AUC to about
0.62 (Gail, 2009b; Wacholder et al., 2010), and inclusion of informatioron mammographic
density only increased AUC to about 0.65 (Chen et al., 2006a). By adithg mammographic
density and all the SNPs that have been associated with breast carer to other standard
risk factors, Garcia-Closas et al. (2014) estimated that an AUC 0f0.68 was achievable.
Nonetheless additional strong risk factors beyond SNPs and mamographic density are
needed to improve the discriminatory accuracy of models like BCRAT.Polymorphisms and
mammographic density are not currently used in BCRAT.

1.1.2 Other models of cancer incidence

Models to predict the incidence of nine cancers in addition to breast ancer are docu-
mented at http: ==epi.grants.cancer.gowcancerrisk_prediction=# overview. These include
bladder, cervical, colorectal, lung, ovarian, pancreatic, prostaé and testicular cancers, and
melanoma. We will be using data from a model for breast cancer by (fier et al., 2013)
to illustrate the development of a risk model (Chapter 4) and its valid ation in independent
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data (Chapter 6). This model of absolute risk which we call BC2013was developed by com-
bining estimates of relative and attributatble risk from large cohorts with SEER invasive
breast cancer incidence rates and U.S. non-breast cancer molilg rates. As in BCRAT,
age was the time scale used for risk projections.

1.1.3 Framingham Model for incidence of coronary heart disase

The Framingham Model estimates the pure 10-year cumulative risk &coronary heart dis-
ease, de ned as angina pectoris, coronary insu ciency, myocaréhl infarction, or death as-
cribed to coronary heart disease (Wilson et al., 1998). Risk projeddbns from this model are
widely used to make recommendations for interventions to prevenheart disease, including
the use of statins (Expert Panel on Detection and Evaluation and Treatment of High Blood
Cholesterol in Adults, 2001). Gender-speci ¢ models were basednofollow-up of cohorts of
2489 men and 2856 women aged 30 to 74 years old at recruitment in &mingham, Mas-
sachusetts from 1971 to 1974. The Framingham data were analydeon the time scale of
time since recruitment, unlike BCRAT which used age as the primary time scale. The Cox
proportional hazards model (Cox, 1972) was used to incorporat the predictors, age, treat-
ment for hypertension, smoking, diabetes, total cholesterol, ad high density lipoprotein
cholesterol. The Framingham model treated death from other cases as censoring and thus
estimated the cumulative pure 10-year risk, not the absolute risk.Over a relatively short
interval like 10 years, pure and absolute risk may not di er greatly, but for longer projec-
tions the Framingham model was recently adapted by incorporatingcompeting hazard of
death from other causes (se€hapters 3and 4) to compute absdute risk (Lloyd-Jones et al.,
2006).

The validity of the Framingham Model has been tested in data from independent cohorts
(D'Agostino et al., 2001). Although the model seemed well calibratedfor white and black
men and women, it overestimated risk in other ethnic and racial grops, such as Japanese-
American men, Hispanic men, and Native American men and women. A#r recalibration,
the models were well calibrated in those groups, except for evidercof residual overestima-
tion of risk in the highest decile of predicted risk. The AUC values for white men ranged
from 0.63 to 0.79 and those for white women from 0.66 to 0.83 in three alependent cohorts.
These values are higher than for BCRAT. However, AUC values for EERAT are often esti-
mated from women in narrow age strata to evaluate BCRAT's disciminaory accuracy from
factors other than age. Part of the discriminatory accuracy meaured for the Framingham
Model derives from the fact that older men and women are at higherisk of coronary heart
disease than younger men and women, and age is treated as a caede in the model.

1.2 Applications of risk models for disease incidence

Risk models have applications in the clinical management of individuals atisk of incident
disease and in public health and population studies.

Risk models can provide reliable and usefuperspectiveon the level of risk. For example,
BCRAT was motivated initially by the need for accurate risk assessmats for women who
thought they had very high risks of breast cancer and were conskting drastic measures
to avoid it, such as prophylactic mastectomy. Often such women ogrestimated their risks
and were pleasantly surprised to nd that the projections from BCRAT were much lower
than they had feared. This perspective is useful background infonation for making more
rational decisions regarding breast cancer prevention. As anottr example, there has been
ongoing debate regarding whether women in their forties should unergo routine screening
mammography, whereas it is widely recommended for women age 50 dwlder. If a 45-year
old women has the risk of a 50-year old woman, however, as the rdswf having adverse
risk factors, she may well want to consider screening mammograph(Gail and Rimer, 1998;
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Galil and Schairer, 2010; Wu et al., 2012). The Framingham model likevge provides useful
information on levels of risk that guide clinical management (Expert Panel on Detection
and Evaluation and Treatment of High Blood Cholesterol in Adults, 2001).

Models of absolute risk also play a role in the morgormal weighing of the risks and
bene ts of an intervention, because the absolute risks of the various heditoutcomes a ected
by the intervention are central to this calculus. For example, prewentive use of tamoxifen
reduces the risk of invasive breast cancer by nearly half, but it inceases the risks of stroke
and endometrial cancer (Fisher et al., 1998). In order for a womaro have a net bene t from
this intervention, her risk of breast cancer must be high enough tlat the absolute reduction
in breast cancer risk outweighs the increases in absolute risks of @érse outcomes caused
by tamoxifen. Tables have been developed to guide the decision to ka interventions such
as tamoxifen (Gail et al., 1999a; Freedman et al., 2011) or raloxifenéFreedman et al.,
2011) based on level of breast cancer risk. There is no single levdllwreast cancer risk that
determines whether a woman should take these interventions, becise that level depends
on the absolute risks of the other outcomes in the presence and aénce of the intervention.
Screening for persons at high risk of disease or with prevalent disea is another type of
intervention with risks and bene ts, because false positive and fals negative screens each
have adverse consequences. Risk models usually need to have higbcdminatory accuracy
to be useful in deciding who should be screened and who noChapter 6).

Some public health applications of models of absolute risk do not requé high discrim-
inatory accuracy. For example, statisticians at NSABP used Gail Malel 2 (BCRAT) to
calculate the required sample sizedfor the Breast Cancer Prevention Trial (or\P-1" Trial)
of tamoxifen to prevent invasive breast cancer (Fisher et al., 1998 The required sample
size for this trial depended on the number of incident breast canas arising during the
trial, which re ects the average absolute risk of the trial participants. BCRAT predicted
the observed number of events well (Costantino et al., 1999). Theoncept of absolute risk
was also used to de ne eligibility for the trial because the investigatas only wanted to give
tamoxifen to women with high enough breast cancer risk that they mght bene t. Thus
women over age 59 were eligible, as were younger women with at leastet average 5-year
risk of a 60-year old woman, namely 1.66%.

Absolute risk models can also be used to assess tharden of disease in populationsvith
known distributions of risk factors, because the risk in the populaton represents the average
over the joint risk factor distribution of the conditional absolute r isk given the risk factors.
A special application of these ideas arises if the risk model includes ndoable risk factors.
For example, Petracci et al. (2011) included alcohol consumptionleisure physical activity,
and body mass index as risk factors in an absolute risk model for best cancer in Italian
women that also included factors such as those in BCRAT. By varyingthe levels of these
modi able risk factors, they estimated the reductions in absolute risk in the entire popula-
tion and in high-risk subgroups of the population. These reductionsn absolute risk, though
potentially meaningful, were much smaller than one would imagine basedn quantities such
as population attributable risk. Thus, absolute risk models can give aded perspective on
the potential e ects of interventions to reduce modi able exposures. We present a similar
analysis for U.S. women based on BC2013 (Pfei er et al., 2013) itChapter 10. One should
be aware, however, that several assumptions must hold in orderhat these estimates of in-
tervention e ect be valid. In particular, one must assume that the hypothesized intervention
will actually achieve the desired modi cation in risk factor levels, and that the e ect on
disease incidence from these changes in risk factors is reliably pretéd from observational
data on the associations between the risk factors and disease.
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1.3 Prognosis after disease diagnosis

The concept of absolute risk is also clinically useful for patients who ave developed a
disease. In particular, one may be interested in the absolute risk od cancer recurrence in a
de ned time interval following initial cancer treatment, or in the cha nce of dying from that
cancer in a de ned time interval following initial cancer treatment. B oth these events are
observed in the presence of the risk of dying from other causeshts, we are concerned with
the absolute risks of these events. If the risks are low, no furthetreatments may be needed.
If the risks are high, further possibly toxic treatments may be judi ed. Indeed, much of
the literature on risk modeling has focussed on disease prognosidifaving initial diagnosis
and treatment (Harrell, 2001; Steyerberg, 2009; van Houwelingeand Putter, 2012; Geskus,
2016). Often cumulative pure risk is used instead of absolute risk, lit when the time interval
is long and the risks of mortality from competing causes are appreclae, as in elderly men
with prostate cancer, absolute risks, which are smaller than pure isks, add an essential
perspective (Albertsen et al., 2005).

Strati cation of patients based on risk of recurrence or risk of death from the initial dis-
ease following disease diagnosis is one aspect of \personalized medijrbecause it allows
doctors and patients to guage the extent to which further treatment may be necessary. An-
other aspect, not to be confused with strati cation on absolute risk, is the use of molecular
and other data to identify subsets of patients who might respond prticularly well to a given
treatment. The terms \prognostic marker" and \predictive mark er" are sometimes used to
distinguish these two very di erent concepts (Simon et al., 2009). The methods in this
book are useful for prognostic risk strati cation. Other methods to search for interactions
between treatment and patient characteristics are needed to diover predictive markers.

1.4 Contents of book

Chapter 2 de nes basic concepts and notation for survival analys of a single endpoint.
Chapter 3 extends these ideas for multiple competing outcomes toofmally de ne the ab-
solute risk of a particular outcome of interest. The concepts of pre and absolute risk are
distinguished and non-parametric estimates are givenChapter 4 discusses the analysis of
cohort data with covariates and shows how various risk factors (o covariates) can be intro-
duced into models for competing risks so that absolute risk projedons are individualized
to take covariates into account. One formulation introduces covaiates into cause-specic
hazard functions (Prentice et al., 1978; Galil et al., 1989), while andter uses covariates to
modulate the absolute risk directly, for example (Fine and Gray, 199). Designs based on
sampling covariate data from a cohort, such as the case-cohortesign (Prentice, 1986) and
the nested case-control design (Liddell et al., 1977) also lead to imddualized estimates of
absolute risk via cause-speci ¢ models, provided the times of all evis arising in the cohort
are known(Chapter 4). The strategy of estimating absolute risk by combining information
on relative risks and attributable risk from case-control studies wth registry data, such as
SEER data on cancer incidence, is described in detail iChapter 5. Chapter 6 gives criteria
to evaluate risk models, including calibration, discriminatory accuragy, other general crite-
ria, and more speci c criteria applicable when the losses from classi ation errors can be
speci ed. Chapter 7 describes methods of inference to comparevb risk models. Chapter 8
discusses model-building, variable selection and strategies for uptag risk models to in-
corporate new covariates.Chapter 9 describes estimation of riskfrom family-based designs
and the role of SNPs in risk modeling.Chapter 10 touches on four togdcs related to absolute
risk: use of absolute risk in disease prognosis; analyses that allowrfmissing information on
the type of health outcome that has occurred; absolute risk pretttions with time-varying
covariates; and a review of applications of risk models in individual conseling and public
health.
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Chapter 2

De nitions and basic concepts for survival data
In a cohort without covariates

2.1 Basic survival concepts

In this section we describe survival concepts for a single outcomer @vent type. Later we
discuss absolute risk in the presence of competing risks. Among thmany excellent books
covering these topics, we recommend Kalb eisch and Prentice (2&) and Chapter 2 of
Andersen et al. (1993). A more specialized introduction to multistate models and competing
risk analysis can be found, for example, in Beyersmann et al. (20123nd Geskus (2016).

Classic survival analysis focuses on the time from a given starting got to a subsequent
event; the time to that event is called the survival or event time, T, and has range [01 ).
The primary interest lies in the survival function, conventionally denoted by S, and de ned
as

S(t)= P(T >t): (2.1)

The survival function S(t) is a non-increasing function of time and for many applications
one assumesS(0) = 1. A related quantity is the lifetime distribution function , de ned as

F(t)= P(T t)=1 S(1):

If F is absolutely continuous, one can compute the density function oftie lifetime distri-
bution,

f(t)= Fqt) = %F(t): %S(t): sYt):

A widely used quantity in biomedical research is thehazard function, also calledhazard
rate, of S, de ned as the event rate at time t conditional on survival until time t or later,

M=1lm Pt T<t+ jT p= 2.2)

If F is absolutely continuous, this de nition implies that

f(t) _ Sqt) _  dlogfS(t)g.

O=55° S0 dt

Integrating both sides and using that S(0) = 1 yields the cumulative hazard function
z t
()= (uWydu= " logS(t);
0

and Z,
St)y=expf (t)g=exp (u)du
0

11
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Example: An example of an absolutely continuous distribution is the Weibull distri-
bution, with survival function S(t) =exp( t ), where > 0 is the shape parameter and
> 0 is the scale parameter of the distribution. From the previous formulas, its hazard
is ()= t 1 which is increasing for > 1 and decreasing for < 1. For =1, the
hazard is constant over time, and (t) = corresponds to the exponential distribution.
When T is a discrete random variable taking valuest; <t, <::: with probabilities

f(t)=P(T=1t);, i=1;2::;
the hazard function at t; is given by

_ _ o _ ft) .
i= (t)=P(T=4jT t) st )’ (2.3)
where S(t) = P it >t f (tj) is the survival function and S(t ) =1lim | o+ S(t ).

The cumulative hazard function of a survival timeR]t' whose disgibution has both con-
tinuous and discrete components is given by ) =  c(u)du+ ., i, where ¢ is
the continuous hazard function and ; are the hazards corresponding to the discrete event
times t;. The overall survival function of T is thus given by

Z, v
S(t) =exp (u)du a )
0 it
The general de nition of the cumulative hazard function of an arbitrary distribution
function F is given by the Lebesgue{Stieltjes integral,

Z, 1
t) = ——dF(u);t O 24
(0= gy y9FW (2.4)
or equivalently, 7
t
F(t)y=1 S(t)= S(u )d( u): (2.5)
0
2.2 Choice of time scale: age, time since diagnosis, time sin ce accrual or

counseling

An important issue in survival analysis is the choice of time scale. It is éien useful to choose
the time scale that is most strongly associated with the risk of expeencing the event of
interest. In clinical studies a natural choice may betime-on-study, namely the time since a
particular event that marks the beginning of study observation. For example, one may be
interested in the time from diagnosis and treatment of breast caner to a subsequent event,
such as breast cancer recurrence or death from breast cancérhe left panel of Figure 2.1
shows the experience of four women on the scale of time-on-studyhe follow-up starts at
the same time origin for each woman, namely when each woman is diageed with breast
cancer, after which she starts being at risk for breast cancer ®irrence or breast cancer
death. During follow-up, women 1 and 3 experience a recurrence ¢id circles) and women
2 and 4 are censored (open circles). Censoring occurs if follow-umdas before the patient
has the event of interest (e.g., breast cancer recurrence). Winewoman 1 fails (i.e., has a
breast cancer recurrence), three of the four woman are at risfor failure. The sets of women
at risk at the failure times (called \risk sets") thus decrease monobnically.

In cohort studies of disease etiology or incidence, subjects withdwa given disease are
followed up to detect the time of occurrence of that disease. Hower, in contrast to many
clinical studies, the time when a subject rst comes under observion, typically the time of
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Figure 2.1: Time scales for survival analysis: time on study scale (lefpanel) and age scale
(right panel).

administration of a questionnaire or an interview, usually does not cincide with the time
when the subject rst becomes at risk for the disease of interestin addition, the e ect of age
usually needs to be tightly controlled in epidemiologic cohort studies beause the incidence
of most diseases, especially chronic diseases, is strongly in uencbd age. Because the time
variable is tightly modeled in survival analyses, age is a natural time-sale. When using age
as the time scale, the hazard function (2.2) can be directly interpréed as the age-specic
incidence function. Survival methods can model this hazard exibly giving tighter control
for age than models that include age as a covariate. However, anaing survival data on the
age scale is more complex than analyzing survival data on the time-ostudy scale, because
follow-up begins at di erent ages for di erent subjects. Using ageas the time scale therefore
implies staggered or delayed entry into the study, and at any given ge, some subjects are
not yet under observation whereas others are no longer under flow-up. The right panel
of Figure 2.1 shows the same four follow-up times as the left panel, kunow on the age
scale. The start of follow-up is the age at which each woman was diagised with breast
cancer, which ranges from 21 to 48 years. This starting age is inditad by the left end
of each horizontal follow-up line. When woman 1 fails, woman 2 has noyet entered the
study, and thus not yet under observation. Therefore only three women are at risk at the
age when the rst failure occurs. Thus, the number of subjects &risk does not decrease
monotonically with age and risk sets are not nested, unlike the risk s on the time-on-
study scale. Another feature that may arise when using the age sde is left truncation, that
occurs when there are study restrictions on the age at inclusion.n the right panel of Figure
2.1, the minimal age of inclusion is 20 years, and individuals who failed at gunger ages are
not part of the study. This feature of the data is not apparent on the time-on-study scale
plot. Left truncation is discussed more formally in the Section 2.4

2.3 Censoring

Survival data are subject to a special missing data problem, namelgensoring. In medical
studies one often nds that the event of interest has occurred insome but not all study
subjects when the observation period ends. For example, in a stydof breast cancer recur-
rence after breast cancer diagnosis and treatment, some womaenill have died of non-breast
cancer causes before breast cancer recurrence. In additiorgree women will have dropped
out of the study or be lost to follow-up before breast cancer recuence, and some women
will remain alive and without breast cancer recurrence at the end offollow-up. These par-
tially observed times to breast cancer recurrence are calledensoredsurvival times. Several
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types of censoring are possible. Data araght censoredwhen they are not observed exactly,
but only known to be above a certain value.Left censoring occurs when an observation
is not observed but only known to be below a certain value. Left censring may occur for
example in studies of infectious diseases, where the time of infectioof a person is only
known to have occurred before the time of a positive test for the ifection. Both left and

right censoring are special cases adifiterval censoring, where an observation is known to fall
into an interval, but the exact value of the survival time is not observed.

The survival literature also distinguishes between type 1 and type 2censoring. Type
| censoring occurs if a study or experiment with a given number of subjects stps at
a predetermined time, at which point any subjects remaining are riglt-censored. Type |
censoring occurs if a study or experiment stops when a predetermined numbyeof subjects
are observed to have failed; the remaining subjects are then rightensored.

A common assumption is that censoring is not-informative, that is, exch subject has a
censoring time that is statistically independent of his or her failure time.

2.3.1 Right censoring

We de ne notation for right censoring, which is the most common type of censoring in
observational and clinical studies. Reasons for right censoring ifade cessation of follow-up
at the end of the study, sometimes callecadministrative censoring, and other loss to follow-
up (e.g., individuals move away or do not respond to study inquiries). Rght censoring
also occurs when a person dies from a cause unrelated to the outne of interest. The
assumption that the censoring time is independent of the survival ime of interest is plausible
for administrative censoring and for some types of loss to follow-upgbut may be questionable
for certain types of loss to follow-up or deaths from other causes

Let C be a nonnegative random variable that is independent off . Under right censoring
one only observes the minimum of the censoring time and the survivaime, X = min( C; T)
and the indicator for the event, (t) = I(T = t;C t), wherel (:), the indicator function,
is 1 if the argument is true and 0 otherwise. ThusT is completely observable only ifT  C,
i.e., when (t) = 1. The data for an individual at time t are (X; (t)). If T and C are
independent, the survival function of X = min( C; T) is the product

Sx (t) = S(t)Sc(1);

where Sc denotes the survival function for the censoring variableC. Here S(:) and ( :)
are the survival function and the cumulative hazard function of T. Using that dF(t) =
S(t )d( t) from expression (2.5), it follows that
z t z t
PXX t =1)=P(T tC>t)= Sc(u )dF(u) = Sx (u )d( u);
0 0

and solving for yields
z t
()= SyHu )dP(X  u; (u)=1): (2.6)
0

Thus, under the assumption of independent censoring? (X t; =1) and Sx (t) uniquely

determine the cumulative hazard function (t) of T, and is estimable from the observed

censored survival dataon O t t , wheret is the smaller of the two values max{) and

max(C). The assumption of independence ofC and T cannot be tested, however, but has
to be justi ed based on the nature of the censoring process.
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2.4 Truncation

Another form of missing data that is often encountered in survivalanalysis istruncation. A
truncated sample contains information only on subjects who satisf a truncation condition,
such as women at least fty years old at study entry. A truncated sample provides no
information on those not satisfying the truncation condition, not even how many there
were. In contrast, censored observations are part of the stud sample, and the censoring
times or intervals are used in the analysis.

Left truncation occurs when the study is restricted to individuals who are a certain
age or older at recruitment. For example a study of breast cancemcidence might include
only women aged fty or older. Women whose event time occurs bef@ that age are not
observed, and no information is available for them.Right truncation occurs when the study
is restricted to individuals who have experienced the event at or befre a given date. For
example, a study population might only include persons who developedlinical acquired
immune de ciency syndrome (AIDS) before 1990.

In the presence of truncation, the non-truncated observatiors have a survival distribution
that is conditional on not being truncated.

2.5 Life-table estimator

One of the oldest estimators of the survival function is based on liféables (see, e.g., (Chiang,
1968)). A life table is a summary of survival data grouped into intenals. It is often applied in
situations when actual failure and censoring times are not availableand only total numbers
of failures and individuals at risk are given for particular intervals. An example of a life
table for women who died from breast cancer between ages 60 ané & given in Table 2.1
Let d;i denote the number of failures (or events) in theith time interval 1; =[t; 1;t;), ¢ the

Table 2.1: Life-table estimate of breast cancer mortality in 1000 60year-old women diag-
nosed with breast cancer

(&)
Age Interval i ni d ¢ g S=7, .1 q)
[60; 65) 1 1000 17 44 0.017 0.983
[65; 70) 2 939 20 63 0.022 0.961
[7C; 75) 3 856 22 89 0.027 0.935

number of censored observations and; the number of individuals at risk at the beginning
of the time interval, which is equal to the number of individuals who neither experienced
the event nor were censored up to timet; ;. The censoring can be assumed to occur at
the beginning, the end or on average halfway through each interda The last assumption is
appropriate if censoring occurs uniformly throughout the intervals and yields the standard
life-table estimate of the conditional probability of failure in 1;, ¢ =0 if nj =0 and

__ d
q - n;j c=2
otherwise. The corresponding estimate of the survival function &the end of the ith interval
is Y
LT(t)= S(t)= (1 a): (2.7)
I
The variance of this estimate can be obtained by the following heurist derivation (see

Greenwood (1926)) that relies on the fact that outcomes in varios intervals are uncorre-
lated, as follows from the conditional independence of events in siequent intervals given
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outcomes in previous intervals. Thus cov§¢) =0 for i <j,and =1 § has the
binomial variance \@r(pi) = P §=(n; p ¢i=2). Applying the delta method (Cramer, 1947, p.
353) to logS(t) = ilog(l §)= ,log(p) yields var(logp) G=fpi(ni ¢=2)gand

thus
4 _X d :
p(ni c=2) . (n g=2)(ni d G=2)

Using S(t) = expflogS(t)g; and applying the delta method leads to the Greenwood-type
formula for variance,

varflog $(t)g

di )
(ni c=2)(ni d G=2)

X
varf §(t)g = f8(t)g?

(2.8)

2.5.1 Kaplan{Meier survival estimate

The Kaplan{Meier or product limit estimator is the limit of the life-table e stimator when
intervals are so small that at most one distinct failure time occurs within an interval. There
may be more than one failure at that time, however. This estimator isthe non-parametric
maximum likelihood estimate of the survival function under right-censoring (Kaplan and
Meier, 1958). By convention, it is a right continuous step function which takes jumps only
at the event times.

Let d(t) denote the number of events at timet. Typically d(t) is either zero or one, but
we also allow tied event times, in which casel(t) can be greater than one. Letn(t) denote
the number of individuals at risk just prior to time t. Then the Kaplan{Meier estimate is

de ned as v g
KM (t) = 8(t) = 1 %
u t

The above product changes only at timest where d(t) > 0, that is at times when events
occur. Due to its form and its limit relationship to the life-table estimat e, Kaplan and Meier
(1958) called the estimator (2.9) the product limit estimator. Note that in the absence of
censoring,KM is identical to 1  F,, whergF, is the usual empirical distribution function
of the observed event timesFn(t)=(1=n) L, I(T; t).

Because exp( Xx) 1 x for values ofx that are close to zero, the Kaplan-Meier estimate
can also be approximated by

(2.9)

8 9

Y < X =
KM (t) = $(t) exp aw) - _ oy d(w ~ .

u t n(u) : u t@;

Several variance estimators are available, including Greenwood's fimula,

X d
arf 8(t)g = £5(t) g —
(g (Hg TS

Rigorous derivations of the variance, that con rm the validity of Gr eenwood's formula, can
be found in the counting process literature for survival analysis (ey., (Andersen et al.,
1993)).

A non-parametric estimate of the cumulative hazard rate function, the Nelson{Aalen
estimator (Nelson, 1969; Aalen, 1976), is given by

P
Its variance estimate is \zarf’( t)g= di=[ni(ni di)]. Applying the delta method to
the relationship logS(t) =  ( t), one again obtains the Greenwood formula.
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2.6 Counting processes and Markov methods

Aalen (1978) introduced multivariate counting processes into the tudy of lifetime data,
under a variety of censoring mechanisms, including right censoringWe brie y outline this
very useful approach and notation that we later use to derive distibutional properties of
various estimates.

We assume that for each ofn individuals in a cohort we observe the random vector

the censoring time C; and the survival time T;, and (t) = I(T; = t;C; t) is the event
indicator for the ith individual. For individual i the counting process N;(t) is de ned as
Ni(t) = I(X; t j=1);t 0. The process jumps when the individual experiences the
event. Typically N;(0) = 0. The \at risk process" for the ith individual is  Yi(t) = 1 (X; 1)
for t 0. Under the assumption of independent censoring and given the s& up to and
including time t, represented by - elds fF (g, N;(t) has the intensity process ;(t), given
by

i(O)Yi(t)dt = P(dN;(t) = 1jFy);
where dN;(t) = N;(t) Ni(t ) is the increment of N; at time t. We let Ni(t ) =
lim o« N(t ). As N; is a binary process, we can reformulate the above relationship
as

E (dN; (t) i(OYi(t)jF)=0:

R R
Thus the processM; (t) = Nigg Ot i(s)Yi(s)ds Ni(t) SYi (s)d i(s) has expectation

zero. The expression (t) = Ot i(s)ds is called the cumulative intensity of N;.
For the whole cohort, the aggregated processes

X
N() = Nj(t)
j=1
and
X
Y= Y@t 0
j=1
count the number of events through timet and the number of individuals still at risk of
failure just before time t, respectively. The sample paths oN jump whenever events occur,
and are thus non-decreasing step functions, i.e., fos t; N(s) N(t). The step size at
time t, dN(t) = N(t) N{(t ),isthe number of events occurring exactly att. In the absence
of ties, dN (t) = 1 when an event occurs at timet or 0 otherwise. The number of individuals
censored at timet isw(t) =[Y(t) Y(t )] dN(t).
In the counting process notation, the sample counterparts of tke survival function Sy (t)
and the probability P(T t; =1) are

S (t )= Y(t)=nand P(T t; =1)= N(t)=n:

Substituting these two expression into Equation (2.6) yields an estinate of the cumulative
hazard process, the Nelson{Aalen estimator
Z
1= CdN(u) _ X dN(t)
o YW T Y@

(2.10)

which is an increasing right-continuous step function with incremens dN (t;)=Y (t;) at the

pbserved event timest;. In the absence of ties the estimate further simpli es tolt) =
1

i tY(t)”
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Aalen (1978) showed that the process
1 24
M) = p= N Y (u)d( u)
0

is a square integrable martingale with respect to the past up to and icluding time t,
represented by -elds fF ;g. The martingale can be regarded as a centered error process.
Martingales are fundamental stochastic processes for which a lge body of theory has been
developed. Given the past, i.e.fF (g, Y (t) is xed, and not random. In brief, a martingale
fM(t);t Ogis a stochastic process whose increments over an intervalo( t1] given fF ¢, g,
have expectation zero,E(M (t1) M (to)jF+t,) = 0. Given F¢, M (t) is xed. Central limit
theorems for martingales allow the derivation of asymptotic propeties of estimators and
test statistics based onN (t). For example, the process nf{ t) ( t)galso is a martingale
with respect to fF (g. From the martingale central limit theorem (Rebolledo, 1980), this
process converges weakly to a Gaussian process for eacihe unbiasedness and asymptotic
normality of { t) allow us to compute asymptotic normal pointwise con dence intervals for
(t)attime t, given by [Tt) 2z -,sef T t)g; T t)+ z; - ,sef { t)g); wherez denotes
the quantile of the standard normal distribution and se stands for the standard error.
Simultaneous con dence bands for{ t) are also available, and are discussed in detail in
Chapter IV.1.3 of Andersen et al. (1993). AsS(t) = expf 1 t)g, this result can also be used
to construct 95% con dence intervals for the survival function S(t), given by exp[ 1 t)
71 - osef L t)gl:

The Kaplan{Meier estimator in (2.9) and the life-table estimator in (2.7 ) can be written
in counting-process notation as

_ . Y dN (u)

KM (t) = §(t) = I!lrrg)+u:u+ t 1 YU (2.11)
Y dN (u) _

LT(0)= '!'mmw t VY@ w2

respectively. In Equation (2.9), n(u) was used instead ofY (u) and d(u) was used instead
of dN (u), to be consistent with the earlier literature. As the Kaplan{Meier e stimate (2.11)
is asymptotically equivalent to expf 7 t)g, it's properties can be obtained from those of

.



Chapter 3

Competing risks

3.1 Concepts and de nitions

In Chapter 2 we assumed that only one event, such as breast cagcrecurrence, could occur,
apart from independent censoring. If deaths from other causeeccurred, they were treated
as independent censoring. Now we consider the possibility that anyfaM events can occur,
apart from censoring. If the occurrence of one of these evengecludes any subsequent event,
the M events are calledcompeting risks Often the focus is on a particular risk, or a subset
of risks. For example, in a long term study of a new treatment for wanen diagnosed with
breast cancer, the main outcome of interest might be death from keast cancer. However,
some women will die of causes other than breast cancer, and eithaf these two types
of death precludes the other. One therefore needs to accounorf the competing e ects of
death from other causes to appropriately assess the impact of ¢atment on breast cancer
mortality ( Figure 3.1). The chance of dying from breast cancer maybe reduced either
because treatment forestalls breast cancer death or, possibljpecause it increases risk of
mortality from other causes.

We now formalize these ideas foM 2 competing risks Figure 3.2). These ideas are
discussed in several textbooks for survival methods (Anderseat al., 1993; Kalb eisch and
Prentice, 2002; Pintilie, 2006; Beyersmann et al., 2012; Geskus, 26). A person is in state

= 0 until one of M competing events (say eventm) occurs, at which time the person is
in the absorbing state m (Figure 3.2). In particular, we observe the state process (t) that

We also observe the timeT to the rstof M 2 eventtypes. ThusT =infft> 0: (t) 60g
is the rst time when the process is no longer in the initial state and (T) corresponds to
the type of event and extends the event indicator inSection 2.6to multiple event types. For
practical applications it is also necessary to account for right censring. As in Section 2.3.1
we let C denote the censoring process, that is assumed to be independesftT . The observed
event time is the minimum of the censoring time and the survival time, X = min( C; T).
The state indicator also captures censoring; if a person is censored at a particular time
s, then no event of types 1 throughM has occurred, and thus the person remains in the
initial state, i.e., (s) = 0. Although we assume that censoring is independent fromT, we
make no assumptions regarding the dependence of tHd times to competing events.

The transition rate from state 0 to state m is described by the cause-speci c hazard
function,

Pt T<t+; (T)=mjT t)

m(t) = lim (3.1)

m gives the instantaneous failure rate from causen at time t in the presence of all other
failure types. For example, suppose one is primarily interested in mdality from breast
cancer as inFigure 3.1. Letting m = 1 denote death from breast cancer andm = 2 death
from other causes, we de ne 1(t) as the mortality rate from breast cancer death among
women alive at aget, and ,(t) as the mortality rate from all other causes among women
alive at aget.

19
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Death from
breast cancer (1)

Aq
Initial state
Diagnosed with
breast cancer (0)
Ay

Other deaths (2)

Figure 3.1: Competing risks of death from breast cancer or deathrbm other causes following
breast cancer diagnosis and treatment. Corresponding causesci ¢ hazards are 1 and o,

respectively.

The cause-speci ¢ hazard functions forlM competing events are depicted inFigure 3.2
Assuming that only one failure type can occur at a given timet, the overall hazard of T is

hd

(t)= m (t);
m=1

and the probability of having no event at or beforet is
Z, C Z )
S(t)= P(T >t) =exp (Wdu =exp m(uWdu (3.2)
0 0 m=1
n o}

R
We also de ne, by analogy with S(t), the function Sy (t) = exp (: m(u)du ; where

m(t) = R.f m(u)du is the integrated or cumulative cause-specic hazard for causen.
Note however that Sy, (t) does not have a survival function interpretation (see Kalb eisch
and Prentice (2002), p. 252, and Prentice et al. (1978)) without tirther assumptions that
are discussed inSection 3.2

Example: When the cause-specic hazard functions n(t) = n mpt " I'm =
b M arise from Weibull distributions, the over@l hazard (t) = m m(t) =
m m mt ™ 1 The overall survival function S(t) = ~_ exp( mty).

A key quantity is rn, = P(T t; (T) = m), the cumulative incidence function or
absolute risk for a failure of type m, namely the probability of experiencing an event from
causem by time t in the presence ofM 1 competing events. The absolute risk is also
known as thecrude riskin the literature. In order to de ne r,, we rst de ne the sub-density
function for the time to a failure of type m,

Pt T<t+ ; (T)= m): m@®S{Ht);m=1;:::;M: (3.3

(0= I,



CONCEPTS AND DEFINITIONS 21

Figure 3.2 Competing risk model with M competing events and with cause-speci ¢ hazard
functions , (t):

Then the absolute risk of event typem in the interval (0;t] is

Z, Z, Z W
rm® =P & (T)=m)= fn(udu= m(U)S(u )du= m(u)  Si(u )du
0 0 0 i=1
(3.4)
'IF;he probability of ever having an event of type m is given by pn, = limy;  rm(t), and
m=1 Pm = 1. As typically pm < 1, ry is not a proper distribution but a sub-distribution.
Note that ry (t) is a functional of f gl and hence is identi able from observable data
(Section 3.2.
In practical applications a conditional version ofr, is often used, namely the conditional
probability of experiencing an event from causem within the time interval ( to;t1] in the
presence oM 1 competing events, given survival up totg,

Rt
Y m(u)S(u )du

P ST L D= - S )
~ t‘; (u) ', Sk(u )du
- \éM S, (t
Z ty - kE i )UXA )
= m (U) exp k(s)ds du: (3.5)

to to k=1
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Notice also that
( 2z ) (

X Z W u ¥ Z )
rm(to;ty) = m (U) exp k(s)ds du=1 exp k(s)ds
m=1 to m=1 to k=1 to K=

is one minus the probability of event-free survival in the interval (to;t1].

In contrast to the absolute risk, which refers to the probability of a particular event in the
presence of all competing risks, thanet or pure probability is the hypothetical probability of
that event if it were the only risk acting on a population. For example, the pure probability
of death from breast cancer is the hypothetical probability of dying from breast cancer if
all other causes of death were eliminated and if the cause-speci cdzard of breast cancer
mortality were unchanged. Because in most applications competingisks are inevitable, the
absolute risk is more relevant to clinical management.

The pure probability of an event is larger than its absolute risk, which is reduced by
the action of competing risks. The pure probability is usually estimated as one minus the
Kaplan-Meier survival curve estimate for the event of interest, with all competing events
treated as independent censoring. Calculations of pure risk dep&hon non-identi able as-
sumptions regarding the joint distribution of latent failure times for the several competing
events (Cox, 1959; Tsiatis, 1975; Gail, 1975). Assuming independee of the failure times
de nes one such joint distribution and is consistent with the obsenable data (seeSection
3.2). Thus the estimate of cumulative risk based on the Kaplan-Meiercurve that treats com-
peting events as independent censoring is an estimate of the purergbability of the event
of interest, and it overestimates absolute risk, especially over londime intervals (to;t1].
Special software is needed to estimate absolute risk.

Competing risk models are a special case of multistate models, that ay also describe
events that occur after a primary event of interest. For example in a multistate model one
could have the states \well", \cancer" and \death". The transitio n to the absorbing state
\death" can happen from either the \cancer" or the \well" state. States from which no
further transition is possible are typically termed \absorbing"” stat es. The competing risk
setting can be thought of as a multistate model where alM states are absorbing. Excellent
overviews of multistate models and related software inR are given in Beyersmann et al.
(2012) and Geskus (2016). We discuss multistate models further isection 10.4.2

3.2 Pure versus cause-speci ¢ hazard functions

We contrast the cause-speci ¢ hazard , for the m-th cause de ned in (3.1) with the net
or pure hazard function for causem,

P({ T<t+ jT t no other causes acting)

m(t) = lim (3.6)

To illustrate the di erence it is helpful to introduce the notion of late nt failure times. Letting
the variable T,, denote the time of failure for an event of causem, the observed time until

from the marginal survival function as

@ )
n= @logfs(tl;::::tM)ghm:t;tkzo;ksm:
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The cause-speci ¢ hazard function, however, is based on the reianship

n (1) = @%Iong(tl;::::tM)ng:;;;:tM:t:
n (0]

Note that S(t;:::;t) = P(Ty > t:::;Tym >t) =exp RS P mzl m(u)du is equal to
the overall survival probability S(t) given in (3.2), which is estimable from the observed
data. The cause-speci ¢ hazards are estimable because we cansebve the instantaneous
risk of event m among those at risk att. In fact, assumingd’ is independent of censoring,
the observed data for a subject contribute the factorS(t) “™M_ f n(t)g'f » (=19 to the

likelihood. This factor is a function only of the cause-speci c hazard, showing they are
estimable (Prentice et al., 1978). Because , is estimable from observed data, any function

that depends only on the cause-specic hazards is also estimablen Icontrast, the joint

models or under the assumption that the failure timesT,, are independent (Tsiatis, 1975;
Galil, 1975). Neither of these modeling assumptions can be tested vhitavailable data. Under
independence of theT,, the cause-speci c hazard for causen, n,, is equal to the pure
hazard function, P,, and henceSy, (t) is a survival function. However, the independence
assumption is especially dubious in medical applications, because a E@n at high risk of
one such event may also be at elevated risk of other causes. Moxew, medical interventions
designed to reduce risk for or eliminate one event may also e ect théazard functions of
other types of events. Although no independence assumptions arequired to estimate cause-
speci ¢ hazards n, (t) or any functionals of them (Prentice et al., 1978), the censoring ime
C is assumed to be independent of the event tim& and the distribution of C is assumed
to be functionally independent of f 1, (t)g.

Before we discuss covariate modeling for absolute risk iChapter 4, we present non-
parametric estimates of absolute risk based on observations frora cohort in Section 3.3

3.3 Non-parametric estimation of absolute risk

We consider a cohort ofn individuals who are followed prospectively. Recall that we observe
the time X = min( T; C), which is the minimum of the time T to the rst of M event types
or censoring,C. The state process is (t), where (t) = m if an event of type m occurs at or
before timet, m =1;2;::;;M. If no events have occurred, (t) = 0. Extending the notation
in Section 2.6 we de ne the causg-specic counting procesNin (t) = I(Xi t; (t) = m)
for individual i, and let Nm(t) = ., Nim (t);t  O;m =1;:::;M denote the number of
events of typem that have occurred in the interval (0;t] and dN, (t) denote the number of
events of tyBe m occurring exactly at time t. The total number of events in (0;t] is given
by N(t) = mzl N (t). The number of individuals at risk just prior to time t is Y (t).
Truncation can also be accommodated in this setup, but for ease oéxposition we only

of the M events types, but not censoring.
A non-parametric estimate of the probability of overall survival up to time t is obtained
from the Kaplan-Meier estimate as
Y dN (t)) X dN(t)
PT =1 $S1)=1 1 L = 28t ) 3.7
(T (t) Y vy St ) (3.7)

ti ot ti ot

P P
BecauseP(T t)= mzl P(T t; (T)= m)anddN(tj)= mzl dNp, (tj), an estimate
of ry (t) can be derived from the above expression as
de (ti)

X A .
Y0 St ) m (St ): (3.8)

ti ot

X
fm (t) =
ti ot
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The right-hand side of Equation (3.8) is a non-parametric estimator of (3.4). The overall
survival estimate S’(\t) depends on allM events and is obtained without any assumption
of independence. As mentioned previously, an estimate of the \pw risk" of event type m
is obtained by treating all other events as independent censoring rad applying life-table
or Kaplan-Meier procedures. This estimate of the hypothetical pobability of event type m
in the absence of other causes of failure is only valid if the interventin to eliminate other
causes of failure does not alter ,, (t) and if the unveri able independence assumption holds.
Gaynor et al. (1993) derived the variance ofrf (t) in (3.8), using a rst order Taylor
approximation, as

arf iy (t)g
% N 0 X n/\ N 0
= a8t ) +2 dov " ()8t ) m(t)S(te )
jitpot fj:itj<tgfkitj<ty tg
The terms in the previous equation are
n, 0
war ()8 )
( .
n (0P} . . X1
- Am(tj)é(tj ) Y(tj) de(tJ) + de(tk)

dNm ()Y (t)) L Y)Y (t)  dNm(t)g

k=

and
n (0]
dov "m ()8t )" mt)S(tk 1) = "m ()8 ) m(t)S(tk )
( 1 )
1 dNm (t))
Y(t) L, YY) dNm(t)g

Andersen et al. (1993) Section 1V.4) presented a Greenwood-tpe estimate for the variance
of iy (t) in Equation (3.8).

Example: We now illustrate the non-parametric estimate ofr,, and contrast it with the
Kaplan{Meier estimate of \pure risk". We assume that M = 2, that the primary outcome
m = 1 denotes deaths due to breast cancer, and that the second écome corresponds to
deaths from causes other than breast cancerHigure 3.1). We also assume no censoring in
this example, which simpli es the computations. The numbers inTable 3.1 are the same as

Table 3.1: Life-table of breast cancer mortality and other-cause nortality in 1000 women
diagnosed with breast cancer at age 60

Age Interval ni di; dy

[60; 65) 1000 17 44
[65;70) 939 20 63
[70;75) 856 22 89

The number at risk at the beginning of the interval is n;, and the numbers dying of breast
cancer and of other causes are, respectivelgy; and dy;.

in Table 2.1, but the censoring column inTable 2.1 becomes deaths frontauses other than
breast cancer €lp;) in Table 3.1. Applying formula (3.8) to the numbers in Table 3.1, we see
that the absolute risk of dying from breast cancer by age 75 is

17 N 20 939 N 22 856 _ 17+20+22
1000 9391000 8561000 1000

f1(75) = =0:059
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In contrast, the Kaplan{Meier estimate of the pure probability of d ying from breast cancer
by treating other causes of death as censoring is

17 20 22
1000 - 939 ' gse 0063

1 KM (75)=1 $@75=1 1

The estimate 3 (75) = 0:059 is smaller than the Kaplan{Meier estimate of \pure risk",
0:063 because a woman who may die of non-breast cancer causes has duaed chance of
dying of breast cancer, compared to a hypothetical woman who is ot at risk from non-
breast cancer mortality. Although the di erence between the absolute and pure risk is small
in this example, risk projections over long time periods can be quite dierent.

Chapters 4 and 5 describe methods for estimating absolute risk, (t) from cohort data
and other types of data, with the inclusion of covariates.
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Chapter 4

Regression models for absolute risk estimated
from cohort data

In Chapter 3 we discussed how to estimate absolute risk non-paraetrically for a single
homogeneous cohort. Interest often centers on estimating abfute risk for persons with
speci ¢ characteristics measured by covariates. If there are dg a few combinations of
categorical risk factors, one might be able to use the methods ofhe previous chapter
separately for strata de ned by these combinations. Usually, hovever, the data are too sparse
for the strati cation approach and one uses modeling to incorporde covariate information
and to obtain covariate-speci ¢ estimates of absolute risk. Thereare two basic approaches to

may depend onZ. Some components ofZ may aect some cause-speci c hazards and
not others. In the second approach, often referred to agumulative incidence regression
see e.g., Fine and Gray (1999), one directly modelsy, (t) as a function of Z. We discuss
estimating absolute risk for both approaches. For the cause-spéc hazard models, we also
discuss estimation from sub-samples of a cohort, including nestedase-control and case-
cohort studies, and from cohorts obtained by complex sampling frm a general population.
In Chapter 5, under the cause-speci ¢ hazards model, we show oto combine estimates of
relative and attributable risk from observational studies with overall population incidence
rates of the primary and competing events to estimate absolute rik. We present methods
for estimating absolute risks, with examples, inSections 4.14.2, 4.3, 4.4, and 4.5. Variance
calculations and con dence interval construction are discussed ira concluding Section 4.6

4.1 Cause-speci ¢ hazard regression

Cause-speci ¢ hazard regressiorincorporates covariates as in panel a oFigure 4.1to calcu-
late the absolute riskr, of experiencing themth event type within the time interval ( to;t1]
in the presence ofM 1 competing events. Given that one is alive and failure-free ato,
the absolute risk is

z,
fm(to;t;Z2=2)= P(to<T  ti; = mjT >tg;2) = m(u;Z")S(u )du =
to
Z ty Z, W
m (U: 2™ expf k(s;z")dsgdu;  (4.1)
to to k=1

whereT is the time to the rst event, z is the vector of all covariates that a ect any of the M
cause-speci ¢ hazardsz™ denotes the subset of covariates im thataect ,;m=1;:::;M
and denotes the event type.Z denotes a random covariate vector, whereag denotes a
particular realization of Z.

27
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h,(t.Z)

0 2 —»r(t2) 0 ——~ m (2

L]

L]

L

M

(a) (b)
Model cause-specific hazards (transition rates) Incorporate covariates directly into r ,, by modeling
M(t2),i=1,...,M, as functions of covariates Z the sub-distribution hazard h (t,Z) that describes

transition to state m

Figure 4.1 Incorporating covariates Z into estimates of absolute riskry, via the cause-
speci ¢ hazard functions (transition rates) ¢;k = 1;:::;M or directly, via cumulative
incidence regression.

We assume that covariates in (4.1) remain xed at their values at the beginning of the
projection interval, to. However, expression (4.1) is valid iz or some components of it vary
with time, provided that the cause-specic hazard functions are orrectly specied, and
provided the covariates are \external" (Kalb eisch and Prentice, 2002). We defer discussion
of time-dependent covariates toSection 10.4.1 The risk time scale ®uld be age or time
since diagnosis of a particular disease.

tions into Equation (4.1), i.e.,

fm (to;t1;2) = Am (u; 2™) expf Ak(s; z")dsgdu: (4.2)
to to k=1

Z, Zu)(/I

The most common models for cause-speci ¢ hazard functions areslative risk models,
that assume that the vector of covariatesZ in uences the hazard function through

mtzZ™) = om@rr( Sz™)ym=1;:::M; (4.3)

whererr denotes the relative hazard, a non-negative scalar function of%zm, and om(t) =

m (t; o) stands for the baseline hazard function for causen at time t at the referent or
baseline covariate leveko. When rr is the exponential function, one obtains the enormously
popular Cox regression model (Cox, 1972),

m(tz™) = om()exp( ,z");m=1;:::;M: (4.4)

If individuals 1 and 2 have the same values for all components of,, except componentk,
and valueszi + 1 and z for that component, respectively, their relative hazard from (4.4)

IS
m (t;27")

m:epr %(ZT z3')9=exp( mk);
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where ik is the log relative hazard for componentk. Thus the e ect of a unit increase in
zx with all other components of Z xed is to multiply the hazard function by exp( mk),
which is also referred to as therelative risk associated with z,. If covariates are xed in
Equation (4.4), the relative risk for two individuals with di erent cova riates are constant
over time, but not if the covariates vary.

In the next section we outline inference for absolute risk in Equation(4.2) from cohort
data when the cause-speci ¢ hazard functions are modeled by (4)4as was rst discussed by
Benichou and Gail (1990a) for a piecewise constant baseline hazafdnction and for a non-
parametric baseline hazard function. We present point estimatesdr r,, for non-parametric
and for piecewise constant baseline hazard functions. Variance tamates are in Section 4.6

4.1.1 Estimation of the hazard ratio parameters

We now show how to estimate the regression parameters for the oae-speci ¢ hazard func-
tions under a Cox proportional hazards assumption, following (Chag et al., 1998). We
allow for right censoring that may depend on covariates in the modelLeft truncation can
be accommodated by proper de nition of the \at risk" indicator Y;(t). The observations
for individual i in the cohort are X; = min( C;; T;), the covariates Z;, and (t), that takes
values in f0;1;:::;M g and denotes the state individuali is in at time t. The \at risk"

indicator Y;(t) = 1,if t the entry time for possibly left truncated data and if t  Xj;
otherwise Y;(t) = 0. Thus left truncation as well as right censoring are accommodé#ed by

adjusting the risk set. The quantity fNm (t) = I[X; t; i = m];t 0g denotes a process
that jumps when individual igexperiences an event ofdypem. Extending the notation of
Section 2.6 we setNp () = ', Nmi(t) and Y(t) = .. Yi(t);t 0, which count the

number of events of typem and the number of individuals still at risk at time t, respectively.
Note that in Figure 4.1, Panel a, Y;(t) = 0 following any event or censoring.

Due to the semi-parametric form of (4.4), standard likelihood methals cannot be applied
to estimate the regression coe cients . Instead, Cox (1972, 1975) estimated based on a
partial likelihood. The conditional probability that individual i had an event of typem at
time t, given that there was exactly one event of typem at that time and given all those
at risk at time t, is

p om®ZM  _ 5 ep(mZ")
o mGZY(0 L exp( mZMYi ()’

(4.5)

where the factor on has canceled out of the numerator and denominator. In the comping
risk setting, the partial likelihood for is the product over all failures times t; of the
conditional probabilities for all m event types, and thus independent of the baseline hazard
functions; the partial likelihood is

|

* AN (t)
Yoy o vimexp( 5z

PO P Y exp( 52

(4.6)

m=1i=1t O

Hereafter we assume that the components of that correspond to each of the outcomesn =

any common e ects of any of the covariates on theM outcomes. Then the partial likelihood
(4.6) factors into separate partial likelihoods,

Y
PL( )= PL( ,): 4.7)

m=1

A B . . . N .
In this usual case, estimates for the cause-speci c regressioone cients ", can be obtained
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by maximizing M partial likelihood functions for each event type separately, i.e., by slving
separate vector equations

X
o( )= dNmi (t))fz"  E( ;t)gm=1;:::;M; (4.8)
i=1
where P, 0 omaom
E( . t)= —peL Yi()exp( mZi")Zi"
m  Yihexp( nzZl)
Standard statistical software such asPROC PHREG in SAS (SAS Institute Inc., 2011) or
the packagesurvival written in R can be utilized to obtain Am, by treating all event types
k 6 m as censoring events. In addition to point estimates, this approactalso provides valid
estimates of the variance of’\m. Alternatively, standard optimization algorithms can be
used to obtain the maximum partial likelihood estimator Am such that U(Am) =0.
Prentice et al. (1978) pointed out that the full likelihood factored, analogous to Equation
(4.7), and indicated that the cause-speci ¢ hazards were therafre estimable and that event
types k 6 m could be regarded as censoring for estimating, .

(4.9)

4.1.2 Non-parametric estimation of the baseline hazard

When no distributional assumption is made for the cause-speci ¢ baeline hazard function
om (1), an estimator (Aalen, 1978) is

P n
0 1
LY exp(” nZm)

“om(t) = (4.10)

where Am maximizes the corresponding factor in (4.7). The non-parametric lson{Aalen
estimate of the cumulative cause-speci c baseline hazard at time is
AN Z t AN X AN
Om (t) = Oom (S)d5: Oom (Ujm); (4-11)
0

ulmt

with uf' <u <:::<u [ denoting the N, observed event times for themth event type.
The estimators Am and "om are consistent, asymptotically normal, and asymptotically e -

cient among semi-parametric Cox models (Andersen et al., 1993, Se¢lll 4.3). Speci cally,

n1=2(’\m m) converges to a normal distribution with mean zero and a covariane matrix
that can be estimated by nE,,* whereE, = @ logPL( ):@ﬁ1 is evaluated at Am. We
also de ne the estimated cumulative hazard for event typem,

N X N AO A NS
m(t;Zm) = om (U") exp(" mzZm) = “om (t) eXP(" 1 Zm): (4.12)

ul’“t

4.1.3 Semi-parametric estimation of absolute riskr

The semi-parametric estimate of absolute risk of event typem within the interval ( to;t1],
given z and given no events until time tq is
n #
A0 X A X A K N K
P (to; t1;2) =exp( nz™) om (U;) exp f o (uy;2%) k(to;2°)g ; (4.13)
to<uj t1 k=1

where u; are the observed event times of typem occurring in (to;t1]. Gerds et al. (2017)
developed theR packageriskRegressionto perform these calculations whenty = 0.
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4.1.4 Estimation of a piecewise exponential baseline hazhmodel

While a non-parametric baseline hazard function allows the most exiklity, we also consider
the piecewise constant baseline hazard model here for two reasrfirst, data are sometimes
reduced for Poisson regression into numbers of events of variougpes and person-years
exposure within cells de ned by time categories, such as ages 3034;35 39;::: years,

and by cross-classi cations on covariate levels. Such data are sicient for estimation of

the piecewise constant baseline hazard model. A second motivation ihat a parametric

model can greatly increase e ciency in comparison to semi-parameic methods when it

is a reasonable approximation to the true baseline. The piecewise erpential model is a
exible choice among parametric models. In simulation studies for cobrt data, Benichou

and Gail (1990a) reported up to fourfold e ciency gains for estimating absolute risk for the

piecewise exponential model compared to a non-parametric baseérhazard. Other exible

parametric hazard functions such as splines could also be t to the dta.

l'qg=1[ ogq; 19) @nd 194 = o(q+1) - DeNOte the constant cause-speci ¢ baseline hazard during
the qth time interval by  om(l4). The baseline hazard function for causem under the
piecewise exponential model is

X
om (t) = om (I )1 (t 21 q):
q
As in Benichou and Gail (1990a), the estimated absolute risk of evantype m in ( ok; 1]

given no events before ok is
" ”
hd

xl
(o 1:2) = SUgPme) 1 expf “o(l)exp("vz')( 14 oq) ; (4.14)
q:k v=1

P
where P, (1q) = "om (I q)exp('\(,;z”“)z L ov(l q)exp(’\\(,)z") and

=k
81g9= O P . q=x. (4.15)
! cexpt - a()exp(tiZ) (5 0)g g>k
Let toi be the time that the ith individual in the cohort is rst at-risk and t; the time last
at risk. In the competing risk setting, t; occurs at the earlier of the time of any event or
censoring. Then the at-risk time for this individual during the qth interval is

Ai( g) = I(toi < 19\ ti > og)fminfti; 1qg maxftei; 0q90: (4.16)
Note that the de nition of A; allows for left truncation. Set D™ (I 4) equal to the total
weighted person-time during the gth interval,

m X AO _m
D"(q) = Ai( g)exp( nz):
i=1
P
Then given d™(lq) = L, I(i(t) = m; oq t < 1q) Observed events of typem in
[ og; 1q), the estimate for om (I q) is

d"(lq) .
DM(lq)
This estimator is equivalent to (4.10) when the event times fall at theendpoints iq;i =0;1
of the intervals on which ¢, is constant.

Under the piecewise exponential model, the baseline cumulative hardfrom o to time
t ok IS

AOm (Iq) =

“om(t) = “om () (MINft 100 og):
g: og<t
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4.1.5 Alternative hazard models

The methodology can be applied to a broader set of hazard models byeneralizing Equa-
tion (4.4), so that

mtzZ™) = om@rr( ;z"); (4.17)

where rr ( ,;z™) is a known non-negative scalar function of ,, and covariatesz™. If
the z™ include a continuous exposure variablez!" (e.g., cumulative pack-years smoked or
absorbed radiation), one might consider an excess relative risk (ER) model for zI" (Preston
et al., 1993), such as

m( mizZ™) =@+ mizl)exp( p,25): (4.18)

To obtain the absolute risk estimates and variances for any model fothe form of Equa-
tion (4.17), one derives estimating equations for , from a partial likelihood by replacing
all instances of exp( %zm) in Equation (4.4) and its rst and second derivatives with
m( n:z"), @ ,;:z™)=@,,, and @rr( ,,;z")=@,, @ 2, respectively. Given the esti-
mator ", one would substitute rr (", ;z™) and its rst derivative for their corresponding
quantities in the formulas of Sections 4.1.1and 4.1.2to derive point estimates and in the
formulas in Section 4.6.1to estimate variances for absolute risk. Noe that the estimate of
m1 in (4.18) is constrained so that (1 + n1z") > O for all feasiblez]".

As an alternative to the proportional hazards model, Aalen (1989)proposed the additive

hazard model

(t2)= o)+ (1)%: (4.19)

Shen and Cheng (1999) studied estimates of absolute risk (4.1) bagd on a special case of
the additive model in (4.19), namely

mtZ)= om()+ 2Z™: (4.20)

This model was rst proposed by Lin and Ying (1994) who showed tha estimates of
in Equation (4.20) can be obtained in a closed form. Shen and Cheng 9B9) discussed
estimation and prediction of the absolute riskr,, when Equation (4.20) is used for the cause-
speci ¢ hazard functions and also constructed simultaneous cordence intervals forrp, . If
Equation (4.20) holds for all M competing events, then the impact of the covariatesZ on
;@e total hazar,g is given by tpe sum of their e ects on the cause-peci ¢ hazard functions,
m m(t) = m mo() + %Z: Schaubel and Wei (2007) established connections
between the model of Lin and Ying (1994) and both Cox and least sqares regression and
showed how standard statistical software may be used to t the alditive hazards model.
Scheike and Zhang (2002, 2003) proposed a exible additive-multipliative hazard model,
the Cox{Aalen model, that combines the Cox proportional hazardsmodel with the additive
model of Aalen,
m(tZ)=f n()Z7gexp( nZ5); (4.21)

where the rst entry of the vector Z7' is equal to one. This model reduces to the Cox model
when ZT' = 1 and to Aalen's additive model when all components ofZ}' are zero. Scheike
and Zhang (2002) studied estimates # (t) based on the Cox{Aalen hazard model and also
provided variance estimates.

Although these alternative approaches to modeling cause-speci hazards are potentially
useful, we rely on the Cox model (4.4) in our examples and irSection 4.6 on variance
estimation.

4.2 Cumulative incidence regression

In the cause-speci ¢ hazards model, the absolute risk, (t) = P(T t; = mjZ) depends
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M 1 competing causes through a complex nonlinear relationship given in duation (4.1).
It is therefore di cult to understand the e ects of covariates on ry by simply examining
" . Arelated issue is that standard methods for model assessment drcovariate selection
for the cause-speci c hazard model may apply to the individual esimated cause-specic
hazards, but not to modeling absolute risk itself. It is possible that acovariate in uences
the absolute risk rp,, but may not be strongly associated with any of the cause-specic
hazards, and therefore not be chosen for cause-speci ¢ modegjrof absolute risk.

Cumulative incidence regressionavoids these problems by incorporating covariates di-
rectly into rp (t; Z) via a link function,

gfrm(hg= o(t)+ Z; (4.22)

where ¢ is an unspeci ed invertible and monotone increasing function that catures the
baseline failure probability, see, e.g., (Fine, 1999). In this framewdt measures the distance
from the baseline probability g *f o(t)g on the scale ofg. There is no subindexm for ,
because is the only vector of regression coe cients that is estimated. Cumuative incidence
regression thus directly estimates this transformation model forr, without estimating

not all individuals will experience an event of type m because limy  rm(t) < 1. Thus rp
is referred to as a sub-distribution function, and some authors réer to regression models
for r, as sub-distribution regression models.

Before discussing cumulative incidence models in more detail, we dedloe a process
(Beyersmann and Schumacher, 2008) that helps formalize this appach to modeling ry,.
Beyersmann and Schumacher (2008) de ned the sub-distributiorprocess (t) in terms of
the original competing risk process (t) as

O=1CO=m @O+ 1({=kkém) (T )

whereT =inf ft: (t) > 0g: From this de nition, the process  has only two states, 0 and
m, and remains in the initial state O if an individual experiences one of teM 1 competing
events. Thus the two processes and  have to be interpreted di erently. If ~ (t) =0, then

an individual has not experienced an event of typem, while (t) =0 is interpreted as \no

event by time t". The corresponding time to the occurrence of an event of typam is then
T =infft> 0 (t1)60g. ThusT =Tif (T)=mandT =1 if ﬁ,T): k> 0;k 6 m,

and thus P(T t)=P(T t =m)forallt OandP(T =1)= ,s,P((T)=Kk),

which causes technical di culties when tting models, as explained in the next section.

4.2.1 Proportional sub-distribution hazards model

The best known cumulative incidence model, commonly referred to athe Fine and Gray
(FG) model (Fine and Gray, 1999), usesg(t) =logf log(1 t)gin Equation (4.22). This
model was introduced by Gray (1988). Using this link, Fine and Gray (1999) incorporated
covariates into r, via the sub-distribution hazard function for the event m, de ned as the
probability that a subject fails from cause m in an in nitesimal time interval given that the
subject has not experienced the event of typen up to t,

hm(t; Z2) = I!mO+ }Pft T<t+ ; =mjT t[ (T t\ 6 m);Z)g
o1 _ v Srm(tZ) _ dlogfl  r(t 2)g.
= I!lrr(1)+ Pt T <t+ T t;Z) = N at D (4.23)

Fine and Gray (1999) assumed a proportional hazards model forhte sub-distribution hazard,

hm (& Z) = hmo(t) exp( Z); (4.24)
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wherehn,o(t) is an unspeci ed non-negative function oft. Recalling that g(t) = logf log(1
t)gin (4.22), we see that o(t) logf Ot hom (s)dsg = logf Hom (t)g and thus
z t
rm(t;Z)=1 exp hm(s;Z)ds) =1 expf Hmo(t)exp( %2)g: (4.25)
0

If a binary covariate Z has a positive regression coe cient in (4.24), then the absolute risk
Ir'm (t; Z) is higher for individuals with Z = 1 than for those with Z = 0. In the cause-speci c
hazards formulation Z might increase n,, but its e ect on r, would depend on if and how
Z aected other cause-speci ¢ hazards.

Fine and Gray (1999) proposed to estimate the parameters in (4.24) based on a partial
likelihood that has the same form as the Cox partial likelihood. Howeve, the risk set at
the time t of a failure due to causem is comprised of all the cohort members who have not
failed from that cause, including those individuals who previously failedfrom other causes,
namely the set of all individualsi with f(T; t)[ (Ti <t \ ; 6 m)g. This de nition of the
risk set makes the analysis of time-dependent covariates challengin as one has to de ne
covariate values for those individuals who failed from causes otherhian causem, but who
are nevertheless technically still in the risk set (Beyersmann and Swmmacher, 2008). For
example, if we wish to assess the impact of hormone replacement ttapy use as a time-
dependent variable on absolute risk of incident breast cancer, a woan who died at age 60
from a non-breast cancer cause would still be in the risk set for brest cancer incidence at
age 70, but her usage of hormone replacement therapy is not deed. This problem does not
arise for xed covariates. In the absence of censoring, an indicat of whether an individual
is in the sub-distribution risk setis Y, (t) = I(T t)+ I(T <t; (T)= k;k> 0;k 6 m).

In the presence of right censoring, the corresponding sub-distoution at risk process
is given by Y (t) = I(min(T;C) t)+ I(T <t C; (T) = kik > 0;k 8 m). As in
general the second indicator function is unknown, Fine and Gray (299) replacedY (t) by
an \estimated" contribution to the risk set, ¥ (1), by weighting the observable uncensored
indicators Y, (t) with\inverse probability of censoring weights" (IPCW) (Robins and Rot-
nitzky, 1992). To obtain these weights, one needs to estimate theensoring distribution
for each individual. Assuming censoring is completely at random, i.e., tat censoring does
not depend on any covariates, Fine and Gray (1999) estimated theensoring distribution
by the Kaplan{Meier estimator G(t) = P(C t), and used the time-dependent weights
wi(t)= 1fC; min(Ti;t)gS(t)=G(min(C;; Ti;t )) to obtain

\ (M) = w(t)Yo (t) = wt)f I (T t)+ I(T<t; (T)= k;k> 0;k 6 m)g
(G THG()

= I (min(T;C) t)+ &

I(T<t (T)=k;k> 0;k6 m): (4.26)
This estimate is asymptotically unbiased, in the sense thatE P ® =Y (b).

Alternatively, the censoring distribution could be modeled parametrically or semi-
parametrically and also be allowed to depend on covariateZ.

An estimate ” is thus obtained by solving the weighted score equations

( P, )
O )= dNg i) 2 e OYe Oexp( Z))Z,

i=1 I jn:1 w; (1) Y () exp( Z;)
Here N, is the counting process associated with events of typen, de ned in the same

(4.27)

way as for the cause-specic setting adiNy = | (min(T;; C;) t; (t) = m). The estimated
cumulative sub-distribution hazard function is given by
Z

Fm(t2) = t exp(*°Z)dH mo(t);
0
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where Fno(t) is @ modied version of the Breslow estimator for a standard cumulaive
hazard function, given by

X P

Hmo(t) = P

min( T; ;Ci) t

1 dNmi fmin(T; ;Ci)g
in:1 Y, fmin(T, ;Ci)gexp(’\ozi)'

Using » and Hno(t) in Equation (4.25) yields the estimate
An(;Z)= P(T t =mjz)=1 expf Hn(t2)0

Fine and Gray (1999) prove consistency and asymptotic normality & ~ based on weighted
score equations, and show thar 4 (t; Z) has an asymptotic normal distribution. They also
provide point-wise con dence intervals and con dence bands.

The computation of fiy, (t; Z) is implemented in the R packagecmprsk,
(https://cran.r-project.org/web/packages/cmprsk/index.ht ml/), and also in the STATA
software (StataCorp., 2015). One limitation is that the theory in Fine and Gray (1999)
did not allow for left truncation or time-dependent covariates, nor does this software.

Only recently has the estimation of the sub-distribution hazards malel been extended to
accommodate left truncation as well as right censoring. Geskus (2L1) showed that estimates
of in (4.24) can be obtained by solving a weighted score equation wheré¢ time-dependent
weights depend on the censoring and the truncation distribution. Letting L denote the left
truncation variable, this can be done by noting that the sub-distribution risk set enumerator
becomesy (t) = IfL<t min(T;C)g+ Ifmax(T;L) <t C; (T)= k;k> 0;k 6 mg,
which can be replaced in the score equation by the \estimated" risk st indicator \4 (t) =
IfL T min(T;C)g+ I1(C T>L)GHRM=FST YA(T Hl(T <t; (T)= k;k >
0;k 6 m), where K (t) is an estimator of P(L  t). Thus estimates of are obtained by
solving the score Equations (4.27) with weightsw(t) = G(t)H (t)=f &(T )A(T )g. Geskus
(2011) derived asymptotic results for the proportional sub-distibution hazards model under
left truncation using these time-dependent weights, and a corrgsonding R function is built
into the R package mstate (https://cran.r-project.org/web/packages/mstate/mstate .pdf,
(de Wreede et al., 2011)).

Contemporaneously, Zhang et al. (2011) also developed an apprdato tting the Fine{
Gray proportional sub-distribution hazard model with left trunca ted and right censored
observations. These authors start from the general case wherthe truncation and censoring
distributions depend on covariates (but are independent conditioml on these covariates),
but then provide details only for non-parametric estimates of the weights using inverse prob-
ability weighting (IPW). Geskus (2011) argued that even if the cengring and/or truncation
distribution depended on covariates it is not necessary to include thse covariates in the
weights. Zhang et al. (2011) used a stabilized weight rather than tle IPW to reduce the
variability in the original weight. These weights seem quite di erent fr om those of Geskus
(2011) as they depend on an estimate of overall survival, and a caful comparison of the
performance of these two approaches would be useful.

4.2.2 Other cumulative incidence regression models

Equation (4.22) allows for other link functions, such as the logit link function, g(t) =

logft=(1 t)gstudied in (Fine, 2001). Scheike et al. (2008) also modeled the covate e ect

for the absolute risk estimate via binomial regression. They also ex@nded the FG model to
allow for time-dependent e ects of some of the covariates,

logitf rm (1)g = Z1 1(t) + Z3 o


https://cran.r-project.org/web/packages/mstate/mstate.pdf
https://cran.r-project.org/web/packages/cmprsk/index.html/
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Scheike and Zhang (2011) gave software for tting such models. ght censoring is accommo-
dated using the probability of censoring as weights. The authors cmpared the performance
of two estimates of the censoring distribution, the Kaplan{Meier survival function and a
Cox regression model. They found in simulations that incorporating ovariates into the es-
timation of the censoring distribution resulted in signi cant e ciency gains for the logistic
cumulative incidence regression model. However, no such e ciencyajn was seen when the
FG sub-distribution hazard model was tto ry,.Klein and Andersen (2005) described simple
methods to estimate models (4.22) by applying generalized linear modeto jackknife-like
pseudo-values.

4.2.3 Relationship between the cause-speci ¢ and the progmnal sub-distribution
hazards models

Di erentiating minus the logarithm ofl_Qne minus Equations (4.1) and (4 .25)|§nd noting that
1 P(T t =m)=P(T>t)+ ,gmP(T t =k =PT>t)+ ,om,k), we
see that the cause-speci c and the sub-distribution hazards fuantions are related through

k& m rk(t)
P(T >t)

Equation (4.28) highlights di erences between the cause-speci c ad the sub-distribution
hazard functions. First, m(t) hmn(t). Second, as the rst factor on the right hand side of
(4.28) depends ort, proportionality over covariates cannot hold simultaneously forh, and

m - Third, Equation (4.28) indicates how a covariate might increase , but decreaseh,, and
hencery,. Suppose a binary covariate increasesy, by a factor of 1.5, qyt increases all the
other cause-speci ¢ hazards functions ; k 6 m, much more, sothat 1+ . r«=P(T >1t)
increases by a factor of 2. The e ect of the covariate is to multiply hy, by 1:5=2 = 0:75.
Thus the parameters describe the overall impact of a covariate onrp,. However, the
cause-specic parameters may o er insight into how the covariates impact r, and also
allow for an etiologic interpretation of the covariate e ects, which may be preferred by
some epidemiologists. Gerds et al. (2012) discuss potential problesmof interpretation of
various models for cumulative incidence regression including: absolatrisk estimates may
exceed 1.0 for some models; the sum of absolute risk projectionsesvcauses may exceed
1.0 (which cannot occur for cause-speci ¢ models); and the methas that require inverse
probability weighting to account for censoring can yield biased resuls if the censoring
model is misspeci ed. Andersen and Keiding (2012) question the intgretability of the
sub-distribution hazard because the corresponding risk sets inctle persons who have had
absorbing events.

m(t)= 1+ hm (t): (4.28)

4.3 Examples
4.3.1 Absolute risk of breast cancer incidence
Data

We illustrate the methods described above based on a slightly modi edversion of a
recently developed absolute risk model for breast cancer (Pfeieet al., 2013). In that
paper, we combined data from two large cohorts to estimate the mdel parameters. For
ease of exposition, we only use one of the cohorts here, namely tiNational Institutes of
Health-AARP Diet and Health Study (NIH-AARP), that is described in detail in Schatzkin
et al. (2001). It included 567,169 men and women who, in 1995{1996, were 50{71 years
old and resided in one of eight states. Participants returned a sel&dministered baseline
guestionnaire and a second more detailed questionnaire, sent 6 mihis after the baseline
guestionnaire. Cancer cases were identi ed through linkage with site cancer registries with
90% completeness of case ascertainment (Michaud et al., 2005). Ativasive breast cancer
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cases had a histologic diagnosis. Vital status was ascertained thugh annual linkage to the
Social Security Administration Death Master File and the National Death Index Plus.

We restrict the analysis to 191,604 non-Hispanic, white women who completed the base-
line questionnaire, had follow-up information, and had no personal fstory of breast cancer
at baseline. Among these womenn = 5; 905 were diagnosed with invasive epithelial breast
cancer during follow up, including 35 breast cancers that developeih women after a di-
agnosis ofin situ breast cancer, and 12383 women died from causes other than breast cancer.

Estimation of the cause-speci ¢ hazard function for breast cancer incidence

To build the absolute risk model, we rst estimated the cause-specic hazard function for
invasive breast cancer. We t a Cox proportional hazards model b the data with age as the
time scale, to estimate relative risk (RR) parameters, 95% con dere intervals (Cls) and the
cause-speci ¢ baseline hazard function for invasive breast canceWomen were considered
at risk from the age at study entry (completion of baseline questiomaire) until the age
at the earliest of the following: (1) diagnosis of invasive breast carer, (2) death, or (3)
administrative censoring on December 31, 2003. Thus the data werleft truncated on the age
scale. Death and administrative censoring were combined into a singleensoring event for
the purpose of estimating the cause-speci ¢ hazard (Prentice eal., 1978). Proportionality
of the hazard functions was assessed by visual inspection of hadaplots and Schoenfeld
residuals. UsingPROC PHREG, SAS v9.2 software, and the functioncoxphin the R Package
survival (Therneau and Grambsch, 2000), yielded virtually identical results Late entry is
accommodated using theentry option in the model statement of PROC PHREG, and in
the speci cation of the survival object de ned using Survin R.

Details on variable coding and model building can be found in Pfei er et d. (2013). When
building the model we considered the following risk factors: body masindex (BMI), age at
menarche, number of live-born children (parity), age at rst birth , duration of oral contra-
ceptive (OC) use, menopausal status and age at natural menopse, status and duration
of menopausal hormone therapy (MHT) use, status and durationof estrogen and progestin
MHT use, duration of unopposed estrogen MHT use, history of beign breast disease and
past breast biopsies, rst-degree family history of breast cance( rst degree relatives de-
ned as mother, daughters and sisters with a breast cancer diagosis), rst-degree family
history of ovarian cancer, any previous gynecologic surgery (daed as hysterectomy and/or
partial or bilateral oophorectomy), smoking status, cigarettesper day smoked and alcohol
consumption. Table 4.1 describes some key variables with the numbeof cases, competing
deaths and non-events in each category.

Information for benign breast disease was missing on more than 20%f the women in
the dataset, and we thus created an indicator for missing values. \&excluded 2(273 women
who had missing information on family history, BMI, gynecologic surgey or age at rst live
birth, from the analysis, leaving 171,331 women in NIH-AARP to t the nal breast cancer
RR model. Of those women 284 were diagnosed with invasive breast cancer and 810
died from other causes.

We rst assessed the main e ects of all risk factors listed above. Tie nal model included
only variables that were signi cant in multivariable models with p < 0:01. We chose a
stringent p-value as we did not want to include variables with modest RRs that would not
improve prediction. Model building was repeated using stepwise varible selection in Cox
proportional hazards models and led to the same selection of varidés. We also assessed
the signi cance at p < 0:01 of all rst-order interaction terms of variables included in the
nal model. We tted variables with trends whenever appropriate ( seeTable 4.2). For all
risk factors, the reference category was the lowest risk categyp
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Table 4.1: Numbers of invasive breast cancer cases and non-cadssselected characteristics
of non-Hispanic, white women in the NIH-AARP cohort

Number of
breast cancer competing cause

cases (%) deaths (%) no events (%)

Characteristic Subcategory n =5;905 n=12;383 n =173; 316
BMI, kg=m?2 <25 2,464 (41.7) 5,110 (41.3) 76,452 (44.1)
25to0 < 30 1,901 (32.2) 3,454 (27.9) 54,353 (31.4)
30to < 35 848 (14.4) 1,787 (14.4) 23,859 (13.8)
35 510 (8.6) 1,291 10.43 12,935 (7.5)
Missing 182 (3.1) 741 (6.0) 5,717 (3.3)
Family history No 4,554 (77.1) 10,204 (82.4) 142,970 (82.5)
of breast or Yes 1,240 (21.0) 1,859 (15.0) 26,905 (15.5)
ovarian cancer Missing 111 (1.9) 320 (2.6) 3,441 (2.0)
Benign breast disease No 1,947 (33.0) 4,392 (35.5) 65,091 (37.6)
Yes 2,607 (44.1) 3,808 (30.8) 61,006 (35.2)
Missing 1,351 (22.9) 4,183 (33.8) 47,219 (27.2)
Parity Nulliparous 1,000 (16.9) 1,843 (14.9) 24,566 (14.2)
1-2 2,134 (36.1) 4,049 (32.7) 62,975 (36.3)
3 2,640 (44.7) 6,160 (49.8) 82,496 (47.6)
Missing 131 (2.2) 331 (2.7) 3,279 (1.9)
Estrogen and 0 years 1,301 (22.0) 3,369 (27.2) 42,862 (24.7)
progestin MHT use 19 605 (10.2) 443 (3.6) 13,983 (8.1)
10 322 (5.5) 247 (2.0) 5,034 (2.9)
NA or missing 3,677 (62.3) 8,324 (67.2) 111,437 (64.3)
Alcohol consumption, 0 1,573 (26.6) 4,764 (38.5) 48,059 (27.7)
drinks/day <1 3,343 (56.6) 5,900 (47.7) 101,841 (58.8)
1 989 (16.8) 1,719 (13.9) 23,416 (13.5)
Other MHT use No 4,197 (71.1) 9,428 (76.1) 122,700 (70.8)
Yes 1,708 (28.9) 2,955 (23.9) 50,616 (29.2)
Age at birth of <25 4,268 (72.3) 9,538 (77.0) 130,087 (75.1)
rst child, years (25;29] 1,130 (19.1) 1,971 (15.9) 30,978 (17.9)
30 410 (6.9) 644 (5.2) 9,854 (5.7)
NA or missing 97 (1.6) 230 (1.9) 2,397 (1.4)
Gynecologic Surgery No 3,406 (57.7) 6,310 (51.0) 92,035 (53.1)
Yes 2,189 (37.1) 5,290 (42.7) 72,510 (41.8)
Missing 310 (5.3) 783 (6.3) 8,771 (5.1)
Age at menopause, < 50 3,020 (51.1) 7,836 (63.3) 97,847 (56.5)
years [50; 55) 2,000 (33.9) 3,410 (27.5) 53,647 (31.0)
55 545 9.23 766 (6.2) 11,703 (6.8)
Premenopausal/ 340 (5.8) 371 (3.0) 10,119 (5.8)
missing
Smoking Never smoker 2,459 (41.6) 3,395 (27.4) 76,533 (44.2)
Former smoker 856 (14.5) 3,219 (26.0) 23,738 (13.7)
Current smoker 2,409 (40.8) 5,294 (42.8) 67,555 (39.0)
Missing 181 (3.1) 475 (3.84) 5,490 (3.2)

The cases include 35 women who developed invasive breast canceteafa diagnosis ofin
situ breast cancer.
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Table 4.2: Multivariable cause-speci c relative risk (RR) estimates for invasive breast cancer
and death from causes other than breast cancer among non-Hiapic, white women in the
NIH-AARP cohort

Invasive breast Competing causes

cancer

of death

Characteristic Subcategory RR (95% CI) RR (95% CI)

BMI < 25kg=m? 1.0 (referent) 1.0 (referent)
Per category increase  1.11 (1.08-1.15) 1.06 (1.04-1.08)

Estrogen and progestin No MHT use 1.0 (referent) 1.0 (referent)

MHT use Per category increase  1.42 (1.34-1.51) 0.75 (0.71-0.80)

Other/unknown No 1.0 (referent) 1.0 (referent)

MHT use Yes 1.22 (1.13-1.33) 0.80 (0.75-0.84)

Alcohol consumption

0 drinks/day
Per category increase

1.0 (referent)
1.12 (1.08-1.17)

1.0 (referent)
0.80 (0.77-0.82)

Gynecologic Surgery Yes 1.0 (referent)
No 1.14 (1.07-1.23)
Parity 1+ children 1.0 (referent) 1.0 (referent)
Nulliparous 1.32 (1.23-1.42) 1.13 (1.07-1.19)
Family history of breast or No
ovarian cancer Yes 1.39 (1.30-1.49)
Age at rst live birth < 25 years 1.0 (referent) 1.0 (referent)
Per category increase  1.15 (1.10-1.20) 0.93 (0.89-0.96)
Age at menopause < 50 years 1.0 (referent) 1.0 (referent)
Per category increase  1.13 (1.07-1.18) 0.86 (0.83-0.88)
NA/missing 1.04 (0.91-1.18) 0.61 (0.53-0.70)
Benign breast No 1.0 (referent) 1.0 (referent)
disease/biopsy Yes 1.41 (1.32-1.50) 0.88 (0.84-0.93)
missing 1.30 (1.11-1.52) 0.84 (0.75-0.94)

Smoking

Never smoker
Per category increase

1.0 (referent)
1.29 (1.27-1.32)

All variables are coded so that the lowest risk category for invasivebreast cancer is the

reference category.

Categories for variables tted with a trend: BMI:

35kg=n¥; estrogen and progestin MHT use: never< 10;

< 25,25 to < 30;30 to < 35; and

10 years; age at rst birth:

< 2525 29,and 30 years; age at menopause 50;50 54; 55 years, missing; alcohol

consumption: 0 < 1;
years, 2:

The nal RR model ( Table 4.2) included: BMI ( < 25;25to< 30;30to< 35
estrogen and progestin MHT use (neverg 10;
1 children), age at rst birth ( < 25,25 29,

yes), parity (0;

1 drinks/day; age menopause: 0: premenopausal or 49,1 : 50 54
55 years; smoking: 0: never smoker, 1: former smoker, 2: curmesmoker.

35kg=nm),

10 years), other or unknown MHT use (no,
30 years), premenopausal

(no, yes), age at menopause<q 50;50to < 55, 55 years), benign breast diseases (no, yes),
previous gynecologic surgery (no, yes), family history of breastoovarian cancer (no, yes),
and alcohol consumption (Q< 1; 1 drinks/day). The largest RRs per category increase
in the model were obtained for having used estrogen and progestiMHT, RR = 1:42
(95%C1 : 1:34 1:51) per category increase in duration, and having a history of benig
breast disease/biopsyRR = 1:41 (95%CI : 1:32 1:50).
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The only competing outcome in our example is death from causes othehan breast
cancer. Among the women in our cohort, we observed 1092(6:2%) deaths during follow-up.
We estimated a cause-speci ¢ hazard function for death using a Ge proportional hazards
model. For this model we treated administrative censoring and breat cancer incidence as
censoring events. The relative risk estimates are given in the fouht column of Table 4.2. For
ease of comparison we used the same reference category forheaariable as in the breast
cancer relative risk model. Model selection was performed in the saenmanner as for the
relative risk model for invasive breast cancer. Having a family histoy of breast or ovarian
cancer and having had a prior gynecological surgery were not assiated with the risk of
dying. However, as expected, smoking increased risk of death flocauses other than breast
cancer, with RR = 1:29 (95%C1 : 1:27 1:32)

We estimated the baseline hazard function for each cause non-pametrically and then
plugged them into Equation (4.13) to estimate the absolute risk of imasive breast cancer.
Table 4.3 gives examples of 5 and 10 year projections of absolute rissf invasive breast
cancer for three 60 year old women. Pro le 1 corresponds to a lowisk woman; her 5- and
10-year absolute risks of developing invasive breast cancer areB3% and 176% respectively.
Pro le 2 is that of an intermediate risk women, and pro le 3 shows a woman at somewhat
elevated breast cancer risk. Her 5 and 10 year risks of developingvasive breast cancer
are 660% and 1388% respectively. Had this woman been a current smoker, her absolute
breast cancer risks would be slightly lower due to her increased riskfalying from causes
other than breast cancer; her 5- and 10-year absolute breastancer risks would be 657%
and 1377%. This calculation illustrates that changes in covariates that a ect competing
causes usually have little impact on the absolute risk of the cause of tarest because they
enter the integral expression (4.1) as a second order term.

Estimation of the sub-distribution hazard function for bre ast cancer incidence

We t the proportional sub-distribution hazards regression model (Fine and Gray, 1999)
to the breast cancer data inSection 4.3.1to compare it with the cause-speci ¢ approach to
estimation of absolute risk. We used theR function crprep in the packagemstate (Geskus,
2011; de Wreede et al., 2011). This function uses an estimate of th&urvivor function of
the censoring distribution to reweight contributions to the risk sets for failures from com-
peting causes and time-dependent weights to accommodate left uncation. We rst used
all the covariates that were predictors for either the cause-spa ¢ hazard of breast can-
cer, or the cause-specic hazard of death in our model. Howeverin the Fine and Gray
model the smoking variable was not statistically signi cantly associated with cumulative
incidence of breast cancer g > 0:05); thus we omitted it from the nal model. The sub-
distribution relative risk estimates for invasive breast cancer basd on model (4.24) in Ta-
ble 4.4 are very similar to the cause-speci c relative risks for breastcancer (m = 1) in
Table 4.2. This is because the absolute risk of death is small in this exaple (6.2%) so
that ro(t)=P(T > t) << 1 in Equation (4.28). It follows that the cause-specic hazard
ratio

exp( %) =exp( 2)[L1+ ra(t;2)=P(T > tj2)][1 + ra(t;20)=P(T >tjzo)] *  exp( %);

provided the same covariates are used to model and h.

4.3.2 Absolute risk of second primary thyroid cancer (SPTC)incidence

Our second example is based on a model that we developed to preditite absolute risk
of second primary thyroid cancer (SPTC) among ve-year survivas of a childhood cancer
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Table 4.3 Projections from the cause-speci ¢ model of absoluteisk of invasive breast cancer
for three 60-year-old women with selected risk pro les

Characteristics Prole 1 Prole 2 Prole 3

BMI, kg=nv¥ 24 36 41
Estrogen and progestin MHT use No MHT use 12 years 11 years
Other/unknown MHT use No No Yes
Parity 2 children 1 child 1 child
Age at rst live birth 23 24 22
Age at menopause < 50 years 52 58
Benign breast disease/biopsy No No Yes
Family history of breast or

ovarian cancer No No Yes
Alcohol consumption 0 drinks/day O drink/day 2 drinks/day
Gynecologic Surgery yes no no

Smoking

Never smoker

Never smoker Never smoker

Relative risk estimate for
breast cancer

1.0

3.22 10.71

Relative risk estimate for
competing mortality 1.0 0.44 0.28

5-year absolute risk 0.83% 2.96% 6.60%
In uence based standard error 0.05% 0.25% 0.61%
Bootstrap based standard error 0.07% 0.31% 0.65%
10-year absolute risk 1.76% 6.36% 13.88%
In uence based standard error 0.10% 0.52% 0.76%
Bootstrap based standard error 0.14% 0.65% 1.18%

(Kovalchik et al., 2013a). The incidence of childhood cancers in devefed nations has been
increasing at a modest but consistent rate (Steliarova-Foucherteal., 2004). Owing to ther-
apeutic advances, this rise has coincided with a signi cant decline in mdality, and 85% of
ve-year childhood cancer survivors diagnosed after 1970 are gpected to survive another
30 years or more (Mertens et al., 2008). Despite its curative beng, the treatment for child-
hood cancers can have adverse late e ects on the health of longitm survivors, including an
elevated risk of second primary malignancies and cardiac- or pulmomg-related mortality
(Armstrong, 2010). Approximately 10% of subsequent primary mdignancies among child-
hood cancer survivors are cancers of the thyroid gland (Reulen eal., 2011). This excess
risk is largely attributable to prior radiotherapy and persists throu ghout the adult life of
irradiated survivors.

In Kovalchik et al. (2013a), we combined data from a large cohort, he Childhood Cancer
Survivor Study (CCSS) (Robison et al., 2009), and two case-contl studies, the Late Ef-
fects Study Group (LESG) (Tucker et al., 1991) and the Nordic Childhood Cancer Survivor
Study (Olsen et al., 2009; Svahn-Tapper et al., 2006). This exampléowever, is based only
on data from the CCSS cohort.

Data

CCSS included 11997 ve-year survivors of childhood cancer diagnosed between 79
and 1986 at 26 medical centers in the US and Canada, with follow-upa January 1, 2010
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Table 4.4: Multivariable sub-distribution relative risk ( RRs) estimates for invasive breast
cancer among non-Hispanic, white women in the NIH-AARP cohort

Characteristic Subcategory Invasive breast cancer

RRs (95% ClI)

BMI < 25kg=m* 1.0 (referent)
Per category increase 1.10 (1.07-1.13)

Estrogen and progestin MHT use No MHT use 1.0 (referent)
Per category increase 1.43 (1.34-1.51)

Other MHT use No 1.0 (referent)
Yes 1.23 (1.13-1.34)

Age at rst live birth < 25 years 1.0 (referent)
Per category increase 1.16 (1.11-1.22)

Parity 1+ children 1.0 (referent)
Nulliparous 1.29 (1.20-1.39)

Age at menopause < 50 years 1.0 (referent)
Per category increase 1.14 (1.09-1.20)
NA/missing 0.99 (0.87-1.14)

Benign breast disease/biopsy No 1.0 (referent)
Yes 1.41 (1.32-1.50)

Family history of breast or No 1.0 (referent)
ovarian cancer Yes 1.39 (1.30-1.49)

Alcohol consumption

Gynecologic Surgery

0 drinks/day
Per category increase
yes
No

1.0 (referent)
1.13 (1.09-1.18)
1.0 (referent)

1.14 (1.22-1.06)

Categories for variables tted with a trend: BMI: < 25,25 to < 30;30 to < 35; and
35kg=n¥; estrogen and progestin MHT use: never< 10; 10 years; age at rst birth:
< 2525 29 ,and 30 years; age at menopauses 50;50 54; 55 years, missing; benign
breast diseases/biopsy: no, yes, missing; alcohol consumption; © 1; 1 drinks/day; age
menopause: 0: premenopausal or 49, 1:50 54 years, 2: 55 years.

for the present analysis. Subjects were eligible for inclusion in the aalysis if they were (1)
alive and at-risk of developing SPTC ve years after a rst cancer diagnosed before age 21
and (2) had a reconstructed radiation absorbed dose to the thywid gland.

Estimation of the cause-specic hazard functions for secon
cancer (SPTC) incidence and for competing events

d primary thyroid

For the present example, we built an absolute risk model that include variables from
self-report and medical records, but not from reconstructed adiation dose. We used age as
the time scale. The data were left truncated because cohort mendrs rst became eligible
for inclusion at the age at which they had survived ve years beyondtheir rst primary
cancer diagnosis. We t Cox proportional cause-specic hazard nodels to estimate the
relative risks for selected predictors for incidence of SPTC, de nd as the rst occurrence
of a pathologically-con rmed thyroid malignancy, and for competing events. Competing
events for SPTC were death 6 = 1;403), self-reported complete removal of the thyroid
gland (n = 115), and other second primary cancers if = 965), which were determined from
pathology reports with follow-up to January 1, 2010. During follow-up, n = 124 patients
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were diagnosed with SPTC, andn = 2;483(21%) of the patients experienced a competing
event.

Patients provided self-reports of demographic information, medial conditions, and
health behaviors. Factors obtained from medical records includeduse of radiation ther-
apy, body regions irradiated, and use of chemo-therapeutic agés during the rst 10 years
following the childhood cancer diagnosis. Selected characteristics igroups of individuals
de ned by outcome are listed in Table 4.5.

Indicator variables for any radiation, radiation therapy to the neck, and the use of an
alkylating agent were strong risk factors for SPTC (Table 4.6). Birt h after 1970, age less
than 15 years at rst primary cancer diagnosis and female gender ere also statistically
signi cantly associated with SPTC risk. The strongest predictor in t he model was having
received radiation therapy that included the neck (RR = 7:64 with (95%Cl: 4.81-12.14).
In the competing events model, the strongest predictors were gatment-related variables,
namely alkylating agents (yes/no) with RR = 1:60 (95%CI: 1.48-1.74), radiation (yes/no)
with RR = 2:06 (95%CI: 1.83-2.32), and radiation to the neck (yes/no), withRR = 1:79
(95%CI: 1.64-1.96). This analysis gives some insight into how a given tisfactor in uences
absolute risk. For example, female gender acts primarily though its @ct on the hazard of
SPTC, rather than through its small e ect on the hazard of competing events.

We estimated the baseline hazard function for both the primary evat, and the competing
events non-parametrically. For illustrative purposes, we report D-year SPTC risk for three
selected childhood cancer survivor pro les Table 4.7). The SPTC absolute risk for a survivor
at the lowest level of all risk factors (Prole 1) was 0:04%, while it was 829% for an
individual in the highest risk category (Pro le 3, Table 4.7). A person with the same risk
factor pro le as Pro le 3, except no radiation to the neck, had an absolute 20-year risk of
SPTC of 1:36%, highlighting the importance of this predictor.

Estimation of the sub-distribution hazard function for sec ond primary thyroid
cancer (SPTC) incidence

The relative risk parameter estimates for the sub-distribution hazard function for SPTC
given in Table 4.8 are somewhat di erent from those for the cause-peci c hazard func-
tion in Table 4.6. For example, the estimate for the variable \radiation to the neck" has
a sub-distribution relative risk estimate of 6.38 (95% Cl:= 4.02-10.12)while the cause-
speci ¢ relative risk estimate for SPTC was 7.64 (95%ClI: 4.81-12.14)The lower e ect of
this predictor on the sub-distribution hazard stems from the fact that neck radiation is also
associated with increased risk of competing events (cause-specirelative risk for the com-
peting events hazard of 1.79), which lowers its impact on absolute risof SPTC. Although
the sub-distribution relative hazards (Table 4.8) summarize the oveall impact of a covari-
ate on absolute SPTC risk, they do not describe the separate e és of these covariates on
SPTC risk and on the risk of competing events, as do the cause-spiec relative risks ( Table
4.6).

4.4 Estimating cause-speci ¢ hazard functions from sub-sa mples from cohorts

For large cohorts and rare outcomes, it may be more cost-e ectig to measure expensive
covariates on all or most cases that occur during follow-up, i.e., sujects who experience the
event of interest, but only on a small subset of the individuals who h&e not experienced
the event (\controls"). The two most popular sub-sampling strat egies are the nested case-
control design and the case-cohort design, both of which permit eient estimation of
cause-speci ¢ hazards. We describe how one can estimate causgeci ¢ hazard functions
from these designs and use them to build absolute risk models in the metwo sections.
Although these designs do not require covariate information on all nembers of the cohort,
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Table 4.6: Multivariable cause-speci c relative risk (RR) estimates for second primary thy-
roid cancer (SPTC) and competing causes among 5-year survivois a childhood cancer in

the CCSS cohort

Characteristic

Subcategory SPTC

RR (95% Cl)

Competing causes
RR (95% ClI)

Birth year after 1970 no 1.0 (referent) 1.0 (referent)
yes 1.87 (1.24,2.82) 0.74 (0.67, 0.82)
Age at FPC < 15years no 1.0 (referent) 1.0 (referent)
yes 3.43 (1.88,6.28) 0.82(0.73, 0.91)
Female no 1.0 (referent) 1.0 (referent)
yes 2.79 (1.90, 4.09) 1.06 (0.98 1.14)
Any alkylating agent 2 no 1.0 (referent) 1.0 (referent)
yes 1.58 (1.08, 2.30)  1.60 (1.48, 1.74)
Any radiation @ no 1.0 (referent) 1.0 (referent)
yes 1.37 (0.69, 2.75)  2.06 (1.83, 2.32)
Radiation treatment no 1.0 (referent) 1.0 (referent)
to neck @ yes 7.64 (4.81, 12.14) 1.79 (1.64, 1.96)

aWithin 10 years of rst primary cancer.

Table 4.7: Examples of 20-year projections of absolute risk of sead primary thyroid cancer
from the cause-speci ¢ model for three 15-year-old childhood azcer survivors with selected
risk pro les

Characteristic Prole 1 Prole2 Prole3

Age at start of projection 15 15 15
Birth year after 1970 No Yes Yes
Age < 15 years at rst primary No Yes Yes
cancer diagnosis

Female No Yes Yes
Any alkylating agent for FPC No Yes Yes
Any radiation No Yes Yes
Radiation treatment to neck No No Yes
Absolute risk estimate (in %) 0.04% 1.36% 8.29%

they do require complete information on follow-up and event times. Qe of the attractive
features of the cause-speci ¢ models of absolute risk is that thewre estimable from sub-
samples of cohorts.

4.4.1 Case-cohort design

The case-cohort design, introduced for time-to-event data by Pentice (1986) and further
studied by Self and Prentice (1988), requires collecting covariate ata for all cases and for
a random sample of the entire cohort (the \subcohort"), which can include cases. The size
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Table 4.8 Sub-distribution relative risk estimates (RRs) for SPTC among 5-year survivors
of a childhood cancer in the CCSS cohort

Characteristic Subcategory  RRs (95% CI)
Birth year after 1970 No 1.0 (referent)
Yes 1.30 (0.87, 1.93)
Age at FPC < 15years No 1.0 (referent)
Yes 2.88 (1.58, 5.28)
Female No 1.0 (referent)
Yes 2.75 (1.87, 4.03)
Any alkylating agent @ No 1.0 (referent)
Yes 1.30 (0.89, 1.91)
Any radiation 2 No 1.0 (referent)
Yes 1.24 (0.62, 2.47)
Radiation treatment to neck 2 No 1.0 (referent)
Yes 6.38 (4.02, 10.12)

& Within 10 years of rst primary cancer diagnosis.

of the subcohort, i, is usually much smaller than the size of the cohort,n. This design
is closely related to designs for dichotomous outcomes proposedréar by Kupper et al.
(1975) and Miettinen (1976). The case-cohort design can substaially reduce cost and e ort
of exposure assessment in epidemiologic cohort studies with only a sithloss of e ciency
compared to a full cohort design. It is most cost-e ective when the most expensive part of
the study is not in recruiting subjects, but in measuring exposuresand predictors of interest.
The case-cohort design is particularly suited to molecular epidemiolog studies in which
biospecimens can be collected and stored for later analysis. For theases and members of
the subcohort, these specimen can then be analyzed to determiran individual's exposure
at study entry when the samples were collected, and, if serial sp@oens were stored, the
exposure levels over time. The case-cohort design has been appliaccancer, cardiovascular,
and HIV research, and is popular for genetic epidemiologic studies.

An advantage of the case-cohort design over the nested casertrol design (Section
4.4.2) is that the sub-cohort may serve as the comparison group fomultiple disease out-
comes, because it was chosen without regard to failure status. Bnsen and Andersen
(2000) extended the pseudo-likelihood approach for analyzing cascohort studies proposed
by Self and Prentice (1988) to apply to a common control group formultiple event types
and provided methods for variance estimation and hypothesis teshg. They also developed
cause-speci ¢ baseline hazard estimates for absolute risk estiman. We outline their ap-
proach here for cause-speci ¢ hazards that satisfy the propdional hazards model (4.3).

Let the sampling indicator Vi be one if personi is selected into the sub-cohort or O
otherwise. With simple random sampling of sub-cohort membersP(V; = 1) = -n=n, i.e.,
the proportion of the cohort sampled into the subcohort. Howeve, more complex sampling
schemes, for example strati cation or time dependent sampling, wiereP (V = 1) varies with
follow-up time, can also be accommodated (see Self and Prentice @8)). In the pseudo-
likelihood approach (Self and Prentice, 1988; Sorensen and Andess, 2000), each time an
event occurs a sampled risk set is formed by the case and the conts in the sub-cohort,
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ie.,

dN mi (t)
vy o exp(_Z")

Pet()= (=m)’ LTV 0+ (@ j)dNy Ogexp( GZ7)

m=1i=1t 0
(4.29)
This pseudo-likelihood above di ers from the partial likelihood (4.6) for a full cohort study in
that the denominator is a weighted sum over the case and subjectat risk in the sub-cohort
rather than a sum over all subjects at risk in the entire cohort. Numerical studies (Sorensen
and Andersen, 2000) indicate that better estimates of are obtained by including the
case in the denominator of (4.29) as in the original proposal (Prerite, 1986), even though
asymptotically equivalent methods use only the subcohort membersn the denominator
(Self and Prentice, 1988). In addition, because cases are addetithe time of event, the risk
sets are not nested. Sub-cohort members contribute to the argsis over their entire time
on study, and some of them may in fact experience the event of intest, but the failures
outside the sub-cohort contribute only at their failure times.

The score of the pseudo-likelihood (4.29) has expected value of reat the true value
of ,, but the inverse information matrix does not estimate the variance of the estimator
due to sampling-induced covariances between the score terms.ISand Prentice (1988) and
Sorensen and Andersen (2000) proved results on the asymptotatistribution of Am using a
combination of martingale and nite population convergence resultsand provided variance
estimators. Sorensen and Andersen (2000) gave variance estitea for multiple event types
both for a pseudo-likelihood that includes the case in the denominatoof Equation (4.29)
and for the pseudo-likelihood that only includes subcohort membersn the denominator.

As the subcohort is a random sample from the full cohort, the nonparametric baseline
hazard, om(t) can be estimated using a weighted Breslow estimator

P n
Fn AO ’
(n=r) i ViYi(t)exp(" nZ")

AOm (1) =

where n=n is the proportion of the cohort sampled into the sub-cohort (Prertice, 1986; Self
and Prentice, 1988).

If the components of for the di erent event types are distinct (functionally indepen-
dent), then standard Cox regression software can be used to &mate cause-speci c param-
eters for the case-cohort samples by analyzing each event typesgarately while treating
other events as independent censoring. However, variance comm@ations need to be adapted
to accommodate the design. For asymptotic derivations, a key assnption is that A=n!
forO< < lasn!l ,ie., the cohort and the sub-cohort grow at the same rate. Using
the same techniques as Self and Prentice (19@8), Sorensen anddensen (2000) derived the
asymptotic distributions of Am and "o (t) = A0k(u)du; k=1;:::;M; for the competing
risk setting, when M event types are analyzed.

As for the full cohort, other hazard models can be used here as WeFor example, Kang
et al. (2013) tted marginal additive hazards regression models fo case-cohort studies with
multiple disease outcomes using a weighted estimating equations appach for the estimation
of model parameters.

4.4.2 Nested case-control design

Another approach to sub-sampling from a cohort is the nested cas-control design (Liddell
et al., 1977). At each time an event occurs, the full cohort risk seis replaced by a speci ed
number r 1 of controls selected from among those individuals in the cohort whare at risk
and have not experienced the event by that time. If, for examplep = 2, each case is matched
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on time to one control, thereby drastically reducing the number of individuals for whom

covariate information needs to be collected. A new set of controls iselected every time an
event occurs, and cohort members can be selected repeatedly. gerson who subsequently
develops disease can serve as a control for an earlier event. Barget al. (1995) derived

general asymptotic theory for the maximum partial likelihood estimator of the regression
parameters and cumulative baseline hazard estimator under the Coproportional hazards

model for a single event type.

We brie y describe the estimation of the cause-speci ¢ hazard furctions for M competing
events when controls at event timet are selected randomly and without replacement from
the Y(t) 1 individuals at risk in the cohort. However, more general sampling seemes
also can be used, and Borgan et al. (1995) described methods totiesate the regression
parameters and baseline hazard functions for the Cox proportioal hazards model when
a cohort is sub-sampled with more general sampling schemes. Thosethors used marked
point processes to model the occurrence of failures and the saiig of controls at each
failure time simultaneously. The marked counting process recordstte time when failures
occur and the individuals who fail. The authors provided a general aproach that includes
the nested case-control design as a special case. These resglis also be found in Aalen
et al. (2008) (Chapter 4.3). We adapt the notation used in Borgan ¢ al. (1995) and assume
for simplicity that for each failure type m the same numbern~ 1 of controls is selected. We
let F denote the information about the events in the cohort as well as tle sampling of the
controls up to but not including time t. Denote by P, the collection of all possible subsets

i fails at time t from event type m, the probability that a particular set r 2 P, of sizen-
that includes the casei is sampled is given by

1
p(rjti) = P(R() = rjdNm () = 1:F,) = %: YF(:) - Ylit) l1 :

The probability of a set r without regard to case status is

1
Pain= 'Y

Thus the sampling weight de ned asw; (t) = p(rjt;i)=p(rjt) is
Y (1)

wi(t) = . : (4.30)
Forr 2 P, andi 2 r one can dene a marked counting procesN; r.m(t) = 1(X;
t; i = mR(t) = r);t O that indicates the failure of type m for individual i and with

associated sampled risk set. If the sampling is independent, that indicates knowledge of
which individuals were selected as controls beforé does not alter their intensity of failure
of any type at time t, then the intensity of the new processN;., ., is

1
(t)Yi(t) Y:) 11 I(r 2 R(t);r2Pg;i27r):
If the cause-speci ¢ hazard functions ;k =1;:::;M each follow a Cox proportional

hazards model, the partial likelihood is

PNy o (1)

Yoy o w®exp( 4zM

PL( )= !
m=1i=1t O j2R(t) Wi (t)YJ (t) exp( ngjm)

(4.31)

The partial likelihood for the full cohort is a special case of the partal likelihood (4.31) with
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all the weights w equal to one, as the whole risk set is used. The weights; (t) in (4.30) are
the same for all members of the risk set, and (4.31) simpli es to

PN v (0

' 0
meticit o i2re Yi(Oexp( nZf)

PL( )= (4.32)

Thus, maximum likelihood estimates for |, can be obtained by using standard statistical
software for the Cox regression model for full cohort analysis, th modi ed risk sets.
The Breslow estimate for the nested case-control design is giveryb

P n
izt ANi;r;m () .
0 1
2 Wi (OYi () exp(" ZM)

AOm M=p

Where'\m maximizes (4.31) andw; is given by (4.30). Langholz and Borgan (1997) described
corresponding absolute risk estimates with variances.

E ciency comparisons between the nested case-control designral the case-cohort design
indicate that in many situations the former is slightly more e cient (La ngholz and Thomas,
1990, 1991), but the choice of design is often determined by othdactors. For example, if
an exposure assay varies by day or plate, it may be desirable to putpgcimens from a
case and its matched controls on the same plate; the nested casentrol samples are well
suited for this contingency. If a major goal is to study several di erent disease outcomes,
the case-cohort design is preferred.

4.5 Estimating cause speci ¢ hazard functions from cohorts with complex
survey designs

The methods in Sections 4.1 4.2, and 4.4 assume that individuals in a colort are simple
random samples from the population. However, the methods can bextended to cohorts
based on complex sample designs, such as mortality-linked data fromational health sur-
veys, that could be used to assess how demographic characteitst and health behaviors
impact the risk of death from various causes.

We now summarize work (Kovalchik and Pfei er, 2013) that used methods to estimate
hazard functions from survey data (Binder, 1992; Lin, 2000; Grg, 2009) to estimate absolute
risk. These estimates are functions of design-based survey weigh If risk models were
perfectly specied, ignoring the sampling design would also yield unbiasd relative risk
estimates, but using a weighted approach reduces dependence amdel assumptions and
thus improves model robustness (Patterson et al., 2002). Weigling is necessary, however, to
obtain consistent estimates of absolute risk (Kovalchik and Pfei er, 2013). We now introduce
an example of such survey data that we analyze later using survekelated methods to
estimate absolute risk.

4.5.1 Example of survey design

We suppose that the cohort for the development of the absolute isk models comes from
a complex multistage survey that is linked with outcome data. For exanple, individuals
sampled into the National Health and Nutrition Examination Survey (N HANES) are linked
to national mortality data in the NHANES Epidemiologic Followup studies (Cox et al.,
1992).

NHANES samples are designed to be nationally representative of theivilian, non-
institutionalized U.S. population. Participants for the surveys are selected using multistage
probability sampling designs. In the rst stage primary sampling units (PSUs) are selected
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with probability proportional to size (PPS) sampling from strata de ned by geography and
proportions of minority populations. For all NHANES surveys, the P SUs are single counties
or, in a few cases, groups of contiguous counties. In the seconthge the PSUs are divided
into segments (usually city blocks or their equivalent) and sample segents are selected
with PPS sampling. In stage 3, a random sample of households within & segment is
drawn, and in stage 4 individuals from a list of all persons residing in selded households
are chosen at random within designated age-sex-race/ethnicity@geening subdomains. On
average, 1.6 persons are selected per household.

For example, NHANES 11, conducted from 1976 to 1980, had 32 sata with two PSUs
sampled from each stratum. Survey sample weights are provided othe public use data
les; the weights can be used to obtain nationally representative esmates.

Mortality follow-up was based on a probabilistic match with death certi cate records
from the National Death Index (NDI) for participants in NHANES Il who were 30{75 years
of age and completed a medical examination. Detailed information on e NHANES II
survey, and the follow-up study can be found in McDowell et al. (198). Thus, the ages and
covariates of individuals in the sample are known at baseline, and agest death and cause
of death of individuals who died in or before 1993 are known. This infamation can be used
to build models of absolute risk for various competing causes of delat

45,2 Data

In what follows, a superscript refers to cause-speci c quantitiesand three sub-indices ac-
commodate the sampling scheme. To summarize, the sampling framéd the survey is divided
into I non-overlapping strata and J; PSUs are selected from theth stratum with inclusion

from the jth sampled PSU of theith stratum, and the nal inclusion probabilities pjx
of the ijk -th individual are the products of the PSU level inclusion probabilities from the
rst stage times the conditional inclusion probabilities from the later stages. The sampling

non-coverage bias.

At baseline, the age of individual ijk in the sample, denoted by Tk , and a vector of
covariatesZjx are observed. Over the course of the study we also observe theimimum of
the age at death or age at censoringTjx , with censoring assumed to be non-informative.
Again, the at-risk indicator at time tis Yjc (t) = I (Tj  t), and jk (t) = m if an event of
type m occurs at time t or zero otherwise. Thus, the data for theijk th individual at time
t are (Tojk ; Tijk 5 Zijk Wik ;5 ik (£); Yik (1)).

4.5.3 Estimation of hazard ratio parameters and the baselie hazard function

Using a pseudo-likelihood formulation as suggested by Binder (1992Yhe formulas (4.8)

and (4.9) can be extended to estimating equations for (™: m=1;:::;M, given by
XX Ri
O( m)= Wik AN (i )f ke E( mitik )gim=1;::05M; (4.33)
i=1 j=1 k=1
and P | P Ji P n

(= 5 K21 Wik Yie (1) exp( mZRZh
)= P P P+
" 1t ek Wik Yik (Dexp( o Zik)
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Standard optimization algorithms can be used to obtain the sqution'\rn such that U(Am) =
0.

Nonparametric baseline hazard model

A weighted Nelson{Aalen estimator (Aalen, 1978) for the non-paranetric cause-specic
baseline hazard function is
P, Py Py dNm
i i1 ke Wik dNGE (1)

; ni AQ "
it1 k=1 Wik Yik (D) exp(t nZK )
Piecewise exponential baseline hazard model

Data from a complex survey sample can also be analyzed under a piegise constant
baseline hazard model (i.e., piecewise exponential model), as in for tasdard cohort. De ne

and 19 = o(q+1) -
Letting tojx be the time that the kth individual from the jth PSU and ith stratum is
rst at-risk, the at-risk time during the gth interval for that person is

Ak (q) = I(toijk < 19\ tijk > og) FMin(tjk ; 1) mMax(toix ; 0q)9: (4.34)
Let D™ (I 4) equal to the total weighted person-time during the gth interval,

Wi Ri

0
D™ (1q) = Ak () exp(" mZk Wi ;
i=1 j=1 k=1
P, P, P,
and let d™(1q) = ;L ki Wik I i(tik ) = m; otk < 149 be the observed
events of typem in ( og; 1q]- Then the estimate of om (1 4) is
A d™ (1 q)
lq) = :

The baseline cumulative hazard up to timet given survival to oq is

X
A () = MM Cofmingt 1q)  0q0:

g og<t

4.5.4 Example: absolute risk of cause-speci c deaths fromhe NHANES | and |l

To illustrate our methodology, we built population-based cause-spei ¢ models for various
causes of death from NHANES | and Il, pooling data from the two suveys to increase
sample size and improve the precision of our estimates. The designgrfthese surveys are
described inSection 4.5.1

We classi ed underlying causes of death as cancer, cardiovasculalisease, or \other
causes," according to International Classi cation of Diseases, Nith Revision. In the pooled
NHANES I/1l sample of 23;659 individuals, who were followed up to December 31, 1993,
cardiovascular disease accounted for 49% of observed deaths iremand 51% in women,
while cancer was the underlying cause for 25% of observed deathsrimen and 24% in women.
Although the overall proportions dying of cardiovascular disease ad cancer were similar
in men and women, there were notable gender di erences in distribubns of subtypes of
cardiovascular deaths and cancer deathsTable 4.9). Therefore, we built separate cause-
speci ¢ absolute risk models for men and women.
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When the absolute risk is estimated in subpopulationA, estimates are derived with the
modi ed sampling weights wi = I wix , where |/, is an indicator for tflg,e kth individ-
ual's membership in subpopulationA, and the nj; are replaced withnj' = Egl IinAk . The
computations are otherwise unchanged (Korn and Graubard, 199, Chapter 5.4).

The covariates examined were baseline race, income, martial stas) body mass index
(BMI; kg/height in meters squared), smoking, diabetes diagnosis,hypertension, alcohol
consumption, and serum cholesterol level. BMI, hypertension, ad serum cholesterol levels
were based on physical measurements conducted as part of NHA$; all remaining variables
were self-reported.

For analyses with the piecewise exponential model, the baseline hazhfunction was
divided into the seven age intervals [3055), [55 60), [6Q,65), [65 70), [70 75), [75 80),
[80; 100).

Using the weighted pseudo-likelihood described ifBection 4.1.1 we seleted risk factors
with backward stepwise regression and the design-based signi cae test suggested by Rao
and Scott (1987) with a signi cance level of 0.10. Con dence intenals for the hazard ratios
were constructed by exponentiating the lower and upper endpoirg for the corresponding
large-sample con dence interval of the log-hazard ratios. For ma and women, smoking was
signi cantly associated with increased risk for every cause of dedtt (Table 4.10). Alcohol
consumption was protective for CVD in women. Having aBM| > 30kg=m? was signi cantly
associated with increased risk of death from CVD in men and women. Bving a BMI <
18kg=m? was strongly associated with increased risk from \other causes" imen and women.
The nal gender- and outcome-speci ¢ models included the risk fators indicated in Table
4.10

Table 4.11 gives estimates of the 10-year absolute risks of dying fra CVD and from
cancer for a 65 year old man, depending on smoking status and withllaother risk factors
at their reference levels. Results are shown both for piecewise eapential and for semi-
parametric Cox models. This table also shows estimated standard eors for the absolute risk
estimates computed by the in uence function approach inSection 46 and, for comparison,
by jackknife resampling. For computational e ciency we used a sulsample of 20 randomly
selected males from each of the 169 stratum-PSUs in the NHANES II dataset. Letting
i index the full sample andj the subsample, population estimates were obtained from
the |§ubsargple by modifying the weight of thekth individual in the subsample to w, =
Wi (o wi= P W ). Estimates of absolute risk agreed well between the piecewise eapential
and semi-parametric models. Current smokers had much higher albtute risks than never
or former smokers, not only for cancer but also for cardiovasculadisease. There was good
agreement between the in uence function-based and jackknife stimates of standard error
(Table 4.11), both for the piecewise exponential and semi-parameic models. For cancer
outcomes, the standard errors are slightly smaller under the pieagise exponential model
than under the semi-parametric model.

A useful application of population-based risk models is to estimate tle number of cause-
speci ¢ deaths that might be prevented by changes in population eposures to risk factors.
For example, one might want to estimate the numbers of deaths thacould be prevented
in the male US population aged 35{75 over a 10-year period under twemoking interven-
tion scenarios (Table 4.12). For the \cessation" scenario, we treaed current smokers as
former smokers at the beginning of the projection period Table 4.12). For the \no expo-
sure” scenario, all former and current smokers were regardedsanever smokers, leaving other
covariates unchanged. We do not consider the feasibility of intervations leading to these
scenarios, nor whether the interventions would have the e ects stimated from the observa-
tional data. However, if these exposure reductions could be achied, and if the risks were
thereby reduced by amounts suggested by the observational da, then smoking cessation
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Table 4.11 Estimated 10-year absolute riskr”of cause-speci c death (%) by smoking status
for a 65-year-old male with all other risk factors at their referene levels

Piecewise exponential Semi-parametric
Estimated standard error Estimated standard error
Smoking status (%) In uence Jackknife £(%) In uence Jackknife
Cardiovascular
Never 23.1 55 5.6 23.2 5.7 54
Former 29.2 7.8 7.6 29.3 7.3 7.2
Current 37.6 9.9 10.0 37.8 9.2 9.3
Unknown 55.8 11.1 11.1 55.7 11.0 11.2
Cancer
Never 6.8 2.5 2.7 6.9 2.6 2.8
Former 8.0 3.3 2.9 8.2 3.4 3.3
Current 125 45 4.4 127 4.6 4.6
Unknown 8.6 6.4 6.6 8.7 6.7 6.8

could prevent over one million deaths over ten years, and societalhanges that eliminated
smoking altogether might prevent over three million deaths (Table 4.12).

Table 4.12 Expected number of cause-speci ¢ deaths in 10 yearsf the US male population
sampled by NHANES 1/1l aged 35{75 under di erent smoking interve ntion scenarios

Cause of No Smoking intervention, N (Prevented deaths)
death intervention Cessation No exposure

Deaths Deaths (deaths prevented) Deaths (deaths prevented
Cancer 3,088,427 2,610,800 (477,627) 1,868,455 (1,219,972)
Cardiovascular 5,173,242 4,757,214 (416,028) 3,814,235 (1,359,007)
Other 2,785,291 2,548,402 (236,889) 2,109,647 (675,643)
Total 11,046,960 9,916,416 (1,130,544) 7,792,337 (3,254,623)

\Cessation" refers to the deaths (and deaths prevented) if curent smokers were former
smokers. \No exposure" refers to the deaths (and deaths preanted) if current and former
smokers were never smokers.

4.6 Variance estimation

The following sections on variance estimation include details needed toompute con dence
intervals on absolute risk estimates. Skipping this section will not impat readability of later
sections.

The literature gives variance estimates for various models for, and estimators of
rm, some of which were mentioned earlier in this chapter. We review thenbrie y for the
cause-speci ¢ proportional hazards model (4.4) and the Fine-Gay model before presenting
an inuence function based approach that is applicable to many desigs for estimating
the cause-speci ¢ proportional hazards model. In particular, it can be applied to each of
the designs mentioned in this chapter, including complex survey sammg, as well as to an
approach in Chapter 5 that combines estimates of relative and attibutable risk from cohort
or case-control data with external registry data.

Variance estimators given by Cheng et al. (1998) yield pointwise condence intervals and
simultaneous con dence bands as$ varies for the cause-speci ¢ proportional hazards model.
The software described by Rosthoj et al. (2004) estimates the v@ance of r,, under this
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model using general Markov methods (Andersen et al., 993, Cipger VII 2.9). The Nelson{
Aalen survival estimate in Equation (4.1), namely expf im:1 ™ (t; Zm)g, is replaced by the
asymptotically equivalent Johansen-Aalen continued product, whi® reduces to a Kaplan-
Meier estimate in the absence of covariates. Beyersmann et al. (2Q) described how these
calculations can be performed with theR packagemstate. Langholz and Borgan (1997)
described variance calculations for absolute risk with nested caseentrol sampling. Gerds
et al. (2017) developed theR packageriskRegressionthat gives variance estimates forr,
with to = 0 under proportional cause-speci ¢ hazards.

Variance estimates forry, for the Fine-Gray model are given in Fine and Gray (1999)
with the accompanying R package,cmprsk, but left truncation is not accommodated. Klein
and Andersen (2005) and Binder et al. (2014) jackknifed pseud@lues to estimate the vari-
ance ofry, but did not discuss left truncation. Geskus (2011) developed thexy, including
variance estimates, that allows for left truncation and cites anR package,crhaz in the Bio-
metrics Supplemental Material. A version of this packagecrprep, is used within the program
mstate that is available at https://cran.r-project.org/web/packages/m state/index.html.

4.6.1 Approaches to variance estimation

A general analytic approach to computing the variance of a statisic, T, is linearization,
by which T is approximated by a linear function of random variable(s), whose vaiances
can often be easily obtained. A well known linearization is the parametic delta method,
for which T(")  T()+ TY )" ). This approach requires that be nite dimensional.
Benichou and Gail (1995) used this approach for the variance compation of absolute risk
with discrete covariates.

Instead, we obtain variance estimates from in uence functions fo Taylor linearization.
Taylor linearization is a non-iterative method to obtain the variance of complex estimators
that can be expressed as sums of di erentiable functions of paraeters and observed data,
and it has been widely applied to survey statistics for design-based ference (Woodru,
1971; Demnati and Rao, 2010). The Taylor-linearized variance caife estimated from the
empirical in uence function f:g, which yields the analytic jackknife residual, or Taylor
deviate, for each observation. In uence functions have been el to estimate the variance of
M-estimators (Hampel, 1974), complex survey statistics (Graubad and Fears, 2005), and
the hazard ratios of the proportional hazards model for cohortdata (Reid and Crepeau,
1985). Key properties of the in uence operator have been previosly discussed by Shah
(2002) and Deville (1999).

Although we illustrate the in uence functions for a cohort obtained by simple random
sampling, a great advantage of this approach is that is simple, easyot implement, and
can easily be extended to accommodate complex sampling designs. Mand Katki (2001)
and Mark and Katki (2006) used in uence functions to compute variances for the case-
cohort design and for two-stage cohort samples, respectively. €sults are also available for
linearization methods for estimates de ned as the solution of estiméing equations (Binder,
1983).

Alternatively one could use resampling approaches, such as the jkknife and bootstrap,
to estimate the variance of absolute risk. The jackknife is based omepeated computation
of the statistic for a dataset that omits one of the observations @ groups of observations
at a time. Jackknife and linearization methods are similar in that analytical derivatives
in the linearization are replaced by numerical approximation in the jadknife (Davison
and Hinkley, 1997). The bootstrap recomputes the statistic basd samples drawn with
replacement from the original dataset, and in a manner that re eds the sampling design.
The bootstrap requires considerable computation, and the resulhg variance estimates are
not deterministic functions of the data, unlike the jackknife or in u ence function estimates.
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In our example we compare the in uence function based variance ¢isnates to those obtained
from a bootstrap.

4.6.2 Inuence function based variance of the absolute rislestimate from cohort data

We base our variance derivation on a linearization approach, that allavs one to obtain
variance estimates of a statisticT through a rst order approximation of T, such that

X
var(T) varf i(May; (4.35)
i=1

where (T) denotes the in uence function operator that captures the in u ence of obser-

vation i on T. In what follows T = 4, (to; t1; z) and we assume simple random sampling of

cohort members. Extensions for complex sampling are in Kovalchik agh Pfei er (2013).
Recall that the estimate of the absolute risk (4.1) can be written asa sum over the

distinct observed event timesug;:::;u. for the primary cause m occurring within (to;t1],
as
" #
A A0 _m X A K A K
fm (to; t1;2) = om (W) exp(" , z™) exp f Ui z) Tk(tosz)g =
1=1 k=1
¥ h X
0 0
“om(u)exp(" ") exp f "oc(u)  “ok(to)gexp("Z¥) = “(un);
1=1 k=1 I=1 k=1
where
h i

N INY A A AO
T(w) = "om(u)exp("nzM)exp f Tom(u) “om(to)gexp("nz™)

and for all competing events,k 6 m,
h [
0
“)=exp f "oc(u) "ok(to)gexp("z") :

The Taylor deviates for the absolute risk estimate are weighted surs of the deviates of ,
weighted by the partial derivatives of the absolute risk with resped¢ to . The form of the
ith deviate is

XX @ (toits; 2)

X
@<w) “(ung = fhn(torts;2)g;  (4.36)

k=1

ifPm(to;t1;2)g =
1=1 k=1

where Kffy, (to; t1;z)gis the total in uence due to a speci ¢ causek on the absolute risk for
eventm, and ;f X(u;)g will be given later for piecewise constant and non-parametric haz-
ard models. Given the Taylor deviates (in uences) ffin(to;t1;2)g in (4.36), the variance
estimate for the absolute risk is

n X
n 1

@r(fy, (to; t1;2)) = [ iffn(to;ts;2)g  fhn(to;ty; 2)g)° (4.37)
i=1

P
where ffy(to;t1;z)g=n *t i”:l if A (to;t1; 2)g is the average of these individual in-
uences. Note that (4.37) is a variance estimate for a simple randonmsample but could be
generalized for complex sampling by treating ; as a random sample from the complex

design.
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In uences for the piecewise exponential hazard function

We express the absolute risk estimate (4.14) in a more compact form

). &
P ( ongs 1n452) = S(1)Aq(1  Byg)

q=no
where 0
N N
Pom( g exp("nz™) |

Aq = |—l 0 ]
okl g)exp(” Z¥)

X 0
By = expf "okl g)exp("Z)( 1q  00)T;
k

and §(I q) is de ned in Equation (4.15). Then the in uences for # ( on,; 1n,;2) are

P, N
if fm (onos 1n,32)9= qino é(lq)(l Bqg) ifAqQ i (4.38)
+Aq(1 Bg) ifS(1q)g AS(lq) ifBqg : '

Taking each component in turn, the deviates forAq are

®

1 v, 18X (k)
iqug: Tq iqu g T—qz iqu g
k=1

0 P . .
WhereTém) = AOm(I q)exp(’\mzm) and Ty = ﬂ":l Ték), with deviates

0
ifT(gm)g:eXp(/\mZm) if/\om(lq)g+ ZmT]_q if/\mg:

The deviates forBq are

wh o |
ifBgo = eXp(AmZm)( 1q Oq)Bq ZmAOm(lq) ifAmg"' if/\Om(I q)g
m=1
For g > no, we note that $(1 ) = qu: + By so that

9(1
fS(qa=3801q B ' ifBig
-

=no

and fS(l q)9 is zero wheng = ng. The Taylor deviates for Aq, Bq and S q) are each
functions of “om and " .. For “om, we have

h i

Flom(1a)g=DM™M(g) * dN"(t) (oq ti< 19) “om(la) ifD™M(Iq)g

where 0
DM Ug= Ai(lgexp(",z" .
! q Ilg q m i 0 i . (4.39)
+ iz{nAi(lq)eXp( mzim) if m9;

and whereA;(l 4) is de ned in Equation (4.16). Here we let "™ be the estimate from the
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P
partial likelihood and =, denote summation over all event times. Then the Taylor deviates
for each Am (Reid and Crepeau, 1985) are

P 1#
X m
if" g=E(",) * £z B9 dNT () yi)exp("Sz")p LN, (A?
t i)y exp(” ,z")
(4.40)
where E(’\m) is minus the second partial derivative of the log-pseudo-likelihood,
" #
N X X 0.(m) N N
E( m) = 2" 2™ () E("miDE("mit)° (4.41)

t i

where E(",;t) is de ned in Equation (4.9), and

X
™ (1) = yit)exp("mz™)= vi(t)exp("mz™):

The rst term inside the summation in Equation (4.40), dN™(t)fz"™ E(",,;t)g; is non-zero
only if personi has an event. Thus, the deviates for" ,, are equivalent to the per-observation
update in a Newton-Raphson optimization algorithm where the objedive function is the
weighted pseudo-likelihood of the Cox regression model. By succéssly substituting these
expressions we obtain if fm ( on,; 1n,:2)g in (4.38) and hence the needed in uences for
Equation (4.37).

We could have used maximum likelihood estimates of ,, and on based on the full
likelihood (Friedman, 1982) instead of estimating ,, from the partial likelihood ( Section
4.1.7) and then estimating on as in Section 4.1.4 Here o is a vector of interval-speci ¢
baseline hazards in terms of which the baseline hazard function o (t) is de ned as in
Section 4.1.4 Letting m(t;z™) = om(t)exp( %z™), (t;z) = P m (t;2™M), and S(t;z) =

m=1

expf Ré (u; z2)dug, we can write the likelihood as follows. A person with an event of
type m at time t contributes n(t;z)S(t) to the likelihood for f omg and f . g: If the
person survives to timet without any event, the contribution is S(t). If | is the estimated
Fisher information from the full likelihood in f g and f omg, which are concatenated
into column vectors and o, and if U; is the vector of contributions to the log-likelihood
score equations from thei subject, then, from standard results for scores, the in uence
for the respective components of the maximum likelihood estimates {"; " )T are | 'U;.
These in uences can be substituted for ;f Amg and if “om(l q)9 in previous expressions
to compute the variance ofy ( ony; 1n,;2)-

Derivatives and Taylor deviates for the semi-parametric ha zard model

occurring within (to; t1] for the kth cause asto <uf <uk < <uf,  ti. Interms of
these event times, Equation (4.1) becomes

A O K
P AO N QM S (ui") o)
fin(toits;2) = exp( mZ™) om (U") Tk Foy
J:

n 0 A0 K
A0 N QM el 2 L )
= ) exp(" mz™) om (U") =y |fé()k(ujm) - 1 fin (")
J= ”

(4.42)
where Roc(U") = So(UM)=So (to) = expf "o (uM) + "“ok(to)g. As with the piecewise
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exponential model, we determine the derivative and deviates for ezh component of (4.42).
For the ", the derivative is
2 3

L Mo N 0
@n(lot1;2) zk4|‘\m(to;t1;z)+exp(AEz") log Rok(u") A (u™)S

@ i=1
for k = m; and

. - Nm n O
@ (tost1;Xx) = Sk eXp(AEZk) log ﬁok(ujm) P (™)

& =1

for competing causesk 6 m. The Taylor deviates for each ’\k are the same as given by
Equation (4.40) for the piecewise exponential model. The derivative for the baseline hazard
components are

@é(toéiﬁ;—) = "om (Ul i (u"):
om (U]

Recalling from (4.10) that the baseline hazard functions'\o,- (t) are estimated as

P|”=1 dN () _ Nk(t),
L viexp(z) Gk’

EOER=

the Taylor deviates for the baseline hazard of causen at observed event timet are

m _ @) @om(t) .
|f Om(t)g— @M(t) |me(t)g+ @Gh(t) |me(t)g-
In terms of these quantities, the Taylor deviates are

h i
ifPom()g= G™(t) ¥ dNmi(t) “om(t) ifGm(t)g

with 0
AN
if Gm(t)g = y{‘}{Ft,)exp( mZ") o
AN AN
+ ooty mexp(Cnz)  if T ho
We note that the hazard deviates for the piecewise and semiparanéc model in Equa-
tion (4.39) are equivalent when each interval of the piecewise modaiontains exactly one

observed event time.
The nal components are the survival functions. The derivatives for each IQOJ- (ug') are

@m (to; t1; X) A0 my 1 m
——— == =exp(" Z)Rok (U]") i (u"):
@oc (UM ‘ P
From the semiparametric estimate of Equation (4.11), the Taylor deviates for IQOJ- (uy') are
X
fRoc(uMg=ifexpf “ok(u")+ "ok(to)g= Rok(u") if "ok (uf)g:
to<u [

upr
To simplify the computation, we use that

P (to; t1;2)

X
m ifIon(Ujm)g: eXp(’\(k)Zk)f\m (qu) ifAOk(U|k)g:

to<u [ um
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Combining these results, we obtain the expression for the Taylor d@ates of 'y, (to; t1; X)

P g P g
fhn(totix)g= L, Tl it ge o My % i "om (u")g
P N m Mk AO P ! I
i k= @PCKZ)m (U)o if "o (Ul)g
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Chapter 5

Estimating absolute risk by combining
case-control or cohort data with disease
registry data

Equation (4.1) expresses absolute risk in terms of cause-speci @zards. If the cause-speci c
hazards depend on covariates through a proportional hazardselationship, Equation (4.4),
it is possible to estimate covariate- and cause-speci ¢ hazards byoenbining relative and at-
tributable risk estimates from case-control or cohort data or sibsamples of cohorts, as in the
case-cohort design (Prentice, 1986), with estimates of age-sge incidence from a registry.
This approach is applicable even if the covariates in Equation (4.4) ardime-dependent.
The ability to combine information on relative and attributable risk with registry data to
estimate absolute risk is one of the major advantages of the causspeci ¢ formulation of
absolute risk, Equation (4.1).

This approach is particularly appealing in the setting of rare outcomes, where associ-
ation parameters are often estimated from case-control studie that do not provide any
information on disease incidence. It also allows one to obtain more skde and e cient es-
timates of the hazards when cohort data or subsamples from colts are available because
the registry rates are usually known with good precision. The use ofegistry rates, which
are often population-based, calibrates the model to the genergbopulation from which the
registry derives. The gain in information from the use of registry dda depends, however,
on the size and quality of the available registry data.

5.1 Relationship between attributable risk, composite age -speci ¢ incidence,
and baseline hazard

Disease registries usually cover a well de ned population and collect fiormation on the
characteristics of persons diagnosed with a particular disease. Hse characteristics typically
include age at diagnosis, sex, race/ethnicity, and features of thelisease, such as cancer
stage. For example, the National Cancer Institute's Surveillance,Epidemiology and End
Results (SEER) program attempts to ascertain all cancers (with afew exceptions such
as non-melanoma skin cancers) diagnosed in de ned geographic a® each year. SEER
now covers about 28% of the US population (http://seer.cancer.g@/registries/data.html).
By combining such information with data on population size, SEER publishes gender-,
race/ethnicity-, calendar year- and age-speci c cancer ratesFor example, from 2009{2013
SEER data, the breast cancer incidence rate for white women age@i0 64 is ,(t) = 340
per 10° women-years (http://seer.cancer.gov/faststats), where the subscript 1 indicates the
incidence rate of the outcome of principal interest,t is age, and the asterisk indicates that
this is a \composite" rate, because it re ects the experience of a ppulation of women with
various combinations of risk factors. In Equation (4.4), we requirethe baseline hazard rate
01(t) for a woman with relative risk 1.0, i.e., who has all covariates at their lovest levels,
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z! = 0: To avoid confusion in any computation, we assume that all covariate z' are coded
so that relative risks are greater or equal to one, i.e., all non-null dctors increase risk, but
cannot lower it. Depending on the example, this may require changesf baseline or referent
categories compared to some commonly used risk factor coding.

For a population agedt, the attributable hazard function (Chen et al., 2006b; Samuelsen
and Eide, 2008) for outcome 1, the fraction of the incidence that isexplained by the risk
factors z! in the model, is

NOBCTON

1(1)
The quantity AR(t) in Equation (5.1) can be approximated by the attributable risk in a set
of subjects in an age interval neart. We use the notation AR (t) to refer to the outcome of
main interest, m = 1, but the same approach could be used for other outcomes. Hee the
baseline hazard satis es

AR (t) = (5.1)

or(t) = f1 AR(t)g 4(1): (5.2)
The needed covariate- and cause-speci ¢ hazard is estimated ued Equation (4.3) as

Mtzhy = Car (Mizh = 1 ARG L) (1Y) (5.3)

where rr denotes the relative risk. The SEER composite rate ;(t) is usually based on
large samples and is thus assumed to be known without error, but th random variation in

f1 AR (tarr (’\(1)21) needs to be taken into account, as described iSection 5.8 Someimes
it may be necessary to accommodate the variability in the composite azard, ,(t), but
we do not consider this in what follows. Equation (5.1) was used by Gaikt al. (1989) but
called the \population attributable risk fraction for women of age t" .

5.2 Estimating relative risk and attributable risk from cas e-control data

Suppose for a rare outcome one has conducted a population-baksease-control study and
focuses on cased) = 1) and controls (D = 0) in a given age interval [ ot; 1), that could be

a single year or an age interval, such as ages 60{64 years. We soim&s use the shorthand
notation t; = t to meant; 2 [ ot; 1t). Over short time periods, the probability of disease is
usually small. Thus relative odds from case-control data approximée relative risks, and log
relative odds from case-control data estimate ; in model (5.3) with rr (u) = exp(u). Here

an estimate Al is obtained from unconditional or conditional logistic regression. If cases
are representative of all cases in the population of interest, theycan be used to estimate
attributable risk from the Bruzzi formula (Bruzzi et al., 1985)

1 Xt =t)

AR(t) = P ,
1 R(t) m dl(ti =t __— (A(;le)

(5.4)

wheren is the total sample size in the case-control studyd is the observed case indicator,
| denotes the indicator function, and z! and t; are the covariates and age for person,
respectively. Thus dil (t; = t) = 1 only if person i is a case diagnosed in age interval.
Greenland and Drescher (1993) showed that the maximum likelihood ®timate of AR (t)
was scarcely more e cient than Equation (5.4) and required stronger assumptions.
Sometimes there are nuisance variable<°, such as study center or year of enrollment
into a study, that are not going to be part of the actual risk model but have to be accounted
for in the model tting to yield unbiased estimates of ; for the variables of interest, Z1,
that will be in the risk model. To obtain estimates ’\1, one can adjust forZ° by strati cation
or by including it in a joint relative risk model such as rr (/\(1’21; n979) = exp( ’\(1)21 + 1970y,
Assuming that the cases in the study are similar to cases in a target @pulation, Equation
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(5.4) should be used withrr (“221) = exp( '\221). Here we are not trying to estimate the
adjusted attributable risk (see Bruzzi et al. (1985)) that describes the fractional reduction
in risk in the study population if Z?! is set to 0 but Z° is unchanged.

Often controls are matched to cases on age and other factors dnare therefore not
representative of the entire population. However, if controls area simple random sample of
non-cases, they can also be used to estimate the attributable riskinder the rare disease

assumption via P

iz (1 d)I(ti =1)

—

L@ d)i( = (Y2
Benichou and Gail (1990b) discussed estimation of attributable riskfor four ways of choos-
ing controls: simple random sampling; stratied random sampling; frequency matching
controls to cases within strata; and individual matching of controls to cases. They gave
corresponding methods for inference for the attributable risk, ut not for the product
f1 AR(t)gexp( lzl) Graubard and Fears (2005) used used a linearization approachased
on in uence functions to obtain the variance of AR(t) for various study designs. Pfei er
and Petracci (2011) extended the in uence function based variace computation for the
attributable risk and provided variances for the absolute risk ry(t) estimated from case-
control data combined with registry information on incidence. We present that approach to
variance estimation in detail in Section 5.8

Equations like (5.4) and (5.5) can be expressed in terms of averagesth respect to the
empirical distribution of covariates in cases or in the population, repectively. The latter
distribution can be estimated from controls in a case-control stug if the disease is rare.
For example, it F is the empirical distribution of covariates among cases diagnosed age
t,1 AR (ty=frr¢( 1zl)g 1dF (z1). Thus these expressions generalize to combinations of
discrete and continuous covariates (Benichou and Gail, 1990Db).

1 ARt = p (5.5)

5.3 Estimating relative risk and attributable risk from coh ort data

Equation (5.3) can also be used for cohort data by modifying the esmators. Log relative
hazards ; can be estimated with the methods inChapter 4, either based on thefull cohort,
on nested case-control samples within the cohort, or on case-gort samples. Although
absolute risk can be estimated directly from the cohort data Chapter 4), cohorts may
provide imprecise estimates of 1(t), even though estimates of relative and absolute risk
have adequate precision. In this setting, using composite age-spiec hazards l(t) from
registry data can improve the precision of estimates of absolute risry(to.t;Z* = z%). If
censoring is independent of covariates and failure time, attributale risks can be estlmated
as in Chen et al. (2006b) by summing over all cohort members at risk irage intervalt, i.e.,
those for whom the at risk processY (t) de ned in Section 2.6 equals 1,

P n
1 ARz p——zm O (5.6)
Y "zt

Again, it is important that all covariates in the above formula are coded so that all coe -
cients ;| are non-negative. Graubard et al. (2007) described how to estinta attributable
risks and standard errors from simple and complex sampled cohortsncluding multistage
strati ed cluster samples, which are used in national household sureys. We derive the
variance of 1 AR (t) in Section 5.8following the approach by Graubard et al. (2007).

As for the case-control setting inSection 5.2 when nuisance varidles ZO such as study
center or year of accrual are mcluded in the joint relative risk mode rr ( lzl A ziO), one
obtains an adjusted estimate”,. Provided the distribution of Z! is similar to that in the
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target population, however, Equation (5.6) still applies with the adjusted estimate'\l. Here
we are assuming that the adjusted log relative risks from the studypopulation approximate
the log relative risks that would have been obtained by applying the malel based only on
Z* to the target population.

Liu et al. (2014) provided rigorous theory for estimating the functions (t) = f1 AR(t)g
and ry(to. = 0;t; = t;Z = z%), regarded as a function of continuous timet, from survival
data in a cohort, such as women followed in the Women's Health Initiative (WHI). Because
women entered the cohort at various ages, and the analysis was de on the age scale,
they allowed for left-truncation as well as for right-censoring. Urder the Cox proportional
hazards model with xed covariates,

R 0
1 AR = RSP ohexp( 124)gdF (z1)

”exp( izl) expf o(t) exp( izl)ng(Zl); (5.7)

where F is the distribution of Z! in the cohort. If the cohort is representative of the
registry population, such as SEER, thenF also describes the distribution of risk factors in
the registry population, and letting (t) =1 AR(t), one can use oi1(t) = (t) ,(t) to
compute absolute risks in the registry population. For models that ae to be used for the
general population, a registry like SEER is likely to be more represerdtive of the general
population than a particular cohort, justifying this approach. Liu et al. (2014), however,
were interested in estimating absolute risk for the WHI population, not the SEER registry
population. They therefore re-calibrated the SEER rates by multiplying by a constant factor

to obtain  o1.wh () =  (t) ,(t) and estimated i from maximum partial likelihood,

o(t) from the Breslow estimator, and from the ratio of observed to expected events in the
WHI cohort. They used martingale theory to prove consistency aml asymptotic normality for
~Nand the processes’\(t) and Py (to;t1; 2 = z%), together with needed variance and covariance
estimates. The marginal normal theory for A(t) and Py(to:t1;Zt = z1) supports inference
for risk projection in the general population ( =1). Equation (5.7) relies strongly on the
proportional hazards assumption, but only requires that censoing be independent of failure
time conditional on all covariates used for modeling the competing riks. The estimator of

(t) in Equation (5.6) is less model-based and can be used to estimatey (t) = (t) 1(t).
The variability of ; is often negligible compared to that of “(t). One can also use the
estimators of i and o(t) with Equation (5.7) for nested case-control designs and case-
cohort designs Chapter 4), instead of for the full cohort, and increase the e ciency of
absolute risk estimates by employing o1(t) = (t) ;(t). However, additional theoretical
work, or a bootstrap procedure, would be needed to provide cordence intervals for the
resulting absolute risk estimates.

5.4 Estimating the cause-speci ¢ hazard of the competing ca uses of
mortality, — »(t; z?)

To estimate the absolute risk of incidence of disease 1, the only corefing risk is death
from other causes, with cause-speci ¢ hazard »(t;z?). Data from the National Center for
Health Statistics of the Centers for Disease Control and Preveribn are accessible through
SEER and give estimates of the composite hazard,,(t) for the general US population. Often
cohort studies are too small to provide reliable covariate models focompeting mortality, and
the cohort may not provide reliable cause-of-death data. Thus, oe often ignores covariates
and sets ,(t;z%) = ,(t) in applications of Equation (4.2) with M =2 causes. This is often
a good approximation, because allowing for covariates in modeling theompeting risk 2
may have little impact on estimates of the absolute risk of incident disase 1, as Liu et al.
(2014) found in their analyses of colorectal cancer risk in WHI.

In some applications, where the competing mortality has a large haza and where
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»(t;z?) is strongly in uenced by covariates, it is essential to include covarates in ,(t; z2).
In the example presented inSection 4.3.2 to estimate the absolute lisk of a second primary
thyroid cancer in long term survivors of other types of childhood cancer, Kovalchik et al.
(2013a) modeled the risk of competing mortality. This more detailed nodeling was neces-
sary to capture the strong impact of treatments for the rst cancer on competing mortality.
Special cohort data from childhood cancer survivors were needetd model the competing
risk of mortality from causes other than thyroid cancer. In this example, covariates describ-
ing the initial treatment were needed to model competing mortality because the hazard of
competing mortality was high and strongly associated with the initial treatment.

5.5 Some strengths and limitations of using registry data

The use of registry data is appealing because it increases the preicie of absolute risk es-
timates when combined with cohort data, and it allows one to computeabsolute risks even
with case-control data. Moreover, if the registry is representéive of the target population for
which the risk model is designed, use of the registry composite ragecalibrates the model to
the target population. There are some limitations of this approach,however. First, represen-
tative registry data may not be available for the desired disease owtome. For example there
are no national registries for incident stroke. One needs to rely orselected cohorts or on
less comprehensive registries instead. Second, the approach imjii;y Equation (5.3) also
assumes that relative risk parameters and attributable hazard functions estimated from the
case-control or cohort study are appropriate for the catchmat population for the registry.

If incidence information from registries is based on small numbers advents, the variation
in ; needs to be accounted for in any variance computation. This occu, for example, with
very rare outcomes, or outcomes in small subgroups of a populatio One usually assumes
that estimates of ; and AR are independent of ;. If the numbers of events in registries are
small and these events are included in the studies used to estimate; and AR, covariances
need to be taken into account.

5.6 Absolute risk estimate

Recall from Chapter 4 that the absolute risk in the age interval (to;t1] for a person who has
survived event free to agety is de ned as

VAN
ri(toit;Z=2)=P(to<T t;; =1jT >tg)= 1(u;zh)S(u )du =
to
Zy, Z, NG
1(u; z) expf «(s; Z)dsgdu:  (5.8)
to to k=1

In what follows we assumeM = 2, and piecewise exponential models, where1o(t) = 10
and ,(t) = 0 are constant over single year age intervalst{;tj+1);j = 1;:::;J. For
example, if to = 50 and t; = 55, the projection is over (50.0, 55.0], a span of ve years.
After integration, (5.8) simpli es to

ri(to;t1;Z2 = z) = X 1o (24 1) 1 expf izt )
1\t0, t1, - - N - 1]0 ] ; 1
Ly, WO (@ )+ 20rr (2% o)
X 1

20T (2% ,)g exp foaorri(zh )+ 20mi(Z% )9 (5.9)
I=to
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where 150 and ;o are computed based on Equation (5.2) using the attributable risk, i.e,
mo= 1 /QRJ- ). Note that if j 1 <tyo, the sum within the exponential argument

in (5.9) is 0. If intervals of di erent length, such as 5 years, are usd, formula (5.9) can be
modi ed by replacing mjo;m =1;2 by e.g., 5 mj 0. Estimates of absolute risk are obtained
by inserting estimates ofrr 4 (z1) and rr 5 (z2) in Equation (5.9). Here rr (z™) are general
relative risk functions of z™ and , with values in [0;1 ). The quantities ; ;m =1;2

are regarded as constants in the variance calculations in the followip examples. Variance
calculations are deferred toSection 5.8

5.7 Example: estimating absolute risk of breast cancer inci dence by
combining cohort data with registry data

In Chapter 4 we estimated relative risks of invasive breast cancerém the AARP cohort
(Table 4.2) and estimated absolute risk using internal cohort estimaes of the baseline haz-
ard and cumulative hazard. Here we use the AARP data to estimate elative risks and at-
tributable risks (from Equation (5.6)) and combine them with SEER re gistry data via Equa-
tion (5.3) to estimate absolute breast cancer risk. We computed atibutable risk estimates
in the AARP cohort separately in four age categories< 55; [55;60), [60, 65), and 65+ years
at baseline. The corresponding attributable risk estimatesAR (t) were 0648 0:656; 0:651;
and 0:642. As there was no appreciable heterogeneity by age, we combahell ages and used
the overall attributable risk estimate AR = 0:649. We present examples of 5- and 10-year
projections of absolute risk of invasive breast cancer for three @ year old women with the
same risk proles as in Table 4.3. For comparison, we present the abslute risk estimates
that used non-parametric internal cohort estimates of the caus-specic baseline hazard
function for each cause. We modeled the hazard of competing matity with covariates for
the internal cohort analysis, but not for the analysis based on SER rates. These hazards
were then plugged into Equation (4.13) to estimate the absolute riskof invasive breast
cancer.

For Proles 1 and 2, the estimates from the model that used SEER @ta were somewhat
lower than those based on AARP data alone, for both 5- and 10-yeaprojections, but for
Pro le 3, the model that used SEER data had higher projections, koth at 5 and 10 years.
(Table 5.1). Standard errors of absolute risk estimates were smaltefor the SEER-based
model than for the model with internal cohort estimates of causespeci ¢ hazards, except
in one instance. The same pattern was observed whether one us@duence-function based
estimates of standard error or bootstrap estimates of standat error. However, for analysis
based on smaller cohorts than AARP with fewer events, the gain in pecision from using
registry rates would be more pronounced.

5.8 Variance computations

This section describes variance calculations suited to whether theazise-speci ¢ log relative
hazards and attributable risks come from case-control or cohdrdesigns. Skipping this sec-
tion will not impact the readability of later sections. We describe the linearization approach
(see alsoSection 4.6, that allows one to obtain variance estimates d a statistic T through
a rst order approximation of T, such that for a simple random sample

X
var(T)  varf i(Ma; (5.10)
1

where ;(T) denotes the in uence function operator that captures the in u ence of obser-
vation i on T. Graubard and Fears (2005) summarize the properties of ;(:), and further
details can be found in Deville (1999). The variance estimate foff' can be generalized for
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Table 5.1: Projections of 5- and 10-year absolute risk of invasive k&ast cancer for three

60-year-old women with di erent risk pro les

Characteristics Prole 1 Prole 2 Prole 3

BMI, kg=m* 24 36 41
Estrogen and progestin MHT use No MHT use 12 years 11 years
Other MHT use No No Yes
Parity 2 children 1 child 1 child
Age at rst live birth 23 24 22
Age at menopause < 50 years 52 58
Benign breast disease/biopsy No No Yes
Family history of breast or

ovarian cancer No No Yes
Alcohol consumption 0 drinks/day 0 drink/day 0.5 drink/day
Gynecologic surgery Yes No No

Smoking

Never smoker

Never smoker

Never smoker

Relative risk estimate for breast cancer

1.0

3.22

10.71

Relative risk estimate for

competing mortality 1.0 0.44 0.28

Absolute risk estimates (and standard errors) with interna | AARP cohort
baseline rates @

5-year absolute risk 0.83% 2.96% 6.60%
In uence based standard error 0.05% 0.25% 0.61%
Bootstrap based standard error 0.07% 0.31% 0.65%
10-year absolute risk 1.76% 6.36% 13.88%
In uence based standard error 0.10% 0.52% 0.76%
Bootstrap based standard error 0.14% 0.65% 1.18%
Absolute risk estimates (and standard errors) that use SEER rates
to estimate baseline rates

5-year absolute risk 0.69% 2.20% 7.14%
In uence based standard error 0.04% 0.15% 0.56%
Bootstrap based standard error 0.04% 0.15% 0.58%
10-year absolute risk 1.43% 4.53% 14.29%
In uence based standard error 0.09% 0.31% 1.12%
Bootstrap based standard error 0.09% 0.31% 1.12%

a Competing mortality modeled with covariates for this analysis but not for the analysis
with SEER rates.

complex sampling by treating ; as a random sample from the complex design. We also
describe resampling approaches to variance estimatiorSection 5.84).

To to obtain an estimate var(f), we rst derive the in uence () of the i-th individual
in the study used to estimate needed parameters on the absolutésk estimate X We assume
that the competing mortality risk does not depend on covariates aml has piecewise constant
hazards. The extension to a covariate-dependent competing hazd is straightforward. Ap-
plying the operator to (5.9), we get

() ifr(to;ta;z; P)g=

ty 1 @ 1jorr,-(z;b)

1

D( 1
b [1 expf ( 1orr(z;P)+ 20)glexpf (1o i(z; D)+ 2100 =
10 (z;P)+ 20 I=to

txl

j=to

i(1 2 3); (5.11)

j=to
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where 1; = 150 (Z; P)=F 4orr(ZP)+ 200 5 =1 expf ( gorrj(zP)+ o),
and 3 = expf {:tlo( 1ofr(z; b)+ 210)9. Applying the chain rule, we express the Taylor
deviates for the absolute risk estimate as weighted sums of the detes of 45011 (z; by,
weighted by the partial derivatives of the absolute risk with resped to 45017 (z; b),

" #
1 ) )
ifr(toits; z; P)g= 5 if 1orr;(z:P)g @ b 2Tt = byy Y
i=to @ 1jorrj(z;P)g @ 1jorrj(z;1)g
'b(l
1 2 3 i worri(z;P)gA ; (5.12)
I=tg
similar to (4.36). In the above equation
@y = 2jbo and
@ ajorrj(z;P)g  f gorrj(z;P)+  500?
@

— =3 —expf (4ol (z;D)+ ,0)u:
@ 1or; (2 P)g o J

Note that when AR and rr (z; b) do not depend on time, then because if 3017 (z; b)g =
y if@ ﬂRj)rrJ (z; P)g, Equation (5.12) simpli es to
ifr(to;ty; z; b)g = if (1 ﬂR)rr (z; b)g
X1 @3 @y X

3 1 : 5 + : 4 1 2 3 1l
it @ yorri(zP)g " @ yorrj(zP)g =t

In the following sections we compute
it gorrj(z; b)g = 4 if( ARJ- )i (z; b)g (5.13)

for various study designs whenrr depends on the predictors through the linear function
0.
Z.

5.8.1 Relative risk parameters and attributable risk estimated from a case-control study

We assume relative risk parameters and attributable risks are estirated from population-
based case-control data and combined with age-specic diseasecidence and mortality
rates from registries. As registries have large samples and are tigally independent from
the case-control data, the incidence and mortality rates can be reated as xed, and the
variability of the absolute risk estimates arises solely from the estim#on of the relative risk
parameters and attributable risks.

individual i is a case of ag¢ and zero otherwise and letzj denote a 1 p vector containing
the covariate information for the i-th individual that may also include interaction terms
with age. The total sample size of the case control study is denoteby n = n; + ng, where
n; is the number of cases andy the number of controls. We obtain relative risk estimates
from the case-control data assuming that the probability of diseae is given by a logistic
model,

In P(D; = 1]Zi? ) - In Pzii: ) . + %

1 P(Dj =1jz;) 1 p(zjss )

where is a vector of regression parameters and all risk factorg are coded such that the
components of are positive, ¢ > 0. Thus the relative risk associated withz is exp( %).

(5.14)
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Under model (5.14) the attributable risk formula given in (5.4) corresponds to

P, b?
1 AR, = _i=l %Xp( zZj )dj . (5.15)
: =1 di ' '

While n; and ng are xed by design, the number of cases in a specic age category is
typically a random quantity, which is re ected in the denominator of t he expression above.
If cases and controls are sampled based on complex designs, fomample from surveys,
then eachd; would be multiplied by a sampling weight w, the inverse of the probability of
being included in the sample. While all our computations generalize to uaqual weights, we
omit the weights for ease of notation.
Here, we compute if 1jorr; (z; 9)gin (5.13) from

Pn d b%.,
ke Gp el T(2g 29 Py, g4
k=1 Gk Py

yolfj (z:0)= ;@ AR (z; )=

Thus

Cer. (7D e (oD
£ yorr; (z;0)g =[G AALEG oy, @ 5@ by (517)

@R @B
Di erentiation yields
0
@ o@Dy _p 1@ o@Dy ke ydg et Pz 2g
@R by g @B (kg )2 '
(5.18)
The corresponding in uences are
0 @R
i(Py)= 4 dj expf biz;  z)g+( g)o (P =
b0 X b° 0 (b
= gdj expf P(zj 2)g 4 di[(zg 2)expf P(zg  2)g” i(P) (5.19)

k=1

and (P) = dj . The inuence i(b) is qptained from the estimating equation for the
logistic regression model by solving 0 = ][ E:l zii fdg  plzi: % b)g]; where p stands
for the logistic probability given in (5.14), to yield
hxn i
(D)= 24 29 p(zig ;2 D)L p(xg;P)g zyfdy  p(ziin P)g: (5.20)
k=1

To accommodate the case-control design, the variance af 8 computed by treating cases
and controls as separate strata and combining their empirical variace estimates,

ng X 2 n X 2

ar(f) = @ dp)f i(r) io(rNg” + dif i(r) i1(nNo°; (5.21)
ng 1 i=1 ng 1 =1

where io(r) and i1(r) denote the empirical means over the in uences ;(r) in controls

and cases, respectively.
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5.8.2 Relative risk parameters and attributable risk estimated from a cohort study

When relative risk parameters are estimated from a population-based cohort study, at-
tributable risks can be estimated as in Chen et al. (2006b) by using Egation (5.5) but
summing over all cohort members at risk in age intervalt, rather than over controls, result-
ing in P,
(1 ﬂRt)rrt(z; /\) = p j=1 YJ (t),\o
Y (M z)

For ease of exposition we will omit the subscriptt in what follows. However, the formulas
can easily be extended to relative risk expression that vary by ageraime.
If disease is rare and we assume (u) = exp(u), Equation (5.22) is given by
P
s Yi (D)

0 .
L Yiexpf Y (z 2)g

(" 2): (5.22)

@ #AR)exp("2)= p

P
Letting A = J-”zl Y; (t) expf Ao(z,- z)g and applying the chain rule yields

£ AR)exp(")g= 1
b 8 A 9
J'n:1 Yj(t)< A0 X 'Y 0 A:.
S et @ g+ e " ez 2° () (629)

j=1 ’
An explicit expression for the Taylor deviates of the relative risk parameters (") is given
in Equation (4.40).

5.8.3 \Variance computation when an external reference suey is used to obtain the risk
factor distribution

Suppose that a special cohort study yields valid estimates of relati® risks that are applicable
to the SEER population, but that its distribution of risk factors is no t representative of
the population in SEER. Suppose also that a representative surveyn a SEER catchment
area yields information on the distribution of risk factors, but no information on disease
outcomes. One can combine the relative risk information from the spcial cohort with the

risk factor distribution from the survey to estimate attributable r isk in the SEER catchment
area. Then, using Equation (5.3) with the composite hazard from SER, one obtains the
cause-speci ¢ hazard needed to compute absolute risk.

Here we letn® denote the sample size of the cohort from which the relative risk paam-
eters were estimated, andn® is the sample size for the survey that provides information
on the distribution of risk factors. Then similar to Equation (5.22), t he external-sample
estimate of (1 AR)rr (z%; P) is

P e
=2 Wil () = 1)

1 AR (z:0)= p— i ("2);

AO
j=1 Wj|(tj = t)rr( Zj)

wherel (tj = t) is one if the j th respondent in the external survey has age in intervalt and
zero otherwise, andw; are the external survey sampling weights, that are known without
error. P . P e 0

Let rr (u) = exp(u), B = iz Wil (t =t)and A = = (t = expf " (z 2)0.
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For individuals i =1;2;:::;n® in the study cohort, the in uences are
8 9
0 B < X 0 =
f@ ARexpfPzgg= 5. wl =expt"(z 29z 2° (")
- ;
(5.24)
where (") is computed from the original cohort as in Equation (4.40). For individuals
j =1;:::;n® in the external survey,

o n 0
@ AR exp(b’2)g= ¥+% It = expf "z 2)g

5.8.4 Resampling methods to estimate variance

The bootstrap and jackknife methods can be used to estimate theariance of an estimate
of absolute risk based partly on registry data. For example, suppse a cohort study is used
to estimate log relative risks and attributable risk AR (t). Suppose we obtainB bootstrap
samples from the cohort and obtain corresponding estimateé\b;ﬂR p(t) for b=1;2;::; B:
For a given set of covariatesz and time interval, we can compute the estimated absolute risk
f, by using ", and AR p(t) in Equations (5.3) and (5.8). Con dence intervals on the absolute
risk can be obtained from the quantiles of the bootstrap distribution of ry,, and var(f) can

P
be estimated from  (f, r,)?°=(B 1). For case-control data, the same approach can be

used, except the bté)cl)tstrap proceeds by sampling tha; cases with replacement and theng
controls with replacement separately. The same sets of, and AR p(t) can be used repeatedly
for various choices ofz and time intervals, which reduces the computational burden.

The jackknife method is similar and has the advantage that the reslting variance
estimate is a deterministic function of the data, whereas dierent bootstrap samples
yield slightly dierent variance estimates. The computational burden can be greater
for the jackknife, however. Suppose for a xedz and time interval that ¥  ; fori =
1;2;:::;n is the estimate of absolute risk based on the registry data and on almem-
bers of the cohort except memberi . Then the jackknife estimate of variance isf(n

P P
1)=ng (R jy r¢j))?, whereri j, = 7 j)=n. For case-control samples, the vari-
j=1 j=1
. P niP no
anceisf(ny 1)=mg (R ;) r(j))?+f(no 1)=neg (f¢ i)y ¢ j))? where the
j=1 j=ni+l

rst summation is over the n; cases and the second summation is over they controls.
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Chapter 6

Assessment of risk model performance

6.1 Introduction

Before a risk prediction model can be recommended for clinical or alic health applications,
one needs to assess how good the predictions are. In this chaptge consider various criteria
for assessing the performance of a risk model. Although the critéa apply to absolute risk,
many are also useful for other types of risk, such as the pure riskf an event or the risk of
having prevalent screen-detectable disease.

Unless otherwise stated, we assume that we have developed a rislkodel on \training
data" and assess the performance of the model on independentdst” or \validation" data.
This approach, termed \external validation", provides a more rigorous assessment of the
model than testing the model on the training data (\internal valida tion"), even though
cross-validation techniques are available to reduce the \over-opiism" bias that can result
from testing the model on the training data (Efron, 1986). If the test and training data
are independent, one can regard the model as xed. Random varten in the evaluation
criteria derives from random variation of covariates and outcomesin the test data, not
from variation in the model. This gives rise to simple distribution theory for the evaluation
criteria. The distribution theory becomes much more complicated aml even intractable if the
model is evaluated in the training data and complex procedures weresed to t the model
(seeSection 6.3.4. This complication also arises when comparing two mdels Chapter 7).
We also assume that the validation data are observations from a cairt, i.e., that prospective
follow-up information is available. This setting allows the most comprelensive assessment
of model performance. However, some criteria can also be asseddased on case-control
samples; we explicitly identify those criteria in this chapter.

Assume we have developed an absolute risk model(to:t1;Z); where Z denotes co-
variates. SometimesZ contains only covariates pertaining to the cause of interest in the
cause-speci ¢ hazard model 1(t;z'), but Z might also include covariates for competing
cause-speci ¢ hazards, and in cumulative incidence regressio#, would modulate the ab-
solute risk itself, rather than the underlying cause-speci ¢ hazads. For ease of notation,
let R; = ri(toi;t1i;Z; = z;) be the model-based estimate of risk for thé™ member in the
validation data. For the most part we regard the times (to;;t1i) as xed for each individual,
but we mention some adaptations for the setting of varyingt; in Section 6.4.4 For analysis
on the age scalefy; would be the age of an individual at entry into a cohort andty; the age
on the date when cohort follow-up ends. If the time scale is time on stdy, to; = 0 and ty;
is the duration of time until the cohort follow-up ends. Sometimest; is de ned in terms of
the desired length of the risk projection interval, i, i.e., t;; = to; + ;. For example, 5- or
10-year projections of absolute risk correspond to; = 5 or 10.

The outcome of interest for the ith person is occurrence of an eve of type 1 in the
projection interval, O; = I (tgj <T; tii; (Ti)=1), where T; is the time at which the rst
event occurs, (T) is the state at time T, and the indicator | (arg) = 1 if arg is true and 0
otherwise. If personi experiences a competing event, i.e.,(T;) = j 6 1, such as death from
a competing causeQ; = 0.

75
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For most of this discussion we de netj; in such a way that the outcomeQ; is observed.
In particular, if the end of potential follow-up for an individual occu rs at the administrative
censoring time C;, we de ne t;; = min(tei + i;Ci), where ; is the risk projection interval.
For example, if individual i begins follow-up at agety = 50 years on January 1,1996 and
follow-up ends on December 31, 2000, then on the age scdle = 55 years, and if the desired
projection interval were ; =10 years, t;; = min(tgi + i;Cj) = 55 years. If the time scale is
time on study with to; = 0; then C; is the time from entry until administrative censoring.
We refer to methods for right censored data in whichO; is not observed becauséy + | > C;
and no event occurs in foi; Ci] in Section 6.3.3 but we do not elaborate on these methods.

Model assessment can be based on general criteria, such as cadition (Section 6.3,
predictive accuracy and classi cation accuracy Sections 6.4.1and 6.4.2), and discrimina-
tory accuracy (Section 6.4.3. Another approach is to tailor the criterion to the particular
application. Criteria for screening applications or high risk interventions are presented in
Section 6.5 If losses can be specied in a well-de ned decision problemmmodels can be
assessed with respect to how much they reduce expected loss (ocrease expected utility)
(Section 6.6.

A key concept in formalizing all these criteria is the distribution of risk, that we de ne
in the next section.

6.2 The risk distribution

Let V = (to;t1;Z) denote the vector of risk predictors, Z, and the risk projection inter-
val delimiters, (to;t;]. We let v be a realized value ofV and use the notation R(v) =
ri(to;t1;Z = z) in the remainder of this chapter. If Z is discrete,V might also be discrete,
but often the space ofV is large andV is continuous.
In a speci ¢ population, in our case the validation cohort, the distribution of V', Fy (v),
induces the distribution F of risk R through
Z

F(r)=P(R r)= 1(v:R(v) r)dFy(v): (6.1)

The support of F(r) may be a subset of [01] becauseR may be bounded below 1.

There is great advantage in reducing the information inFy to the univariate distribution
F. If we assume that the validation cohort of sizen is a simple random sample from some
larger population, we can estimate the distribution of risk F in that population based on

X
A= )= = 1 1) 62)

i=1

Throughout this chapter we will use data from a validation study of the absolute risk
model for invasive breast cancer with potentially modi able risk factors, which we call
\BC2013", for white women ages 50 or older as an example (Pfeier eal., 2013), that
we mentioned earlier in Chapter 4. In Pfeier et al. (2013), we combined relative risk
and attributable risk estimates from two large prospective cohort studies, the Prostate,
Lung, Colorectal, and Ovarian Cancer Screening Trial (PLCO) and the National Institutes
of Health-American Association of Retired Persons (NIH-AARP) Diet and Health Study,
with incidence and competing mortality rates from the NCI's Surveillance, Epidemiology,
and End Results Program (SEER) to estimate absolute risk of breaiscancer. The general
approach that incorporates registry data to develop an absoluterisk model is described in
Chapter 5. A SAS macro and R code that implement this model can bedund at the web
site (https://dceg.cancer.gov/tools/risk-assessment/).


https://dceg.cancer.gov/tools/risk-assessment/

THE RISK DISTRIBUTION 77

In Pfeier et al. (2013), we validated BC2013 in independent data from the Nurses
Health Study (NHS) cohort from July 1990 to June 2004 to cover tte same calendar period
as the training cohorts used for model development. The NHS cohb included 121,701
women aged 30 to 55 years in 1976 (Colditz and Hankinson, 2005). Wapplied the same
exclusion criteria to women from the NHS that we had used for buildingthe breast cancer
model and excluded the following categories of women: age at entyounger than 50 years,
non-whites, prevalent breast cancer, no follow-up time after basline, missing birth year or
covariates. The remaining validation cohort had 57,906 women. We aoputed the breast
cancer absolute riskR for each woman from her baseline covariate valueg and from the
projection interval de ned by her age at entry (July 1990) into th e NHS cohort and her
later age on June 1, 2004. The projection lengths ranged from 1324to 14.33 years, with a
median of 13.83 years, and the absolute breast cancer risk estimeg ranged from 2.0% to
17.9%, with a mean of 5.1% and median of 4.75%.

The histogram of these risks inFigure 6.1 approximates the density d the distribution
function F in Equation (6.1).
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Absolute risk estimates in NHS validation cohort

Figure 6.1 Histogram of absolute breast cancer risk estimates fim the BC2013 model in
the NHS validation cohort.

The histogram of risk estimatesR indicates whether risks are large or small and whether
there is large variation in risk. A risk distribution with some members at very high risk and
the rest at very low risks indicates that the model will discriminate diseased from non-
diseased populations well, as discussed in detail iSection 6.4.3

6.2.1 The predictiveness curve

The \predictiveness curve" (Pepe et al., 2008) is a plot of the risk qantilest = F 1(p)
against the corresponding cumulative proportion of the populationwith risks  t, namely
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pwhere 0 p 1. To create the predictiveness curve for the NHS validation cohdr we
ordered the estimated absolute breast cancer risks from lowesbthighest and plotted their
values againstp. As an example, the predictiveness curve allows one to read o the @&h
percentile of risk, namely the level of risk above which 10% of the pagation have higher
risks. At p = 0:90 the risk value isF 1(p) = 0:073. This indicates that 90% of subjects in
the cohort have calculated risks at or below @073 and only 10% have risks above:073.
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Figure 6.2 Predictiveness curve of absolute breast cancer risk gsates from the BC2013
model in the NHS validation cohort.

6.3 Calibration

Calibration measures how well the numbers of events predicted by anodel agree with the
observed events that arise in a cohort. Calibration is the most impotant general criterion,

because if a model is not well calibrated, other criteria, such as distnination, can be mis-

leading. To test calibration, one requires cohort data, whereas sue other criteria discussed
later can be estimated from case-control data only.

6.3.1 De nition of calibration and tests of calibration

In addition to the covariates V that are used to compute the predicted riskR, there may be
other information available in the validation cohort. In what follows we denote the vector of
all available covariates in the validation cohort by U. U contains all the covariatesV , but
also includes variables that are not part ofV. We thus assess calibration of a model based

V but we use the notation R(U) nonetheless.
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A risk model R(U) taking a set of valuesr is well calibrated if, for every suchr
P(O=1jr)=r (6.3)

i.e., among individuals with risk R(U) = r; I_1\,he fraction with O =1 is r. If the model is well
calibrated, then P(O=1)= E(R) = rdF (r). If risks are continuously distributed,
some type of grouping or regression approach is needed to assé&spiation (6.3).

One approach to assess overall calibration was proposed by (Co%958), who used the
regression

logitf P(O; = 1jri)g= o+ 1W; (6.4)
where w; = logfri=(1 r;)g. If the model ts perfectly, o =0 and 1 = 1: The data
(Oi;Ry);i = 1;:::;n in the validation cohort can be used to estimate o and ; and to

test various hypotheses. Values < 0 indicate that the model overestimates risk, 4 > 0
that the model underestimates risk, 4 > 1 that the model risks are not as spread out as
the true risks but correctly order risks (i.e., cases have higher ris& than those who do not
experience the event), 0< ~; < 1 that the model risks are too spread out (which often
happens in the context of over- tting) but ordered correctly, and #; < 0 that the model
orders the true probabilities in the wrong direction, i.e., that individua Is experiencing an
event tend to have a lower modeled risk than those who do not.

In the NHS validation cohort, use of r from BC2013 in Equation (6.4) yielded estimates
N = 0:298 with standard error 0:166, that was not signi cantly di erent from zero ( p =
0:07), and ® = 0:896 with standard error 0:057 (p < :0001). These estimates indicate that
the average risk projections are slightly (but not statistically signi cantly) too large, and
that the model slightly overestimates high risks and/or underestimates low risks.

We call a risk model strongly calibrated if for every value of the measured covariatesy ,
E(QOjU) = R(U). Recall that U may contain covariates not used in the risk model. IfU is
discrete, it might be possible to test strong calibration by comparingthe observed proportion
of subjects with O = 1 among those with a particular value U = u with the corresponding
value of R(u) = r. Usually, however, it is not possible to test strong calibration for every
value of U, becauseU is not discrete or the data are too sparse. In this case one can
de ne a partition S of the space ofU into G mutuaIIy exclusive and exhaustive subsets

E(QjU 2 Sy) = E(RjU 2 Sy) for each Sy 2 S: (6.5)
Strong calibration implies that R is calibrated with respect to S because
EfOI(U 2 Sg)g= E[EfOI (U 2 Sy)jug] = E[EfRI (U 2 Sy)jug] = EfRI (U 2 Sy)g:

The expectations on the left- and right-hand sides of Equation (6.5 can be estimated in

the validation cohort from

1 Ol (Ui 2 Sg)
LU 2 Sy)

L Ril(U; 2 Sy).

é(OjU 2 §g) = 'n:1 1 (U; 2 Sg) ,

and E(RjU 2 S) =

P
respectively. The number of observed events in subseg, OY = - 0Gil(Uj 2 ) can be

1=
P
compared to the expected countE? = ~ Ril(Uj 2 ).

i=1
A crucial issue is how to de ne the partition S. One approach is to focus on individual
risk factors and stratify on them. For example, Pfei er et al. (2013) assessed the agreement
between observed and expected breast cancer incidence courmtswomen whose rst live
births were at ages< 25 years or nulliparous, ages 25{29 years, and ages 30 years oreid
(Table 6.1).
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Table 6.1: Comparison of observed (O) and expected (E) incident beast cancers and the
corresponding 95% con dence intervals (Cls) based on prediction from the BC2013 model
in Pfei er et al. (2013) in women in the NHS validation cohort

Number of
women  Observed (O) Expected (E) E/O (95% CI)

All women 57,906 2,934 2,930 1.00 (0.96, 1.04)
Variable
Age at rst live
birth
< 25 or nulliparous 33,863 1,601 1,586 0.99 (0.94{1.04)
25{29 18,923 1,024 1,021 1.00 (0.94{1.06)

30 5,120 309 323 1.05 (0.94{1.17)
BMI
< 25kg=nv 30,259 1,447 1,492 1.03 (0.98{1.09)
25 to < 30 kg=n? 18,219 971 935 0.96 (0.90{1.03)
30 to < 35kg=n? 6,581 368 349 0.95 (0.86{1.05)
35 to < 40 kg=n? 2,847 148 154 1.04 (0.89{1.22)
Duration of EPT
MHT use 2
0 years 49,511 2,367 2,402 1.01 (0.97{1.06)
1{9 years 8,380 567 527 0.93 (0.86{1.01)
10+ years 15 0 2 NA
Alcohol consump-
tion
0 drinks/day 23,314 1,139 1,091 0.96 (0.90{1.02)
< 1 drink/day 27,316 1,389 1,418 1.02 (0.97{1.08)
1+ drinks/day 7,276 406 421 1.04 (0.94{1.14)

a8 EPT MHT = estrogen and progestin menopausal hormone replacen therapy

Among the 33,863 women in the rst category, O =1,601 incident breast cancer cases
were observed, compared tE! =1,586 expected (with rounding to the nearest integer).
Because events are rare, we assume the observed count is a Poissandom variable. Thus,
the variance of logE '=0") is estimated by 1=0', and a 95% con dence interval on the log
scale is logE'=0') 1:.96 (0O') %5. By exponentiation, we obtain a con dence interval on
the ratio E1=0' = 1,586/1,601=0.99, namely (0.94{1.04). Based on the con dence ingrvals
in Table 6.1, there is no statistically signi cant evidence of mis-calibration for women in
any of the categories de ned by age at rst life birth and among all women. A global test
could be based on Ne

Q= (09 E92=E9 2Z: (6.6)

g=1

In this case, Q =(1,601{1,586)%/1,586 + (1,024{1,021)%/1,021+ (309{323)?/323=0.757,
which is not signi cant when compared to a chi-squared distribution with G =3 degrees
of freedom (@ =0.86). For an overall assessment of calibration one can ignore sskts and
simply compute (O E)?=E 2, where O = 2,934 is the total number of observed events
in the whole population and E = 2,930 is the total expected events, resulting in a chi-square
of 0.0055 o = 0.94).

When the event is not rare, we can instead consider logistic regreism (similar to Cox
(1958)), where for subsetSy, logitf P(O; = 1jri)g= wi+ ¢; and wherewiP: logfri=(1 rj)g.

The corresponding log-likelihood for all the observations inSy is | = Oi(w; + g)
i:Vi2Sg
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logf 1+ exp(w; + ¢)g. Here exp( 4) corresponds to O9=EY, and inference on g
iZViZSg
provides a test of calibration in Syg. The score test of the null hypothesis of no lack of
calibration, Ho : ¢ =0, from this likelihood is

X
Ui =(09 E9)?*= na rn) % (6.7)
i1Vi2Sg

R

The analogous global test isQ = . Ug Z.If rj << 1; this Q is the same as Equation
g:

(6.6) and, for a single subsetSy, the test based onUg2 reduces to 09 EY)2=E9. A test for

P
overall calibration based on this statistic is simply (O E)2:‘ ri(x rp) 2 whereQO is

i=
the total number of observed events in the population andE is the total expected events.

A common practice is to compute the deciles of the empirical distributon of R; in the test
dataandlet Sqg = fVi: o1 1y Ri < 0190 Where .14 are the deciles,g=1;2; ::;; 10;
and o = 0: Thus S is a partition of the set of valuesV; in the test data. The previous
distribution theory applies without change, conditional on the partition. Model assessment
based on dividing test data into risk deciles requires a su ciently large validation sample,
however. Hosmer and Lemeshow (1980) and Lemeshow and Hosn{&©82) used a statistic
that is very similar to Equation (6.7), namely

%
HL = (0% E92=fE91 E9%=N9g; (6.8)
g=1

where N 9 is the number of subjects in groupg.

One can extend the idea of partitioning by risk deciles by plotting a kenel smoother
of the O; against risk (e.g., (Gerds et al., 2014)). Point-wise variances can beomputed
because theO; are independent with Bernoulli variance in the independent test dag.

Table 6.2 gives the observed and expected events (rounded to theearest integer) by
deciles of risk in the NHS validation cohort. The BC2013 model understimated the number
of events in the lower deciles; for example, in the rst decile group, he model predicted
169 events while 179 were observed, witE=0O = 0:95. The model slightly over predicted
risk in the high-risk deciles. In decile 10, the number of expected ewes was 495 while 482
were observed, withE=0 = 1:03. Overestimation of high risks and underestimation of low
risks is consistent with the estimate 4 = 0:896< 1 in Equation (6.4), which indicates that
model risks are over-dispersed. The statisticQ; U and HL corresponding to Equations
(6.6), (6.7), and (6.8) were respectively 6.9, 7.3, and 7.3. None of #se statistics was sta-
tistically signi cant based on G=10 degrees-of-freedomg = 0.73, 0.70, 0.70, respectively).
(The Hosmer-Lemeshow test withG 2 = 8 degrees-of-freedom ang = 0:50 seems less
appropriate for an independent validation sample.)

6.3.2 Reasons for poor calibration and approaches to recddration

There are several reasons why a risk model may show poor calibiah in an independent
validation cohort. An implicit assumption is that the population used to assess model per-
formance is similar to the population used to develop the model. That asumption is violated
when the validation cohort has di erent disease incidence rates frm the training cohort,
even after the diering distributions of covariates in the two populations are taken into
account. Such di erences could be due to secular changes in diseascidence rates or to
di erences in screening procedures or in procedures used to diagse the disease outcome.
For example, if one validates a breast cancer model in a cohort of ween who are screened
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Table 6.2 Comparison of observed (O) and expected (E) incident beast cancers in the NHS
validation cohort by deciles of risk R

Decile R interval N E (@] E =
0:032 5788 169 179 0.95
(0:0320:037] 5790 202 206 0.98
(0:037,0:041] 5802 225 231 0.97
(0:041,0:044] 5785 244 269 0.91
(0:044,0:048] 5788 264 265 1.00
(0:0480:051] 5791 286 302 0.95
(0:05%0:056] 5790 312 292 1.07
(0:056,0:063] 5791 343 340 1.01
(0:0630:073] 5790 388 368 1.06
> 0:.073 5791 495 482 1.03

Boo~vouobswNnek

more frequently with mammography than the average US woman, tlen a model based on
national breast cancer rates would likely underestimate risks in thevalidation cohort. Like-
wise, if the risk model was based on national rates from the 1980sub the validation data
came from a later period when breast cancer risks were higher, theodel would underesti-
mate risk. A second reason for poor model calibration may be that pedictors (covariates) in
the model are speci ed di erently in the training and validation data, due to di erences in
guestionnaires between the two data sources. For example, the@®013 breast cancer model
in Pfei er et al. (2013) requires information on menopausal hormore replacement therapy
(MHT) categorized into \Estrogen and progestin MHT" and \other MHT". If that level of
detail on MHT use is not available in the validation cohort, there can be misspeci cation
of the MHT variable and lack of t in the validation cohort. An extreme type of misspec-
i cation occurs if a covariate is completely missing in the validation data. This problem
often arises when molecular markers, such as single nucleotide polgmphisms (SNPs), are
included as predictors and not measured on members of a validationobort.

In addition to dierences in speci cation of predictors or population dierences, the
modeling process itself can lead to biased prediction models and poot in validation data.

If the model- tting process involves selecting predictor variables fom a large number of
possible predictors and including a large number of the selected varides in a regression,
it is likely that the model will be \over- tted" and will tend to give a wide r spread in risk
predictions than will be observed in independent validation data (0< #; < 1 in Equation
(6.4)). One can reduce or avoid such over- tting by employing a heuistic shrinkage factor
;gat applies equally to all coe cients ; in the linear predictor portion of the risk model,

Z; j, (Van Houwelingen and Le Cessie, 1990), or by estimating the requéd shrinkage
factor using the bootstrap (Van Houwelingen and Le Cessie, 199Harrell, 2001; Steyer-
berg, 2009) or cross-validation (Copas, 1987; Van Houwelingen dnLe Cessie, 1990; van
Houwelingen, 2000, 2001) when building models with the training dataAnother approach
to avoid such over- tting based solely on training data is to \penalize" the model for includ-
ing too many risk factors or too large parameter estimates (Hastieet al., 2009; Steyerberg,
2009; Harrell, 2001). Se&Section 8.2for additional discussion and references.

Suppose that one needs a model for a target population like the valation cohort, but
that the original model based on the training data was not well calibrated in the validation
cohort. Rather than build an entirely new model for the target population from which the
validation sample came, one carrecalibrate the risk estimates from the original model. For
example the original risk estimatesr; with logit w; can be transformed to new risk estimates
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with logit ~ o+~ ;w; via Equation (6.4) (Steyerberg et al., 2004; Steyerberg, 2009). Aother
approach might be to group the original risks into e.g., deciles as iMable 6.2and to use the
E=0 ratios as non-parametric correction factors. For example, an dginal risk r; falling in

the tenth decile would be divided by the factor E=O = 1:03. More re ned kernel smoother
methods could also be used as in Li et al. (2011). The key is to recalibte the scalar
absolute risks non-parametrically. This approach avoids the \cur& of dimensionality" that

arises when trying to model the underlying multivariate predictors non-parametrically.

6.3.3 Assessing calibration with right censored data

Methods are available to evaluate calibration when the outcomeD; is subject to right cen-
soring. Typically the analysis is on the time scale of time on study and {p;; t1;) = (0; ) with,
for example, =5 years. However, some individuals are administratively censoredtaC; <
before any event has occurred. For such individualsQ; is not observed (i.e., censored). For
pure risk, Viallon et al. (2009) showed how appropriateE=0 ratios are obtained by replac-
ing O by the sample size times the Kaplan-Meier estimate of cumulative pureisk to time
and they discussed how to adapt this idea for absolute risk. Anotheapproach for absolute
risk (Gerds et al., 2014) replace); by a pseudo-valueO”*® = nf, () (n 1)FN (),
whereF, is the non-parametric estimate of absolute risk (Aalen, 1978; Gayar et al., 1993)

from the n subjects andl‘—“,fi)l( )is the corresponding estimate with subjecti omitted. In the

absence of censoringdP**'® = O;: Gerds et al. (2014) did not provide variance estimates,

I
however. Another approach tests the underlying cause-speci cazards by comparing ob-
served cumulative events against modeled cumulative hazard funns (Gong et al., 2014),
but this approach does not test the validity of the absolute risk model directly and could

not be used for the cumulative incidence regression models iBection 4.2.

6.3.4 Assessing calibration on the training data, that is, hternal validation

Sometimes an appropriate independent validation cohort may not beavailable. This is often
the case when a risk prediction model includes factors that are notmeasured in routine
clinical practice, such as mammographic density or molecular or getiie biomarkers. In that
situation internal validation is a rst step toward assessing bias in the model predictions.

The distribution theory is more complex if the model is tested on the me data used to
tit, however. Tsiatis (1980) partitioned the covariate space into G groups and gave a valid
theory if the risks R; are estimated by logistic regression in training data and comparisons
of OY with E9 are made within the training data. The corresponding quadratic form is
based on a score statistic but hasG  k degrees of freedom, wheré is the degrees-of-
freedom associated with the risk model. For a partitioning based on dciles of predicted
risk, Hosmer and Lemeshow (1980) and Lemeshow and Hosmer (1D&omputed a statistic
(Equation (6.8)) but argued that it should be compared to a chi-square distribution with
G 2 degrees of freedom. These methods, however, were investigdtfor logistic models, not
for models of absolute risk. Moreover, variable selection and othefieatures of model tting,
even for the logistic model, are often more complex than entertaing in Tsiatis (1980), who
assumed the variables in the model were knowa priori. Thus the accuracy of the available
distribution theory for evaluation of absolute risk models in the training data remains to
be demonstrated. In contrast, the distribution theory above for assessing calibration of
absolute risk models in independent test data is valid, regardless ofhe complexity of the
tting process in the training data, because the model is xed and hencer; are known
constants in the test data.
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6.4 Accuracy measures
6.4.1 Predictive accuracy: the Brier score and the logaritimic score

Calibration is concerned with bias in the predictions from a modelR. Even if a prediction
R is unbiased and has small variance, the dierenceD R can be quite variable for a
particular individual because O is a binary outcome, i.e., a Bernoulli random variable. A
measure of the predictive accuracy is based on the Brier score (R, 1950), © R)?2. The
mean squared error of prediction MSE) is the expected value of the Brier score.

The MSE can also be viewed as an expected loss for binary outcomes, and this
related to a scoring rule. Scoring rules are functions that assign reards for good predictions.
An important class is proper scoring rules i.e., rules S(R; O) such that the expectation
of S((R;0) is maximal if R = P(O = 1) (see, e.g., Gneiting and Raftery (2007)). The
Brier score is an a ne transformation of the quadratic score (a proper scoring rule) that
decreases as the quadratic score increases; hence the expeédBeier score is minimized if
R=P(O=1).

Suppose that individual i has a true (unknown) absolute risk ; = E(O;). Then the
expected Brier score is

MSE = E(O R)?2=E(O + R)2=E Eo; (O )*+E Eg; ( R)?
= E Var(Oj )+ E (bias?j] ): (6.9)

We call MSE the Brier criterion because it is the expectation of the Brier score.The Brier

criterion is the expected conditional variance ofO; given ; plus the expected conditional
squared bias ofR; given ;. Thus, even if R(V) is perfectly calibrated such that R; =

for every individual i, MSE is not equal to zero, as it still re ects the expected conditional
variance in the outcome O given the true risk . Perfect calibration is an even stronger
condition than strong calibration, de ned in Section 6.3.1 because prfect calibration re-
quires that the risk factors in V fully de ne the risk for each individual. If R(V) is perfectly

R
calibrated, MSE = u(1 u)dF(u):

0
The MSE is estimated from the validation cohort with n observations as

X
MSE=n?' (O n)*
i=1
In the NHS validation cohort, the estimated mean Brier score for the absolute breast
cancer risk model wasM SE = 0:0480. The expected root mean square error of prediction is
0:5
MSE = 0:22. For rare outcomes with low predicted risks and few eventsM SE tends to

be very low, regardless of the quality of the prediction. To illustrate that point assume that a
model predicts every woman's breast cancer risk to be; = 0. In the NHS validation cohort
the estimated mean Brier score for this model isMSE = 0:0507 which is not substantially
larger than MSE = 0:0480 for the BC2013 breast cancer absolute risk model.

Another proper score (Gneiting and Raftery, 2007) for Bernoullioutcomes is minus half
the Bernoulli deviance or the logarithmic score,

LS= Olog(R) (1 O)log(1 R):
The expectation of thisscore isE(LS) = E f E g; log(R) (1 )Eg; log(l R)g:Fora

R

perfectly calibrated model, this expectation isE(LS)= f wulog(u) (1 u)log(1l u)g
0

dF (u), whose integrand is the entropy of a Bernoulli distribution. Thus E(LS) > O,
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even for a perfectly calibrated model, because varies (Efron, 1978; Liao and McGee,
2003). An empirical estimate of the average entropy or average garithmic score is

P
n 1‘ f Oilog(Ri) (@ Oj)log(l R;)g: For the breast cancer absolute risk model

i=1
BC2013, the estimated mean logarithmic score was:0983. This estimate is dicult to
interpret on its own but can be used for comparison against anothemodel applied to the
same validation data.

6.4.2 Classi cation accuracy

For many clinical decisions, such as whether or not to give an intervetion or treatment,
models are used to classify an individual as a case or not from

A= 0O fR r

1 ifR>r (6.10)

wherer is a risk or decision threshold. Thus, rather than giving a risk estimae R, one is
forced to guess the outcome.

Classi cation accuracy measures how well this rule identi es those wo will and will not
experience the event.

6.4.2.1 Distribution of risk in cases and non-cases

In discussing classi cation accuracy, it helps to de ne two more distibutions of risk, namely
G; the distribution of risk in those who experience the event during follav-up (casesO = 1),
given by

z
1 — — 1 . . f— .
G(r)=P(R rjO=1)= PO=1) Ifv:R(v) 10O =1gdFy(v); (6.11)
and K; the distribution of risk in non-cases or controls © = 0), given by
z
H 1 . . — .
K(r)=P(R rjO=0)= m [fv:R(v) r,O =0gdFy(v): (6.12)

When needed to avoid confusion we will denote risk realizations fronF by rF, and
risk realizations from cases and non-cases by® and r¥ , respectively. The histograms of
estimated breast cancer risk from the BC2013 model in cases andon-cases in the NHS
validation cohort are given in Figure 6.3.

As in Equation (6.2) for the risk distribution F, we can estimate the distributions of
risk in cases and non-cases from the observed risks and the caponding event outcomes

X0 X0
S(r) = % I(ri rO;j=1)and K(r)= n(1710) I(ri rO;=0) (6.13)
i=1 i=1

where O = P O;=n denotes the sample mean 00.

Alternatively, G and K can be estimated from a case-control sample by the empirical
distributions of risks r¢ G;i = 1;:::;m; in cases andriK K;j = 1;:::51 in non-
cases. We denote these distributions by, and K|, respectively. In contrast to expression
(6.13), the number of cases and controls is xed, and the case-atrol sampling needs to
be accommodated in variance calculations. If additionally the populaton event probability

= P(O =1) is known, we can estimate the distribution of risk in the general population
asF(r)= Gm(r)+@ )Ki(r):
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Figure 6.3 Histograms of absolute breast cancer risk estimates ém the BC2013 model in
the NHS validation cohort for breast cancer cases®) and non-cases K).

R
If the model is well calibrated, the average risk in the populationis = rdF (r) and we
can derive the distributions G and K from the distribution F in Equation (6.1) as described
in Gail and Pfei er (2005). In particular, from Bayes theorem,

ZI’
G(r)= ' udF(u): (6.14)
0
Likewise for a well calibrated model we have (Gail and Pfei er, 2005)
7"
Km=@ )! @ udF(u): (6.15)
0

These relationships can be exploited when estimatings and K .

6.4.2.2 Accuracy criteria

Several measures of accuracy can be calculated for the decisiare given in Equation (6.10)
that denes & =1if R>r . These include:

1. The positive predictive value (Vecchio, 1966),

P(O=1)f1 G(r )g,

PPV=P0=1j0=1)= P(O=1jR>r )= 1 F(r)

(6.16)

2. The negative predictive value,
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NPV = P(0=0j0=0)= P(O=0jR r )= w- (6.17)
3. The probability of correct classi cation,
PcCc=PB=0P(0=0j0=0)+ P[O=1)P(O=1j0=1) (6.18)

PR r)P(O=0jR r)+P(R>r )P(O=1jR>r )
P(R r) NPV+P(R>r ) PPV
P(O=0)K(r )+ P(O=1)f1 G(r )g;

or its complement,
4. The probability of misclassi cation,

PMC =1 PCC=PR r)P(Y=1JR r )+ P(R>r )P(O=0jrR>r ) (6.19)
=P(R r) (1 NPV)+PR>r) (1 PPV):

These quantities are all \prospective" in that they involve probabilit ies of the outcome
O given the classi cation.

The following quantities are retrospective and can be estimated fron cases and controls
only. In that sense, they are not \predictive".

5. Sensitivity = P(O=1jOo=1)= P(R>r jO =1) = true positive probability ( TP).
6. Specificity = P(O =0j0O=0)= P(R r jO =0) = 1-false positive probability ( FP).

We now illustrate these criteria with an example. Current American Scciety of Clinical
Oncology guidelines indicate that premenopausal women and postmm@pausal women with
low risk of side e ects and a 5-year projected risk 1:66% based on a well-established
breast cancer model, the NCI's publicly available Breast Cancer Risk Asessment Tool
(BCRAT; http://www.cancer.gov/bcrisktool) or \Gail model 2" (Co stantino et al., 1999),
may benet from tamoxifen and/or raloxifene for breast cancer prevention (Visvanathan
et al., 2009). This threshold was chosen as it corresponded to thevarage breast cancer risk
of a 60-year-old woman (Redmond and Costantino, 1996). Using a-$ear breast cancer risk
threshold of r = 0:0166 we classi ed the 17,085 women aged 50{55 years at baseline in
the NHS cohort based on their 5-year BC2013 risk and computed té criteria (Table 6.3).
Out of 252 women who developed breast cancer within 5 years of egton study, only 84

Table 6.3 Accuracy measures for the absolute breast cancer risknodel BC2013 based on
a 5-year absolute risk thresholdr = 0:0166 for 50- to 55-year-old women in the NHS
validation cohort

Accuracy measure Estimate 95% ClI
Positive predictive value (PPV) 84/3,461 = 0.024 (0.019, 0.030)
Negative predictive value (NPV) 13,456/13,624 = 0.988 (0.986, 0.990)
Probability of correct classi ca- (13,456+ 84)/ 17,085 = 0.793 (0.786, 0.799)
tion (PCC)

Probability of misclassi cation (3,377+168) / 17,085 = 0.208 (0.201, 0.214)
(PMC)

Sensitivity 84/252 = 0.33 (0.28, 0.40)
Speci city 13,456/16,833= 0.80 (0.79, 0.81)

95% con dence intervals were calculated assuming binomial variatiorand conditional on
the denominators.
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had a risk greater than 0.0166 (sensitivity = 0.333). Of the 16,833 wmen without breast
cancer, 13,456 had risks below the threshold (speci city = 0.799). ® 3,461 women with
risks above 0.0166, only 84 developed breast cancePPV = 0.024), whereas 13,456 of
the 13,624 women with risks below the threshold remained free of best cancer NPV =
0.988). The overall misclassi cation rate was 100 PMC = 20:8%:

These measures of accuracy are based on the binary outcome indior O; rather than
on time to breast cancer incidence. We do this because failure timesre quite variable,
compared to their mean. For example, the coe cient of variation of an exponentially dis-
tributed failure time is 1.0, regardless of the mean. Henderson and &iding (2005) discussed
the di culties of projecting survival times in clinical practice. Korn a nd Simon (1990) and
Korn and Simon (1991) discussed expected losses for models thateglict survival times.

6.4.3 Discriminatory accuracy

Discriminatory accuracy measures how well separated the distribtions of risk are for cases
and non-cases.

Some measures of discriminatory accuracy are based on the receivoperating charac-
teristic (ROC) curve (see e.g., Pepe (2003)), which extends the idea of classitian at a
single threshold in Section 6.4.2by varying the threshold. The ROC curve is generated by
plotting 1  G(r ) (or TP) on the ordinate against 1 K (r ) (FP) on the abscissa, ag
varies from 0 to 1. If risks in cases are higher than risks in non-casethe ROC curve will fall
above the line of equality; thus the ROC curve provides an indication of how di erent the
distribution G of absolute risk in cases is from the distributionK of risk in non-casesFigure
6.4 plots the ROC curve for the NHS validation data for women in various age groups.

True positive rate
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7 age atentry | [60,65)
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Figure 6.4: ROC curve for absolute breast cancer risk estimates from the BC201odel in
the NHS validation cohort for various age groups.

Pepe (2003) described key properties of thROC curve. It is unchanged by any monotone
increasing transformation of the risks R. The slope for the ROC curve at risk threshold
r equals the likelihood ratio, namely the ratio of risk densities,g(r )=k(r ) for cases and
non-cases. By assigning costs to misclassi cations of cases andmocases in a screening
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program, Pepe (2003) wrote the expected costs in terms 6@OC and derived similar optimal
thresholds as described irSection 6.6
A popular summary measure of theROC is the area under theROC curve (AUC or
AUCROC), which is equivalent to the probability that a randomly selected casewill have
a risk that is greater than that of a randomly selected non-caseAUC can be computed as
z 1
AUC = f1 G(u)gdK (u); (6.20)
0

and can be estimated from the risks'¥ of | non-cases and the risksjG of m cases as

X
AuC =(Im) * flre>rf)+0:5 (8 = rf)a: (6.21)
i=1 j=1

The non-parametric estimate in Equation (6.21) can also be viewed adUC = U=ml, where
U is the MannWhitneyWilcoxon test statistic (Mann and Whitney, 1947) , that tests the
null hypothesis that two samples come from the same population agast an alternative
hypothesis that one population (the cases) has larger values. Ifisk of disease increases with
R, values of AUC range from 0.5 if G(r) = K (r) for all r to 1.0 if the support of G lies
entirely above the support of K (perfect discrimination). If AUC = 1:0; there is a riskr
that equals or exceeds all risks in non-cases and is less than all riskscases.

While the ROC curve and the AUC can be estimated from cohort data, they are e ec-
tively retrospective measures that compare the risks in cases angon-cases. Thus theROC
can also be estimated from case-control study data, as in Equatio(6.21).

An important issue concerns how much of the discriminatory accuray is attributable
to time-related factors, such as variation in age in the population orvariation in the risk
projection intervals, and how much of the discriminatory accuracyis attributable to risk
factors Z. For example, the Framingham model for cardiovascular events (Wson et al.,
1998) includes age and age-squared as covariates in the risk modelhose time scale is
time since counseling. HighAUC estimates near 0.8 associated with this model derive in
part from the strong dependence of cardiovascular risk on age. &cer risk also increases
strongly with age, and age has often been used as the time scale farodeling cancer risk.
One approach to estimate the discriminatory accuracy contributed by Z and not age is to
stratify cases and non-cases into 5-year age intervals (Chen el.a2006a) and compute an
estimate of AUC within each age stratum. An average over these stratum-speci CAUC
estimates indicates the discriminatory accuracy contributed byZ, not by age variation.

In the NHS validation of the breast cancer risk model the age-spec ROC curves
plotted in Figure 6.4 do not dier appreciably, and the corresponding AUC values were
also similar, with values 0581; 0:595, 0578, and 0567 for the age groups< 55, [55 60),
[60;65) and 65 years, respectively. TheseAUC values indicate modest discriminatory
accuracy from the factors in BC2013, apart from age.

6.4.4 Extensions of accuracy measures to functions of timeral allowance for censoring

Especially when the time scale is time on study with projection interval (O; ], it may be

useful to de ne the previous criteria as functions of , as reviewed in Gerds et al. (2008).
The earlier literature in this area concernedpure risk, not absolute risk. Graf et al. (1999)
described how expected loss, such as the Brier criterion, could besttmated and plotted as
function of  with right censored data, provided censoring was independent ofigvival time.

Schoop et al. (2008) relaxed this assumption to conditional indepetience given covariates
and allowed the projection interval to advance with time. Heagerty et al. (2000) developed
the concepts ofsensitivity, speci city and the ROC curve as a function of time. Heagerty
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and Zheng (2005) extended this work to include covariates and to éne a \case" either
as incident at a given timet or as having occurred at or before timet (cumulative case).
Moskowitz and Pepe (2004) showed how to estimat®&PV and PPV as a function of time
on study. Uno et al. (2007) provided estimates ofPMC, sensitivity, speci city, NPV and
PPV by minimizing PMC for a \working model" of the probability of failure by time t,
provided censoring was conditionally independent of failure time givercovariates. Cai et al.
(2010) showed how to recalibrate a parametric working model norparametrically for pure
cumulative risk to time t in the presence of censoring.

Recent literature extended many of these ideas t@bsolute risk Li et al. (2011) showed
how to recalibrate a working model for absolute risk non-parametically. Saha and Heagerty
(2010) extended the notions of incident and cumulative cases to idade type of failure
and thereby de ned cause-speci csensitivity (TP ), speci city (1-FP) and associatedROC
curves andAUC as functions of follow-up time , both for incident and for cumulative case
de nitions. Saha and Heagerty (2010) provided non-parametric stimates of these quantities.
Zheng et al. (2012) used semi-parametric models to allow for covarias and censoring to
estimate TP, FP, the ROC curve, PPV and NPV at a xed time

6.5 Criteria for applications of risk models for screening o r high-risk
interventions

Rose (1992) outlined two approaches to preventive intervention ina population. The \gen-

eral population strategy" is to intervene on the entire population. This strategy has the
greatest potential for preventive e ect, but it can only be used when the intervention is so
safe that everyone can receive it with negligible risk. For example, if a information cam-

paign to reduce salt intake could lower systolic blood pressure in the @neral population by
2 mm Hg on average, that would prevent more heart attacks than acampaign to identify

and treat only those with very high blood pressure. A second straggy is to focus on high
risk subjects. Such a \high risk" strategy might be useful if the intervention had serious
side e ects. Then one should only intervene on individuals with high enaigh risk of the

main health outcome that the bene ts of risk reduction outweigh the risks from adverse
intervention e ects (see Sections 6.6.2and 10.5). Another motivat ion might be economic,
if there are not enough preventive resources to intervene on all embers of the population.
Then allocating the intervention to those at highest risk will prevent more disease than
random allocation of the intervention, provided the risk assessmenis not too expensive
(Gail, 2009a). The following criteria are useful for implementing the \high risk" prevention

strategy.

6.5.1 Proportion of cases followed and proportion needed téollow

Suppose that the risk modelR can be applied to an entire population to assign a disease
risk r to each person. The model-based risks are then ranked, and a portion of those
individuals at highest risk of developing disease is followed up. Dependinon the specic
application, follow-up could consist of a diagnostic test, screeningor a preventive interven-
tion. For example, the risk of breast cancer could be computed basl on a risk model, and
then a proportion of those with highest risk would receive more intersive screening with
mammography or ultrasound to detect disease early and treat it moe e ectively.

Pfei er and Gail (2011) and Pfei er (2013) proposed and studied two criteria to assess
the usefulness of models that predict risk of disease incidence focreening and prevention,
or the usefulness of prognostic models for management following @iase diagnosis. The
rst criterion, the proportion of cases followed P CF (p), is the proportion of cases who are
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included in the proportion p of individuals in the population at highest risk, given by
PCF(p)=1 G F Y1 p=1 G(1 ) (6.22)

whereG F(x) = GfF(x)g is the composition of G with F and ; q=F (1 q) denotes
the (1 p)" quantile of F. As before, G and F are the distributions of risk in cases
and in the population, respectively. This criterion has been used by thers, e.g., Pharoah
et al. (2002), but the statistical properties of its estimate had na been described. The
second criterion is the proportion needed to follow-up P NF (g), namely the proportion of
the general population at highest risk that one needs to follow in orér that a proportion g
of cases will be followed, de ned as

PNF(@=1 F Gl 9=1 F(1q); (6.23)

where 1 ¢ = G (1 ) denotes the (1 o) quantile of the distribution of risk in
cases,G. If risk is concentrated in a small proportion of the population at highest risk,
then P CF(p) will be high, even for small p and PNF (g) will be small, even for large q.
These quantities are useful for assessing the potential usefulsg of a screening program.
For example, if PCF(0:10) = 0:20, only 20% of those destined to develop disease will be
screened in a program focused on the top 10% of the population atigphest risk. Likewise
PNF (0:5) = 0:40 means that 40% of the population at highest risk needs to be scemed
to cover 50% of future cases.

To lessen the dependency oP CF(p) and PNF (g) on the given thresholdsp and q,
Pfei er (2013) de ned the integrated PCF and the integrated PNF as

Z, Z,

iPCF(p)= PCF(p)dW(p) and iPNF (g ) = PNF (g)dW(q); (6.24)
p q

where W is a probability measure on the unit interval. For dW (p) = dp,
iPCF(p)=1 p ﬁPfRG RFIRF 2 (0; 1 p)g (6.25)

and
iPNF(g)=1 q ﬁPfRF REJR® 2 (0; 1 ¢)g; (6.26)

where RF and R® are random risks fromF and G. For the special case ofp = q =0,
iPCF(0)=1 P(R® RF)= P(RF <R®). Thus, iPCF (0) is the probability that a
randomly selected case has a higher risk than a randomly selected meer of the general
population. This measure is more appropriate for population interventions than the AUC,
namely the probability that a randomly selected case has a higher prigcted risk than a
randomly selected non-caseAUC = P(R® > R K), because at the time of intervention one
does not know the eventual case status of members of the popuian. Equations (6.25) and
(6.26) resemble expressions for the partial area under the ROC cve (McClish, 1989). The
quantities iPCF (p ) and iPNF (g ) focus on the high risk portion of the population to be
screened. While theAU C compares ranks of the estimated risks in the cases to those in non-
casesjP CF (0) compares risk in cases to risks in the whole population, which is a mixre
of cases and non-cases. However, for a rare diseake, F, and the values of theAUC and
iP CF (0) will be close. Figure 6.5 shows aP CF curve when the population distribution of
risk F is a beta distribution with parameters = 1:5; = 28:5, corresponding to event
probability P(Y = 1) = 0:05. The area under this curve isiPCF 1(0) = 0:71: The
correspondingAU C value is Q72.
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Figure 6.5: PCF curve when the distribution F of risk is a Beta distribution with parameters
=1:5; =28:5, corresponding to mean =0:05andiPCF (0)=0:7L

Pfei er and Gail (2011) and Pfei er (2013) developed estimates ofPCF, PNF, iPCF
andiPNF for three types of sampled data and derived their asymptotic distibutions. First,
Pfei er and Gail (2011) considered a random sample of risk estimater| ;i = 1;:::;n from
the cohort and assumed that the risk model was well calibrated. Smond, Pfe| er (2013)
considered case-control data with random samples of risks in casg® G;i =1;:::; m;
and controls, rK K;j =1;:::;1, and assumed that the event probability P(Y
1) in the population was known from external sources. From this inbrmation, Pfeier
(2013) estimatedPCF, PNF, iPCF andiPNF non-parametrically. Third, Pfei er (2013)
studied the corresponding estimates when a random sample of riskand the associated
binary outcomes (F;0;);i = 1;:::;n were available from the population. The second
and third scenarios do not reqwre WeII calibrated risk models for unkased estimation of
PCF;PNF;iPCF andiPNF . We expand on these comments in the following paragraphs.

6.5.1.1 Estimation of PCF and PNF

Estimation using observed risks in a population

If the risk I51odel R is well calibrated, that is P(O = 1jr) = r, then P(O =
1) = E(R) = 01 rdF (r), and the distribution G of risk in cases can be derived from the
population distribution F as shown in Equation (6.14). In this setting,
Z

PCF(p)=1 G( i p) =1 1 "TWRm=1 La p)y (6.27)
0

where L is the Lorenz curve of F (Lorenz, 1905). Likewise,PNF(q) =1 F( 1 ¢) =
1 L 1 o);whereL ! denotes the inverse of the Lorenz curve (Goldie, 1977).

Thus if the risk model is well calibrated, PCF and PNF can be estimated nonparamet-
rlcaIIy based on emp|r|cal estimates ol and L ! from a random sampler{ ;:::;rf of risks.
Let r(l) D (n) denote the order statistics of the estimated risks, and Iet )E] be the

largest integer less than or equal tax. Let S; = ikzl I k) - An estimate of the Lorenz curve
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and thus PCF isPCF =1 L,(1 =1 Spha =S Using Goldie's (Goldie, 1977)
result for the inverse function of the Lorenz curve,L ,*; for a xed value of 1 p, the PNF
is estimated asPNF =1 L,2@ p=i=n, Si=Sy <1 p Su=S:;i=0;:::n

If the model is well calibrated, iP CF andiPNF are functionals of the integrated Lorenz
curve and its integrated inverse. A popular sumgmary measure of tb Lorenz curve, the
Gini index (Gini, 1912) dened as Gini =1 2 01 L (p)dp is related to iP CF (0) through
Gini =2iPCF (0) 1. ﬁ:pon-parametric estimate ofiP CF is thus obtained by interpolation
asiPCF(p)=1 p @ eonlga pon] i +1)r()=nS,: Similarly, we estimate iPNF
asiPNF (g)=1 q :‘:1 ir i+1) =nSy; wherek satises S¢ =§, <q Sk +1 =5

Estimation using risks in a case-control sample when = P(O=1) is known

From random samplesriG G;i = 1;:::;m; of cases andij Kij =121;:::10 of
non-cases we obtained the empirical distribution functionsGn, (r ) and K,(r ). Assuming
that the event probability = P(O = 1) in that population is known, we estimated the
distribution of risk in the general population as F(r )= G m(r )+(1 YK, (r ): Plugging
Gm,Ki,F,and ™y p= F X1 pland” = G, (1 ¢ into (6.22), (6.23), and (6.24)
yields estimatesPCF; PNF (9), PCF (p ) and iPNF @ q).

Estimation using risks and outcomes in a population

outcomes in a population. For a model that predicts disease inciderg these data would be
risk estimates at baseline and observed outcomes at the end of tHellow-up period, and
for a model that predicts prevalence of a disease, the risks and taomes could be based on
a cross-sectional sample.

Pfei er (2013) estimated PCF and PNF by plugging estimates ofF, G and the corre-
sponding quantiles and into the expressions (6.22) and (6.23), respectively. Estimates
of iPCF and iPNF were obtained in a similar way. The distribution of risk in the general
population, F, was estimated from Equation (6.2), and G was estimated from Equation
(6.13).

Variance calculations

Pfei er (2013) derived the asymptotic properties and variances or the estimates of
PCF; PNF,iPCF andiPNF for the three types of data described above using a Taylor
linearization approach, that yields variance esfymates of a statisticT' through a rst order
approximation of T, such that var(f) varf | (T)g; as described in more detail in
Section 4.6.1 Again, ;(T) denotes the in uence function operator for the in uence of
observationi on T (Graubard and Fears, 2005; Shah, 2002; Deville, 1999; Hampel, 18;
Reid and Crepeau, 1985). For estimates based orr{(; O;) observed in a cohort, Pfeier
(2013) used bivariate in uence functions (Pires and Branco, 200p

Estimates for the NHS validation data

Table 6.4 shows estimatesP CFr and PNF g from the NHS validation cohort, based
on risks R only, under the assumption that the risk model BC2013 is well calibraed,; it
also shows estimates® CF (r0y and PNF (ro) based on R;0) without the calibration
assumption. EstimatesPCF(R;o), which are unbiased, were lower thanP CFg for p =
0:10 and p = 0:20. The width of the 95% con dence intervals was appreciably largerfor
PCF(R;O) , which shows how much e ciency is gained by assuming that the modeis well
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calibrated. If the assumption is violated, however,PCFr can be biased. ForPNF with
q=0:90, a fraction §r.y y = 0:901 of cases was found in the 100PNF (g0 = 76:9% of the
population with the highest risk; this is evidence that PNF (R:0) is unbiased. In contrast, a
fraction 6g = 0:945 of cases was found in the 100 P NF g = 84:1% of the population with
highest risk whenq = 0:90. Thus 94.5% of cases instead of the desired 90% had risks in the
highest 841% of the population, re ecting a lack of model calibration and conseuent bias
in PNF g (Table 6.4).

The AUC value for this example was 0616, very close to the integrated PCF,
iPCF (0) = 0:614, as expected for a rare outcome.

Table 6.4: Estimates of PCF and PNF from the NHS validation cohort based on 5-year
BC2013 risk projections for 50- to 55-year-old women

Estimate based on cohort data
Assume well- No assumption
calibrated model, on calibration,
use data R only use data (R;0O)

% screened (100 p)

10% PCFr =0:168 PCF(ro)=0:178
95%Cl: (0.167, 0.169) 95%Cl: (0.127, 0.229)
20% PCFRr =0:299 PCF(ro) =0:328

% cases to be captured

(100 q) in screen
90%

80%

95%Cl: (0.298, 0.301)

PRNFg =0:841
95%Cl: (0.840, 0.842)
PNFR =0:588

95%Cl: (0.706, 0.709)

95%Cl: (0.261, 0.395)

PNF (ro) = 0:769
95%Cl: (0.649, 0.890)
PNF (ro) =0:533
95%Cl: (0.533, 0.777)

95% bootstrap con dence intervals (ClIs) are shown.

6.6 Model assessment based on expected costs or expected uti lity specialized
for a particular application

Minus the sample mean square error of prediction (Brier statistic) axd the sample mean
logarithmic score (minus half the binomial deviance) converge to expctations of general
criteria called \proper scores" (Gneiting and Raftery, 2007)). A risk model that yields a
higher mean value of a proper score is preferred to one with a smallenean value. If possible,
however, it is desirable to choose criteria thatmeet the special requirements of a particular
application, rather than choose a general proper score. If it is possible to agn \costs",
which are also called \losses", to various outcomes that are speciakzl for a particular
problem, then optimal risk thresholds for decision can be determing that minimize the
expected cost or loss. A gure of merit for a given risk model is its epected cost for that
optimal threshold. In comparing two risk models, the preferred malel is the one with smaller
expected cost. In the following sections we elaborate on these ideaRather than specifying
costs or losses, some investigators equivalently specify \utilities"An optimal risk threshold
can be determined from utilities, and with this threshold, a preferred risk model is the one
that yields the larger expected utility.
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6.6.1 Two health states and two intervention options

Many important problems in clinical epidemiology and clinical practice can be represented
in terms of two health states and two intervention options. In screening for disease, a person
either has screen-detectable disease or not, and an interventiochoice is whether or not to
apply a screening test to that person, perhaps based on an estirteof the probability that
the person is diseased. In predicting whether a man will have a myoedial infarction in the
next ten years, the man either will or will not be so diagnosed, and arintervention might
be whether or not to recommend taking statins to prevent cardiowascular events, perhaps
based on the risk of such events. Such considerations could alsoy after disease diagnosis.
For example, a 65-year-old man diagnosed with prostate cancer wita favorable pathology
(Gleason score 2) has a chance of dying of prostate cancer of lgbsin 5%, because he is
likely to die of other causes rst (Albertsen et al., 2005). The outcanes are death from
prostate cancer or not, and the intervention choice is whether totreat vigorously with
surgery or radiation or to wait for laboratory or other signs of cancer progression before
treating.

Problems of this type can be characterized by the data inTable 6.5. A risk estimate r
is used to decide on intervention or not, according to some risk thrghold, t. The rule is
to intervene if r >t and not to intervene if r  t. The risk r for the screening example is
the risk of prevalent disease, but the risks for the other two exarples should be absolute
risks of the adverse outcome. Costs (or losses) for the variou®mbinations of intervention
choice and disease state are shown, but if appropriate utilities are sed instead of costs,
the results obtained by minimizing costs are analogously obtained by @aximizing utilities.
Letting denote the true probability of disease or of an adverse health outime, sens(t) the
sensitivity of the risk model at threshold t, and spec(t) the corresponding speci city, one can
express the joint probability of being diseased and having the interention as sens(t):
Other joint probabilities are shown in Table 6.5.

Table 6.5: De nitions for a decision problem with two health states and two intervention
options?

Intervention Disease state Costs Risk criterion Outcome probability
at threshold t

Yes Diseased Crp r>t sens(t)

No Diseased Cen rot f 1 sens(t)g

Yes Not diseased  Cgp r>t (1 )f1  spedt)g

No Not diseased Cry rot (1 )spedt)

aAbbreviations: TP, true positive; FN, false negative; FP, false pogtive; TN, true nega-
tive; C, cost; r, absolute risk; t, threshold; , probability of disease;sens sensitivity; speg
speci city.

Assuming there is a cost, Gest, associated with assessing risk, the total expected cost is

C(t) = sens(t)Crp + f 1 sens(t)gCen +(1 )1 spedt)gCerp
+(1 )Spec(t)CTN + Crest
= sens(t)Bease (1 )spedt)Bnon case * Crn +(1 )Crp + Cest ;
(6.28)
where Bease = Cen Crp 0 is the net benet of intervening on a case (or reduction
in cost from intervening on a case) andBpon case = Crp Crn 0 is the net cost from
intervening on a non-case. The risk threshold that minimizes C(t) is

t = Bnon case=(Bron case + Bcase) = (1 + Bcase=Bnon case); ! (6.29)
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and the corresponding minimum expected cost is

Cmin = sens(t )(Cen Crp)+(1 )f1 spedt )g(Crp  Cin)+ Cekn
+(1 )Crn + Crest = sens(t )Bease (1 )spedt )Bnon case (6.30)
+Cev +(1 )Crp + Crest :

A perfect modelr hassens(t) = spedt) =1 and

Cperfect = Cqtp+(1 )Cin + Crest (6.31)

min
If one intervenes on all subjects ¢ens(t) = 1; spedt) = 0), then

Clll= Ctp+(@  )Crp + Cest: (6.32)
If one never intervenes gens(t) = 0; spedt) = 1), then

Con®= Cen +(1 )Crn + Crest: (6.33)

These three quantities can be used as benchmarks for the perfoanceCn,n of an imperfect
risk model (Weinstein et al., 1980; Gail and Pfei er, 2005; Gail, 2009h Baker et al., 2009).

Equation (6.29) is remarkable because the optimal threshold depeais only on the costs
and not on which risk model is used. Equation (6.29) was rst derivedby Pauker and
Kassirer (1975) by nding the threshold at which the expected lossis the same for the
intervention and no intervention options. This important result shows that specifying a
threshold is equivalent to specifying the cost ratio Bcase=Bnon case, @s emphasized and
used by Pauker and Kassirer (1975). Metz (1978) showed that tis threshold corresponded
to the point where the slope of the ROC curve equals (1 )Bnon case= B case. Gail and
Pfei er (2005) derived the threshold by di erentiating Equation (6 .28).

Cmin in Equation (6.30) decreases with increasing sensitivity and speci ciy at t . Model
1 is preferred to model 2 if

Cmin;2 Cmin;1: B casefsensl(t ) SenSQ(t )g+(l )Bnon casefSpecl(t ) SpeQ(t )g > 0
(6.34)
Equivalently, model 1 is preferred to model 2 if

fsens(t ) sens(t )g+ fspea(t ) speg(t)gf(l  )Bnon case= B cased> 0: (6.35)

If both the sensitivity and speci city of model 1 are greater than that of model 2 att ,
then model 1 is preferred. If eithersens;(t ) > sens,(t ) and speg(t ) < specy(t ) or
sens;(t ) < sens,(t ) and speqg(t ) > spec,(t ), then whether or not model 1 is preferred
depends on the weight assigned to the di erence in speci citiesf (1 ~ )Bnon case= B case -

In terms of the previous notation, Vickers and Elkin (2006) de ned the \net bene t" at
a risk threshold t as

NB (1) = sens(t) (1 )fl spedt)gft=1 t)g: (6.36)

One can obtainNB(t) from Equation (6.28) by discarding terms that do not depend ont,
dividing by Base; and recognizing from Equation (6.29) thatt=(1 t) = Bnon case =Bcase:
Baker et al. (2009) showed that discarding those terms is equivalérto subtracting CpoM€
from Cmin . Vickers and Elkin (2006) recommended a \decision curve”, which is glot of
NB (t) againstt . By varying t between 0 and 1, one is implicitly examining net bene t for a
range of values of implied cost ratio8Bnon  case =Bcase, and one risk model might be preferred
to another if its net bene t were larger over a relevant range of vdues oft. If none receive the
intervention, NB (t) = 0: If all receive the intervention, NB (t) = 1 Ht=(1 t); which
is very nearly linear with slope (1 ) for small t. The decision curve can be compared
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with these two loci to see whether using the risk model is preferabléo intervening on all
or intervening on none, without a risk model.

Van Calster and Vickers (2015) studied the e ects of miscalibration on the decision
curve. Miscalibration always lowersNB(t) . Miscalibration can lead to worse decisions than
no model if risks are underestimated for true event rates less tha or overestimated for

true event rates over . Baker et al. (2009), who used utilities instead of costs, reviewed
several alternative measures of performance based on the eqalents of C(t), Cpin , CPE"

cal ,and Clo". They presented a scaled statistic, the \relative utility" and \relat ive utility

curve". We de ne the corresponding relative cost curve,RCC, as

RCC(t) = fcnone  c(t)yg=fcnone  cPerfect g for ¢

min min min

=fcal  Cc(t)g=fca cPlgfort < :

min min min

(6.37)

At the optimal threshold for a given model, RCC(t ) is given by Equation (6.37) with Cpn
replacing C(t). Peirce (1884) calculated sens(t)Bcase +(1 )1 spedt)gBnon case
but did not de ne an optimal threshold. Van Calster et al. (2013) presented a unied
treatment of net benet, relative utility, AUC and some other measures, such as the net
reclassi cation index, which is further discussed inChapter 7.

6.6.2 More complex outcomes and interventions

Although the previous formulation for two health states and two int ervention actions has
many applications and has been well studied, there may be multiple hdth states to consider,
and the intervention choices may be more elaborate.

6.6.2.1 Example with four intervention choices

Pauker and Kassirer (1980) considered diagnostic tests, such asnal biopsies, which them-
selves carry risk. The resulting 4 possible intervention actions includd: administer treat-
ment without the diagnostic test, withhold treatment without the d iagnostic test, perform
the diagnostic test and administer treatment if it is positive, and perform the diagnostic
test and withhold treatment if it is negative. For each of these 4 posible actions, the disease
was either present or absent, resulting in 8 possible combinations dftervention actions
and disease states. By assigning utilities to each of these 8 conditisrand allowing for the
cost associated with performing the diagnostic test, Pauker and lassirer (1980) were able to
de ne two risk thresholds for clinical management. We translate their notation for utilities
into the previous notation for costs. They rst presented a risk threshold for withholding
treatment without diagnostic testing versus diagnostic testing. This threshold was

i _ P (Test+ jnodiseaseBnon case + Crest ]
st = P(Test+ jnodiseaseBnon case + P (Test+ jdiseaseB case

(6.38)

Thus, the disease risk thresholdt,.,, for performing the diagnostic test increases with the
cost of the test Cies ; and with the cost of treating a non-case,Bnon case; the threshold
decreases with the bene tBase Of treating a case and with the diagnostic test's speci city
and sensitivity. The second threshold was for the decision to treawithout testing versus
diagnostic testing. The threshold for treatment without diagnostic testing was

P(Test-jnodiseaseBon case  Crest .
P (Test-jnodiseaseBnon case + P (Test-jdiseaseBcase

ttreat -

(6.39)

This threshold decreases with increasind@Cist , increasingBcase, and decreasing test sensi-
tivity; it increases with increasing Bnon case @nd increasing test speci city. Based on these
thresholds, one treats without testing if r >t .. . If It , ONe does not test or treat. If

test <T  tyear ; ONE tests and treats according as the test is positive or negative.
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6.6.2.2 Multiple outcomes in prevention trials

Sometimes an intervention a ects multiple health outcomes. For exanple, Fisher et al.
(1998) studied whether tamoxifen would prevent breast cancer ir 3,388 women followed on
average for 4 years. Although tamoxifen reduced the risk of invase breast cancer (relative
risk 0.51) compared to placebo, it had other e ects {Table 6.6). In particular, it reduced the
risk of hip fractures and in situ breast cancer, but increased the risk of endometrial cancer,
stroke, pulmonary emboli and deep vein thromboses.

Table 6.6: Relative risks (RRs) from tamoxifen treatment for various health outcomes, and
absolute numbers of health outcomes expected in 5 years with anditkout tamoxifen in a
population of 10,000 white 40-year-old women with uteri and with a piojected breast cancer
risk of 2%

None get All get Prevented by

Health events RR (95% CI) 2 tamoxifen tamoxifen tamoxifen
Invasive breast cancer 0.51 (0.39{0.66) 200 103 97
Hip fracture 0.55 (0.25{1.15) 2 1 1
Endometrial cancer 2.53 (1.35{4.97) 10 26 {16
Stroke 1.59 (0.93{2.77) 22 35 {13
Pulmonary emboli 3.01 (1.15{9.27) 7 22 {15
Net life-threatening 241 187 54
events

In situ breast cancer 0.50 (0.33{0.77) 106 53 53
Deep vein thrombosis 1.60 (0.91{2.86) 24 39 {15
Net serious events 130 92 38

a8From B. Fisher, J.P. Costantino, D.L. Wickerham, C.K. Redmond, M. K avanah, W.M.
Cronin, V. Vogel, A. Robidoux, N. Dimitrov, J. Atkins, M. Daly, S. Wiea nd, E. Tan-Chiu,
L. Ford, and N. Wolmark. Tamoxifen for prevention of breast cancer: Report of the
national surgical adjuvant breast and bowel project p-1 study Journal of the National
Cancer Institute, 90(18):1371{1388, 1998.

A negative number means that tamoxifen increases the number ofvents.

To provide guidance to women as to whether there was a net expeetl bene t from
taking tamoxifen, Gail et al. (1999a) classi ed the health outcomesas life-threatening or
serious (Table 6.6) and estimated the absolute risk of each outcomen the absence and
presence of tamoxifen. Suppose a woman with a uterus had a bregasancer risk assessment,
and her projected 5-year absolute risk was 2%. She might considevhat would happen to
10,000 women just like her over 5 years. On the basis of absolute rigstimates one might
expect 241 life-threatening events without tamoxifen and 187 lifethreatening events with
tamoxifen, a reduction of 54 events Table 6.6). Likewise, tamoxifen reduces the expected
number of serious events in this population by 38. It seems that sut a woman should
consider the use of tamoxifen.

If one is willing to assign a cost (or loss)k to each outcomek = 1;2;:::K, wherek =1
corresponds to invasive breast cancer an&k = 7 to deep vein thrombosis (Table 6.6), one
can determine whether there is a net bene t from taking tamoxifen by testing

X X X
Net Bene t = ¢ Pok P = c(Pok  Pik) > 0 (6.40)
k=1 k=1 k=1

In this equation, Pk is the probability of the outcome in the absence of tamoxifen andP1x
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is the probability in the presence of tamoxifen. Thenet benet is the expected cost in the
absence of tamoxifen minus the expected cost in the presence afnhoxifen. In Gail et al.

(1999a), the relative risks RR; in Table 6.6 were used to computeP1x = RR Pok, and the
costs were de ned asck = 1 for k = 1;2;:::;5 (life-threatening events) and asc, = 0:5 for
k = 6; 7 (serious events). Using these costs, one could classify womertaading as whether or
not the net bene t was positive. Young women with high breast caner risk had positive net
bene ts, whereas older women tended to have a negative net bernidecause they had higher
baseline risks,Pq, for stroke, pulmonary emboli, deep vein thromboses, and endonteal

cancer. Cross-classi cations on age and breast cancer absolutisk indicated which women
had a net benet for tamoxifen (Gail et al., 1999a) and for raloxifene (Freedman et al.,
2011).

Several comments follow. First these calculations ignore the possiity that a woman
would develop more than one of these conditions. This approximatioris reasonable over
short time intervals, like 5 years. This assumption means that one des not need to assign
costs to multiple simultaneous outcomes. Moreover, one does noteed to know the joint
distribution of these various events with and without tamoxifen; marginal estimates like
Pox and Py are su cient. Second, we have assumed that we can calculat®x = RR g Po,
regardless of the characteristics of the woman. Prevention trial®f this type rarely provide
su cient information to detect heterogeneity of the intervention e ect, but these methods
can be extended to allow for it (Janes et al., 2014). Third, not evergne would agree to the
costs used. Sensitivity analyses based on varying costs can be dg¥e see if conclusions are
robust, as in Gall et al. (1999a). Fourth, the estimates of net bew t in Equation (6.40) are
subject to random variation, primarily because the relative risk esimates are variable (Table
6.6). Gail et al. (1999a) showed how to account for such variability ty using a parametric
bootstrap to resample the numbers of health outcomes and categized the evidence that
the net bene t was positive as strong (probability 0.9 to 1.0) or moderate (probability 0.6 to
0.89). Finally, these analyses only estimated the risks of health outames other than breast
cancer on the basis of race and age. More precise estimatesRek based on risk models for
other outcomes have the potential to improve the net bene t (Galil, 2012).

6.6.2.3 Expected cost calculations for outcomes followindisease diagnosis

Therapeutic decisions after disease diagnosis also depend on theemtentions that are avail-
able and the costs that might be associated with various interventims and outcomes. The
following simple example indicates that the computation of expected Iss and the data
requirements can be more complex for therapeutic decisions. Suppe a standard cancer
chemotherapy is to be compared with a new chemotherapy, and thathe two health out-
comes of interest are fatal chemotherapy toxicity k =1) or disease recurrencek =2). Denote
the bivariate outcome O = (01;0,) f I(eventk =1 occurs);| (eventk = 2 occurs)g, and
let Po(O) and P1(O) be the probability mass functions under standard and new chemdter-
apies respectively. In this setting, joint events like O = (1;1) are unfortunately possible.
Now consider some possible cost (or loss) functiong(O): Here c is a scalar positive func-
tion of O: A simple loss function might be the additive modelc(O) = ¢;0; + ¢,0,; where
c1 and ¢, are costs associated with event& = 1 and 2. It turns out that for additive cost
functions like this, the decision rule that minimizes expected costs isd treat if the net
bene t in Equation (6.40) is positive, where Pox and P are the marginal distributions for
0O; and O;: Such additive cost functions might apply in a setting where the health out-
comes were two di erent mild conditions, such as itching and rednessbut in the present
example an additive cost function does not seem appropriate. Suggse we assign costs; =
2 and ¢, =1, because fatal toxicity is more devastating than recurrence.The cost can be no
greater than 2, because a recurrence hardly adds costs to fdttoxicity. Thus we might use
c(0) = max( c101;c0,): The decision rule that minimizes expected cost is to give the new
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treatment if X
NetBenet = c(O)fPo(O) P1(0)g> O: (6.41)
O

In order to compute this net bene t with non-additive costs, we need the joint distributions
Po(O)and P1(O), not merely the marginal distributions used in Equation (6.40). Thus
randomized trials that yield estimates of Po(O) and P1(O) should report not only marginal
outcomes but joint outcomes (which is rarely done but is feasible withelectronic records).

This example is meant only to illustrate that therapeutic decisions canbe complex and
require elaborate data to estimate net benet. In fact, to desciibe realistic costs in the
therapeutic setting, one may need to take the timing of health outomes into account,
and there may be several possible outcomes to consider. Formulag realistic outcome
possibilities and joint costs is often the main impediment to implementing formal decision
methods. Another consideration that applies to the therapeutic ®tting and more broadly
is that minimizing expected cost may not be the best criterion. Some ptients may want to
adopt the intervention that minimizes the maximum cost that can be encountered, rather
than minimizing the expected cost.

Provided one accepts minimizing expected cost (or minimizing maximum aost) as the
criterion of choice, one can compare risk models in terms of their assiated net bene t in
speci ¢ applications.



Chapter 7

Comparing the performance of two models

Many of the criteria in Chapter 6 to assess the performance of a syte risk model can be
used to compare two models. Such criteria include measures of agegy, such as positive
and negative predictive value, misclassi cation rate, sensitivity, speci city, and additional
criteria based on the ROC curve. Other criteria for a single risk modécan also be used, such
as criteria for quantifying the performance with respect to speci c interventions (e.g.,P CF
or PNF), and criteria based on expected costs, as presented Dhapter 6. All these criteria
for single risk models can also be employed to compare the performea of two di erent
models evaluated on the same validation data. In this chapter we illustate such compar-
isons. However, we also discuss some more recently proposed aidefor model comparison
that have no \single model" analogue. They include risk strati cation tables, the net re-
classi cation improvement (NRI), and continuous net reclassi cation improvement, cNRI
(Pencina et al., 2008). These latter criteria were developed to quaify the improvement in
a model from adding a novel predictive marker. Examples of serum m@rkers include CA-125
for predicting ovarian cancer incidence, and PSA (prostate-spac antigen) to predict the
presence of prevalent prostate cancer and help decide if a biopsy warranted. There has
also been interest in determining how much the performance of riskgdiction models could
be improved by including information on single nucleotide polymorphisms(SNPs) identi-
ed in genome wide association studies (GWAS). Although individual disesase-associated
SNPs may confer only modest risk for most diseases, the combinedeet of all identi ed
disease-associated SNPs, summarized in a \polygenic risk score" ight provide substantial
information. Unless costly molecular information improves prediction compared to models
based on easily obtained risk factors such as clinical or personal ahacteristics, there may
be little value in using the molecular markers. Although assessing thealue of adding a new
marker to an existing model is an important application of methods fa model comparison,
these methods can also be used to compare models that use entirayerent risk factors.

7.1 Use of external validation data for model comparison

We compare the performance of two models evaluated in the same é&st" or \validation"
data. These \external validation data" are independent of the data sources used to develop
the models. We denote the two models that we wish to compare byR; and R, and assume
the risk estimates for both were calculated using possibly di erent kaseline covariates but
the same projection interval for each individual in the validation data set. Thus we observe
bivariate risk estimates (ril; ri2);i =1;:::;n, from modelsR; and R,. The bivariate distri-
bution of risks can be calculated from the joint distribution of all risk factors used in both
models by extending Equation 6.1. However, we are mainly interesteth the marginal risk
distributions F; and F; induced by the respective covariate distributions for the risk facors
in R; and Ry in the general validation population. As in Chapter 6, G; and K;;i = 1;2,
denote the distributions of risk in cases and non-cases for models= 1; 2, respectively.
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When discussing nested models, we IR, denote the \new model" and R; denote the
original model. For non-nested models, the designation of the sulssipt is arbitrary. For
most of this chapter we assume that the validation data are from a ohort, but we point
out when criteria can also be estimated from case-control data.n Section 7.7we mention
problems with trying to compare models using the training data.

7.2 Data example

To illustrate the methods in this chapter, we compared an absolute isk model for invasive
breast cancer with potentially modi able risk factors (BC2013) (Pfeier et al.,, 2013) to
the old absolute breast cancer risk model, the National Cancer Ir#ute's publicly avail-
able Breast Cancer Risk Assessment Tool (BCRAT at http://www.ca ncer.gov/bcrisktool),
which includes modi cations of the original \Gail model" (Gail et al., 198 9), as described
previously (Costantino et al., 1999; Gail et al., 2007; Matsuno et al.,2011). We used a
subset of the 57,906 women in the Nurses' Health Study (NHS) ext@al validation cohort
described inChapter 6. All comparisons were based on 5-year abéate risk estimates from
BC2013 and BCRAT for the 17,085 women aged 50{55 years at basebrnin the NHS cohort.

The predictors in the new BC2013 model are age and race/ethnicityof a woman, her
family history of breast or ovarian cancer, personal history of baign breast disease/breast
biopsies, estrogen and progestin menopausal hormone therapMHT) use, other MHT
use, age at rst live birth, menopausal status, age at menopausealcohol consumption
and body mass index (BMI). BCRAT predicts a woman's breast cance risk based on her
age and race/ethnicity, family history of breast cancer, person&history of breast biopsy
and diagnosis of atypical hyperplasia, her age at her rst live birth of a child and age at
menarche. BMI, MHT and alcohol use are not included as predictorsn BCRAT, and age
at menarche and a diagnosis of atypical hyperplasia are not includeth BC2013.

7.3 Comparison of model calibration

First, we applied the criteria presented in Chapter 6 to assess the alibration of each model.
Table 7.1 shows the observed number@®) of cancers, and the expected numbersH) from
both models with correspondingE=0 ratios and 95% con dence intervals (Cls), overall and
in various subgroups de ned by selected covariates. Both modelsnder-predicted the overall
observed number of casesd = 252) somewhat. The expected number of events were 231
from BC2013 and 238 from BCRAT; however, neither overallE=O ratio was statistically
signi cantly di erent from one. Both models statistically signi cantly (p < 0:05) under-
predicted the number of events for women with a diagnosis of benigbreast disease, and
BC2013 also signi cantly under-predicted the number of events fo women with BMI 35
kg/m 2 and for women with one rst degree relative with breast cancer. Havever, power to
detect lack of calibration was limited for cells de ned by covariate values that had few cases.
Table 7.2 gives the observed and expected events by deciles of riskrfboth models. The
absolute risks of developing breast cancer were relatively low, re@ing the facts that the
validation population was young (aged 50 to 55 years) and the projetion interval was only
ve years long. For BC2013, risk estimates ranged from 0.63% to 4%, and for BCRAT
from 0.63% to 8.65%. BC2013 overestimated the number of events ihe lowest two deciles;
for example, in the rst decile group, the model predicted 14 evens while 6 were observed,
with E=0 = 2:31. For BCRAT, the numbers of women falling into the risk decile groups were
less balanced than for BC2013, because BCRAT only yields 108 totatovariate patterns,
resulting in many tied risk estimates. BCRAT overestimated the number of events in the
lowest three deciles withE=0 values of 120;1:11, and 166, and slightly under predicted
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risk in the high-risk deciles. BC2013 under-predicted risk in the highrisk deciles by more
than BRCAT.

Letting G = 10 corrq§p0nd to the decile groups, we computed the global tesstatistic
in Equation (6.6), Q = ;3:1 (09 E9)?=EY, asQ = 16:7 for BC2013 andQ = 13:4 for
BCRAT. Neither value exceeded the cuto of %, =18:31 at the 0.05 level, indicating that
both models were adequately calibrated overall.

We also assessed calibration by tting a logistic regression model tolmserved outcomes
(Equation (6.4)) with log f Rk=(1 Ry)g; k = 1;2 as the independent variable. The regression
intercept and slope estimates were§*=1:37 (p=0:11)and 4 = 1:30 (p = 0:13) for BC2013
and % =0:10 (p=0:88) and 4 = 1:01 (p = 0:95) for BCRAT. The fact that the intercepts
are positive but not statistically signi cantly di erent from zero is co nsistent with slight
underestimation of risk overall in both models. The estimated slope { = 1:30, though
not statistically signi cantly di erent from 1.0, is consistent with und erdispersion of risk
estimates for BC2013, namely underestimation of high risks and ovestimation of low risks,
as in Table 7.2 and Figure 7.1

Table 7.1: Comparison of observed (O) and expected (E) incident beast cancers and the
corresponding 95% con dence intervals (Cls) based on 5-year pdictions from BC2013
(Pfeier et al., 2013) and BCRAT (http://www.cancer.gov/bcriskto ol) in women ages 50{
55 in the Nurses' Health Study (NHS) validation cohort

BC2013 BCRAT
0] E EO@5%CI) E E/O (95% CI)

All women 252 231 0.92(0.72,1.04) 238 0.94(0.84, 1.07)
Variable
Age at menarche
<12 59 53 0.90(0.70,1.16) 59 1.00(0.77,1.29)
12 13 146 136 0.93(0.79,1.09) 140 0.96(0.81,1.12)

14 47 42 0.89(0.67,1.19) 40 0.85(0.64, 1.13)
BMI
< 25kg=nv 144 122 0.85(0.72,1.00) 130 0.90 (0.77, 1.06)
25 to < 30 kg=n? 77 69 0.89(0.71,1.12) 70 0.91(0.73,1.13)
30 to < 35kg=n? 18 27 1.48(0.93,2.35) 26 1.43(0.90, 2.27)

35 kg=nv 13 3 0.26 (0.15,0.44) 12  0.95 (0.55, 1.64)
Benign breast disease
No 93 105 1.13(0.92,1.38) 106 1.14(0.93, 1.40)
Yes 159 126 0.79(0.68,0.93) 132 0.83(0.71, 0.97)
# of rst degree rela-
tives with breast cancer
0 208 200 0.96(0.84,1.10) 193 0.93(0.81, 1.06)
1 43 30 0.69(0.51,0.93) 41 0.97 (0.72, 1.30)
2 1 1 1.18(0.17,8.39) 3 3.49(0.49, 24.78)

These analyses indicate that both models are reasonably well calibted in the NHS data.
Many of the criteria for comparing risk models that we discuss below an be misleading
unless the models being compared are well calibrated, nameR(O =1jR; =r) ri =1;2.
We speci cally address the implications of lack of calibration when we disuss the various
criteria.
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Table 7.2 Comparison of observed (O) and expected (E) incident beast cancers in the NHS

validation cohort in deciles of risk computed from the BC2013 and BCRAT models

Decile BC2013 BCRAT
Risk interval N E O E/O Risk interval N E O E/O

1 [0.0063, 0.0088] 1707 14 6 2.31 [0.0063, 0, 0.0090] 1995 17 14
2 (0.0088, 0.0099] 1724 16 13 1.24 (0.0090, 0.0098] 1289 12 11
3 (0.0099, 0.0108] 1703 18 25 0.71 (0.0098, 0.0106] 2280 23 14
4 (0.0108, 0.0118] 1705 19 15 1.28 (0.0106, 0.0112] 1305 14 15
5 (0.0118, 0.0127] 1698 21 28 0.74 (0.0112,0.0122] 1757 21 29
6 (0.0127, 0.0138] 1707 23 27 0.84 (0.0122,0.0133] 1606 20 29
7 (0.0138, 0.0150] 1711 25 30 0.82 (0.0133,0.0149] 1759 25 23
8 (0.0150, 0.0167] 1710 27 25 1.08 (0.0149,0.0169] 1655 26 36
9 (0.0167, 0.0192] 1711 30 38 0.80 (0.0169, 0.0210] 1758 33 36
10 (0.0192, 0.0429] 1709 39 45 0.86 (0.0210, 0.0865] 1681 47 48

Each decile group contains N women, which can vary because of ties nsk.
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Figure 7.1 Calibration plots for BC2013 and BCRAT for incident breast cancer in the NHS
validation cohort.

7.4 Model comparisons based on the di erence in separate mod

estimates of a criterion

el-speci c

The criteria used to characterize the performance of a single modé& Chapter 6 can also be
used to compare two models by computing the di erence of estimate of the criterion from
the two models. Each criterion can be estimated from the marginal étributions of risk for
the separate models, but the two estimates are correlated becae the same individuals in
the validation sample contribute to each estimate; the estimated vaiance of the di erence
must take this correlation into account.
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7.4.1 Comparisons of predictive accuracy using the Brier ad logarithmic scores

Two widely used measures of predictive accuracy are the Brier and t@rithmic scores, as
discussed inSection 6.4.1 The mean square error (mean Brier scorewas estimated from

X
MSE=n?! (O r)? (7.1)
i=1

as 00145017 for BC2013. The corresponding estimate for BCRAT was:0145001. To test

whether the di erence in the two estimates is statistically signi cant, one can perform a

paired t-test on the n paired di erences between the summands in Equation (7.1) based on

BC2013 and based on BCRAT. The corresponding two-sided p-valugvas p = 0:80.
Similarly, the logarithmic score was estimated from

X0
n' f Olog(R) (1 Oplog(l Ri)g (7.2)

i=1

as Q0758 for BC2013. The corresponding estimate for BCRAT was 0.074 and the two-
sided p-value based on the paired t-test wap = 0.85. Thus, neither model demonstrated
statistically signi cantly better predictive accuracy based on these proper scores.

7.4.2 Classi cation accuracy criteria based on single riskthreshold

As mentioned in Section 6.4.2 if there is a single clinical decision threshtd, then one can
compute various accuracy criteria based on this threshold, sepately for the two models.
The models will be compared by computing the di erences between tese estimated criteria.
These comparisons depend on predictioné; from modeli = 1;2 obtained as

8 = 0 ifRj r

1 ifRij>r ; (7.3)

wherer is a risk or decision threshold used to predict the actual outcome.

Given the decision rule in Equation (7.3), one can compare two risk préiction models
using the summary measures irSection 6.4.2 including sensitivity, speci city, the positive
predictive value (PP V), the negative predictive value (NPV) and the probability of cor-
rect classi cation (PCC), or its complement, the probability of misclassi cation (PMC).
These quantities were computed as irSection 6.4.2separately for madelsi = 1;2 from the
distributions of risk in the population ( F;), in cases G;i), and in non-cases K;).

The American Society for Clinical Oncology concluded that premenopusal women and
postmenopausal women with low risk of side e ects and a 5-year pirected risk > r =
0:0166 may bene t from chemoprevention (Visvanathan et al., 2009. Using this threshold,
we categorized alln women as well as the women who developed breast cancer (\evehts
or \cases") and women who did not (\non-events" or \non-cases), as shown in Table 7.3
for both BC2013 and BCRAT. Out of 252 women who developed breascancer within 5
years of study baseline, only 84 had a BC2013 absolute risk estimatgreater than 0.0166
(sensitivity = 0.333). Of the 16,833 women without breast cancer, B,456 had BC2013 risks
at or below that threshold (speci city = 0.799) ( Tables 7.3and 7.4). For BCRAT, only 88
of 252 cases had a risk greater than 0.0166 (sensitivity = 0.349), ahof the 16,833 women
without breast cancer, 13,285 had BCRAT risks at or below that threshold (speci city =
0.789).

Such computations can be extended to other accuracy measurg¢3able 7.4). Of 3,461
women with BC2013 risks above 0.0166, only 84 developed breast amr (PPV; =
84=3461 = 0:024), whereas 13,456 of the 13,624 women with BC2013 risks at or lbe
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Table 7.3: Categorization of women in the NHS validation cohort (Pfei er et al., 2013), ages
50 to 55 years at baseline, who experienced the event (\cases"udng 5 years of follow-up
and those who did not, based on 5-year absolute breast cancer kissstimates exceeding
1.66% for the BCRAT and BC2013 models

1:66% > 1:66% Total
5-year risk from BC2013
n 13,624 3,461 17,085
Events 168 84 252
Non-events 13,456 3,377 16,833
Percentage with events(%) 1.23 2.43 1.47
5-year risk from BCRAT
n 13,449 3,636 17,085
Events 164 88 252
Non-events 13,285 3,548 16,833
Percentage with events(%) 1.22 2.42 1.47

Table 7.4: Accuracy measures for the absolute breast cancer riskstimates from the BC2013
and BCRAT models based on a 5-year absolute risk threshold = 0:0166 for 50- to 55-
year-old women in the NHS validation cohort

Measure BC2013 BCRAT

Estimate (95% CI) Estimate (95% CI) Dierence (95% CI)
PPV 0:024 (0.019, 0.030) 24 (0.020, 0.030)  -0.0001 (-0.0008, 0.0007)
NPV 0:988(0.986, 0.990) 88 (0.986, 0.990) 0.0001 (-0.0009, 0.0012)
PCC 0:793(0.786, 0.799) 83 (0.777, 0.789)  -0.0098 (-0.0159, -0.0037)
PMC 0:208(0.201, 0.214) 17(0.211, 0.224) 0.0098 (0.0037, 0.0159)
Sens 0:333 (0.28, 0.40) @B49(0.29, 0.41) 0.0159 (-0.041, 0.073)
Spec 0:799 (0.79, 0.81) 0789 (0.78, 0.80) -0.0102 ( -0.017, -0.004))

Abbreviations: PPV= Positive predictive value; NPV= Negative predic tive value; PCC=
Probability of correct classi cation; PMC= Probability of misclassi ca tion; Sens= sensitiv-
ity; Spec=speci city.

95% con dence intervals were calculated assuming binomial variatiorand conditional on the
denominators for the estimates. Con dence intervals for the di erences were the estimates
1.96 times the bootstrap estimate of standard error of the di erence from B = 1000

bootstrap replications.

the threshold remained free of breast cancerM PV ; = 0.988). The overall misclassi cation
rate was 100 PMC; = 100(3; 377 + 168)=17; 085 = 20:8%. For BCRAT, of 3,636 women
with risks above 0.0166, only 88 developed breast cancePPV, = 88=3636 = 0:024),
whereas 13,285 of the 13,449 women with BCRAT risks at or below thehreshold remained
free of breast cancer PV, = 13285=13624 = 0.988). The overall misclassi cation rate
was 100 PMC, = 100(3;548 + 164)=17; 085 = 21.7%.

Thus, both models had the samePPV and NPV. BCRAT had a slightly lower PCC
and consequently a highelP M C . Both models had low sensitivity, but it was slightly higher
for BCRAT, while speci city only di ered by a single percentage point.

These comparisons of accuracy measures are only meaningful if thomodels are well
calibrated. If one of the models systematically over or underestimges risk, then accuracy
measures can convey misleading information. For example, a modehat consistently over-
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estimates risk would tend to have higher sensitivity and lower speci dty. The corresponding
biases forPPV;NPV;PCC, and PMC are more complex to evaluate because they depend
on the amount by which sensitivity is increased, on the amount by whit speci city is
decreased, and orP (O =1).

Let M be one of the criteriaPPV;NPV;PCC;PMC; Sensand Spec One can test for
a di erence between models based on the di erence in estimates & via

2
T, = MMt Mzg (7.4)
OM 1 M 2

wheren Xy : u: is the estimated variance of (i1 M'2).

Under the null hypothesis of no di erence in the criterion M between the two models;Ty
has a 2 distribution. As the same data are used to obtainM ! and M 2, the measures are not
independent and their correlation needs to be accommodated in theariance computation. If
one has computed the in uence function for each measure, the erelation is accommodated
by computing the empirical variance of the di erence of the in uences. Alternatively, one
can bootstrap the di erences to estimaten W1 we.

Based on the statistic in Equation (7.4) with the variances estimated by bootstrap
with B=1,000 replications, the two models di ered statistically signi cantly f or PCC (p=
0:0027), PMC (p = 0:0027) and speci city (p = 0:0022). Equivalence of sensitivity and
speci city of the two models could also be tested with a McNemar testfor correlated
proportions (McNemar, 1947). From the McNemar test, there was no statistically signi cant
evidence for a di erence in sensitivity for the two models { = 0:586), but the 1% di erence
in speci city ( Table 7.4) was indeed statistically signi cant(p = 0:002). These ndings are
consistent with the con dence intervals for the di erences in Table 7.4.

7.4.3 Comparisons based on the receiver operating charactstic (ROC) curve

The receiver operating characteristic curve describes the pairssénsitivity, 1-speci city) for
all choices of thresholds $ection 6.4.3. It is common practice to compare the discriminatory
ability of two risk prediction models through a summary measure of the ROC curve, such
as the area under the curve AUC) or partial area under the curve (pAUC). One computes
the ROC summary measure for each model and the di erence (e.g., AUC or pAUC),
with con dence intervals. The pAUC is designed to exclude regions of unacceptably poor
speci city (Pepe, 2003). Because the ROC depends only on the digbution of risks in
cases and non-cases, it can be computed from case-control daas well as from cohort
data. Likewise, functionals of the ROC, such asAUC and AUC can be computed from
case-control or cohort data.

One can derive con dence intervals and standard errors for AUC and pAUC from
the bootstrap distribution of the estimated di erences. For cohort data, one resamples the
cohort with replacement. For case-control data, one resamplesases and controls separately
with replacement. To test signi cance, one can use e.g., a Wald statiéc, computed by di-
viding the observed di erence by its standard error and comparingit's value to the standard
normal distribution to report a p-value. Non-parametric methods for comparing two pAUCs
were given by Wieand et al. (1989) and by Zhang et al. (2002).

In the NHS data example,AUC (with bootstrap standard errors based on 1000 boot-
strap repetitions in parentheses) wasAUC; = 0:617(0¢0167) for BC2013 andAuC, =
0:623(0:0173) for BCRAT, resulting in \AUC = AUC; AUC, = 0:006(0:0159) with a
bootstrap 95%Cl=( 0:0282 0:0355) and a bootstrap p-value = Q968 for the null hypoth-
esisHp : AUC = 0. There is thus no statistically signi cant evidence that BC2013 has
better or worse discriminatory ability than BRCAT in these validation d ata.

The nonparametric estimate of the ROC curve depends only on theanks of the risks in
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the combined sample of cases and non-cases. Thus, monotonertsfiormations of the risks
do not a ect the ROC curve or functionals of it. In particular the AUC is not a ected by
miscalibration that is induced by a monotone transformation of the true risks. Moreover,
transforming the risk estimates using any monotone transformaipn, including re-calibration
based on the Cox regression intercepts and slopes, does not impdkhe AUC comparison.
Note, however, that sens(r ) and spedr ) are not functionals of the ROC curve alone
because they depend om , which is not identi able from the ROC curve. Likewise pAUC
depends onp.

Unlike functionals of the ROC curve, like AU C, which can be estimated from case-control
data, the quantities PPV;NPV;PCCand PMC can only be estimated from cohort data,
unlessP (O = 1) is known from other sources, and they are sensitive to miscalikation.

7.4.4 Integrated discrimination improvement (IDI) and mean risk di erence

The mean risk di erence (Pepe et al., 2014) for a given risk model cafbe estimated as the
mean risk in cases less the mean risk in non-cases (also called the \\éat slope” (Yates,
1982)). Thus, the mean risk di erence can be estimated from caseontrol data as well as
from cohort data. Pencina et al. (2008) proposed the integratedliscrimination improvement
(IDI), which is equivalent to the di erence in mean risk di erences between two models, as a
criterion for comparing models. Recall thatsens(r )= P(R>r jO=1)and1 spedr )=
P(R >r jO = 0). Pencina et al. (2008) de ned the integrated sensitivity and int egrated
speci city as

z 1 z 1

IS = P(R>r jO=1)dr = 1 G(r )dr = E(RjO=1)
0 0

and Z 7
1 1
IP = f1 P(R>r jO=0)gdr = 1 K(r)dr = E(RjO=0):
0 0
Recall that G and K denote the distribution of risk in cases and non-cases, respectilg as
de ned in Equations (6.11) and (6.12). Using the above expressionsPencina et al. (2008)
de ned the integrated discrimination improvement (IDI) as

IDI =(I1S, 1S1) (IP2 IPy):

The IDI can be estimated from cohort data by computing the mean dierene of the
predicted probabilities in the cases and non-cases separately,
P P
b = inzp(fnil r?)oi in:]P(fnil i) ).
i=1 Oi i=1 (1 O|)

For case-control data these expressions are replaced by meaatr! r? in cases and
controls respectively. However, one di culty in interpreting the IDI is that in low risk
populations it tends to be very small. For example, in the NHS validation cohort breast
cancer data, the mean risk from BC2013 less that from BCRAT in the 252 cases was

0:0011, and in the 16,833 controls it was 0:0004, resulting in i1 = 0:0007.

One can test the null hypothesisHg : IDI = 0 with the statistic

= 1D _
f($8e)? + ($Bne ) 2912’

where $&, is the estimated standard error of paired di erences of risk preditions from
the new and old models across all case subjects an@,. is the corresponding estimate for
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subjects without events. With case-control sampling, the meanisk di erence among cases is
independent of that among controls, andT has an asymptotic standard normal distribution.
The same asymptotic distribution holds for T in cohort data, as follows from an analysis
of the four summations in the equation that de nes 11 . For our breast cancer model
example, T = 1:89 with an asymptotic two-sided p-value p = 0:0588 and no rejection of
the null hypothesis.

Hilden and Gerds (2014) noted that IDI can yield misleading results, @en when es-
timated with independent test data, because a miscalibrated modelcan appear superior
to the correct model. Their simulated examples showed that IDI andyses are particularly
sensitive to miscalibration, and they suggested not to rely on the 1D for model comparisons.

7.4.5 Comparing two risk models based o CF, PNF, iPCF, or iPNF

In Section 6.5we presented criteria for assessing usefulness of eodel for implementing a
\high risk" prevention strategy. One criterion was the proportion of cases who are included
in the proportion p of individuals in the population at highest risk, PCF(p): A second
criterion was the proportion needed to follow,P NF (g), namely the proportion of the general
population at highest risk that one needs to follow in order that a proportion g of cases
will be followed. We also considered integrated versions of these ceitia, iPCF and iPNF .
We showed how to estimate these four criteria from various obseational study designs,
including cohort and case-control data, and, under the additiond assumption of a well
calibrated model, from only the model-based risk estimates in a cohdr

Pfei er and Gail (2011) and Pfei er (2013) also proposed test stdistics to compare two
risk models, both of which were applied to the same validation populatio. To test whether,
for xed p, PCF! = PCF?, or fora xed g PNF! = PNF?, oriPCF! = iPCF?2, or
iPNF * = iPNF 2, using correlated risk estimates (*;r?), one can use the test statistics

nfPCF1(p) PCF2(p)g? nfPNF1(q) PNF2(q)g?

Tecr (P) = " and Tenr (Q) = 0 , (7.5)
PCF PNF
or
nfi®PCF1 iPCF2g? nfiPNF 1 iPNF 2g?
Tiece (P) = " 9 and Tiene = v g ; (7.6)
PCE PNE

where ) =n are consistent estimates of the variance of the di erence of the gtimates.

Asymptotically all test statistics in (7.5) and (7.6) have a central 2 distribution under
Ho. Under the alternative, the non-centrality parameters for the test statistics are pcg =
n(PCFl PCFZ)ZZVPCF, PNE = n(PNFl PNFZ)ZZVPNF , iPCE = n(IPCFl
iPCF?)?=Vipce , and pne = N(IPNF ! iPNF 2)2=Vjpng , respectively. The variances
for the test statistics can be computed based on the respective inence functions R and

Rz for models 1 and 2 asvV = Var( R: Rz2), or alternatively, by using a bootstrap

variance estimate.

Estimates of PCF; PNF, and iPCF are shown for BC2013 and BCRAT in Table 7.5.
If one screens the 100 p = 10% of the population at highest risk, one would detectP CF=
17.9% of cases with BC2013, and 19.0% of cases with BCRAT. To dete@00 g = 90%
of cases, one would need to screen 77.2% of the population at highetsk with BC2013
and 80.8% with BCRAT. The integrated PCF curve was iPCF = 0:618 for BCRAT and
iPCF =0:615 for BC2013, values very slightly less than the correspondingUC values.

For none of the criteria in Table 7.5 did we observe a statistically signi cant (p< 0:05)
di erence in performance between the two models, based on tests (7.5) and (7.6).
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Table 7.5: Estimates of iPCF, PCF, and PNF based on R;O) data from the NHS val-
idation cohort, where R is the 5-year risk projection for 50- to 55-year-old women from
BC2013 and BCRAT, and whereO is the observed case status

Estimate for
BC2013 BCRAT

iPCF (ro) = 0:615(0017) iPCF (ro) = 0:618(0017)

% screened (100 p)
10% PCF(R;O) =0:179(G025) PCF(R;O) =0:190(0:026)

20% PCF (ro) =0:325(0038) PCF o) = 0:333(0035)
% cases to be captured
(100 q) in screen
90% PNF (ro) = 0:772(0017) PNF (ro) = 0:808(0038)

80% PNF (ro) = 0:654(0027) PNF (ro) = 0:627(0044)

Standard errors (in parentheses) were based on 1000 bootspaepetitions.

7.4.6 Comparisons based on expected loss or expected bene t

Most of the previous criteria for comparing risk models are generahnd can be applied
without specifying details of the decision problem or intervention that would be a ected by
information from a risk model. For example, measures of accuracysuch asAUC or PPV
can be applied quite generally. Measures such @8 CF and PNF are also quite general,
although one frequently has an idea of what constitutes an accepble PCF or PNF . In this
section, we discuss criteria for comparing risk models that are baskeon the expected losses
for a speci c intervention. Information from the better risk mode | reduces the expected loss
(or increases the expected utility) more than information from the inferior risk model.

As an example, suppose we want to help women aged 50{59 decide \itner to take
tamoxifen to prevent breast cancer. From data in Fisher et al. (198) and Gail et al. (1999a),
the expected rates per 10 women-years in the absence of tamoxifen are 246.6 for invasive
breast cancer, 101.6 for hip fracture, 81.4 for endometrial carar, 110.0 for stroke and 50.0
for pulmonary embolism. In the presence of tamoxifen, these rat are 125.8, 55.9, 326.4,
174.9, and 150.5, respectively. The aggregated non-breast caraates are 343.0 and 707.7 in
the absence and presence of tamoxifen respectively. These ratef life-threatening events can
be used to compute losses (costs), de ned as the expected nueabof life-threatening events.
These costs are presented ifable 7.6, a cross-classi cation of cats by use of tamoxifen
(designated byr>t, namely a risk r exceeding the threshold for administration of tamosifen,
t) and by whether breast cancer would occur © = 1) or not ( O = 0). The administration
of tamoxifen in a person destined to develop breast cancer is ass@u to cut the risk by the
factor 0.51 (Fisher et al., 1998).

From this table the net benet of giving tamoxifen to a case (O =1) iS Bcase =
100343 51,7077 = 48,6358, and the net cost from giving tamoxifen to a non-
case iSBnon case =707.7-343=364.7. From Equation (6.29), the optimal threshold is
t =364.7/(364.7+48,635.8)=744.3 per 10(see Gail (2009b)), ort =5 7443 10 5=
0:03722, expressed as a 5-year risk. For a risk modB], the expected loss at this threshold
is given by Equation (6.30), where is the probability of breast cancer, Cry = 100; 343
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Table 7.6: Costs (expected number of life-threatening events pet00,000) cross-classi ed by
the presence or absence of breast cancer and on whether tanifex is given

Decision whether to Breast cancer status if no tamoxifen
give tamoxifen based
on risk threshold, t

0=1 0=0
r>t 51,000+707.7=51,707.7 707.7
rt 100,000+343=100,343 343

and Cgp = 707:7: Using data from the NHS on risk estimatesr; and observed breast cancer
outcomes,O; for the i" cohort member,i = 1;2;:::;n; we can estimate the expected loss
with this risk model for decisions as

Con=n 1 fI(ri>t ;0,=1) BL7077+1(ri >t ;0 =0) 7077+
i=1 (7.7)
I(ri t;0;=1) 100343+I(r; t ;0 =0) 343

From this formula we calculated Cin = 1818:17 for BC2013 and Cin = 1808:90 for
BCRAT. Thus, in 100,000 women like the 50- to 55-year-old women in NI, one would
expect 927 fewer life-threatening events from using BCRAT to decide which vamen should
receive tamoxifen, compared to using BC2013. To test whether tis di erence in expected
loss is statistically signi cant, one can perform a paired t-test on the n di erences computed
by subtracting the summand in Equation (7.7) computed with risk model BCRAT from the
summand computed with risk model BC2013 on the same woman. In tis example, the two-
sided p-value was 0.8459, indicating no signi cant di erence betweerthe two models. Note
that the expected losses are expressed in terms of expected lifereatening events in one
year in a population of 100,000 women in their fties, but the risk thresholds in Equation
(7.7) can be expressed in units of 5-year or 1-year risk without chaging the result, so long
as the risk projections are changed accordingly.

This example illustrates how two risk models can be compared in termsfoexpected risk
when the costs can be specied for a specic decision problem. Oftethe costs are hard
to specify, in which case the optimal risk threshold for interventionis not precisely known.
This led Vickers and Elkin (2006) to de ne the \decision curve." The decision curve plots
the \net bene t" in Equation (6.36) against the corresponding thr eshold, t, expressed as
percent, namely 100 t. The net benet can be estimated from a cohort study such as the
NHS by

X0
dB(t)=n ! [I(ri>t0;=1) f t=1 t)gl(ri >t,0; =0)]: (7.8)
i=1
Again we expresst as a 5-year absolute risk of breast cancer. For each xedl, the one
can test for a di erence in net bene ts with a paired t-test on the n di erences computed
by subtracting the summand in Equation (7.8) computed with risk model BCRAT from
the summand computed with risk model BC2013 on the same woman. d¥ example, for
t =0.0166, a threshold on the drug label for the use of tamoxifen to pevent breast cancer,
the estimated net bene ts were 0.0016452 for BCRAT and 0.001580for BC2013. The
di erence in net bene ts, 0.000065, was not statistically signi cant, however (p= 0:8801).
Figure 7.2 shows the estimated net benet plots for BCRAT (dashed line) and BC2013
(solid line). The two curves are virtually identical. B (t) can be regarded as a stochastic
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Net benefit curve
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Figure 7.2 Net benet plots for BCRAT and BC2013 for 50- to 55-year-old women from
the independent NHS validation cohort.

process int whose covariance is easily calculated from Equation (7.8). This appch can be
used to put simultaneous con dence intervals on each decision cuevand on their di erence.

7.5 Joint distributions of risk

The joint risks computed from the two models (R1; R2) have empirical joint distributions
F(ra1;r2) in the general validation population, G(r1;r,) in cases, andK (ry;r,) in non-cases.
The criteria in Section 7.4can be estimated from the margins of thesalistributions, but
to compute covariances of criteria estimates for the two models,he joint distributions are
needed. It can be instructive to examine correlations betweeR; and R, (or transformations
of them like logit(R) or logf log(1 R)g). Such correlations say nothing about calibration,
but if R; and R, are highly correlated, the models probably have similarAU C values. After
calibration, the two highly correlated models also probably yield similar predictions. On the
other hand, if the correlations are low, it is possible that the predicive performance of either
model can be improved by combining predictors from the two modelsFigure 7.3 shows a
scatterplot of 5-year BCRAT risk versus 5-year BC2013 risk for vomen aged 50{55 years
from the NHS cohort. Although the agreement is good for the bulk d the observations,
some larger risks from BCRAT correspond to women with a strong fanily history and are
higher than those from BC2013. The Pearson correlations were:633 for the risks R in
Figure 7.3, 0:677 for logit(R), and 0:677 for log log(1l R)g. These high correlations are
consistent with the close agreement of theAUC values estimated for these two models.

7.6 Risk strati cation tables and reclassi cation indices

The criteria for model comparisons in Section 7.4could be estimated gparately from the
data for each risk model, namely from the margins of* (r1;r»), G(r1;r2), and K (r1;r2). We
now consider some criteria that can only be estimated from the jointrisks at the individual
level. These criteria do not have a \single model analogue."

Cook et al. (2006) and Cook (2007) proposed criteria based on risgtrati cation tables.
To construct a risk strati cation table, one rst de nes risk cate gories that are clinically
relevant, such as [0,1%), [1%,1.66%], (1.66%,2.5%), and 2:5% for 5-year absolute breast
cancer risk (Table 7.7). These categories were partly based on theisk threshold 1.66%
recommended by the American Society for Clinical Oncology (ASCO) Visvanathan et al.,
20009).
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Figure 7.3 Scatterplot of 5-year absolute risk estimates from BCRAT and BC2013 for 50-
to 55-year-old women in the NHS validation cohort data.

Table 7.7: Risk strati cation based on 5-year absolute breast caner risk estimates from the
BCRAT and BC2013 (Pfei er et al., 2013) models for women in the NHS \alidation cohort
(Pfei er et al., 2013), ages 50- to 55-years at baseline

5-year risk from BCRAT

5-year risk from BC2013

0 to 1lto > 1:66 to
< 1% 1.66% <2.5% 2.5% Total
Oto< 1% n 2,291 1,675 114 2 4,082
Events? 13 16 1 0 30
Non-events 2,278 1,659 113 2 4,052
Prop. Events (%) 0.57 0.96 0.88 0.00 0.73
1% to 1.66% n 1387 6632 1299 49 9367
Events 10 100 24 0 134
Non-events 1,377 6,532 1,275 49 9,233
Prop. Events (%) 0.72 1.51 1.85 0.00 1.43
> 1:66%t0<2.5% n 9 1,522 1,120 78 2,729
Events 0 27 38 0 65
Non-events 9 1,495 1,082 78 2,664
Prop. Events (%) 0.00 1.77 3.39 0.00 2.38
2.5% n 1 107 598 201 907
Events 0 2 13 8 23
Non-events 1 105 585 193 884
Prop. Events (%) 0.00 1.87 2.17 3.98 2.54
Total n 3,688 9,936 3,131 330 17,085
Events 23 145 76 8 252
Non-events 3,665 9,791 3,055 322 16,833
Prop. Events (%) 0.62 1.46 2.43 2.42 1.47

aEvents correspond to women who developed breast cancer (ca3end non-events to those
who did not (non-cases). \Prop. Events (%)" is the percentage 6 cases in each cell.
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Each interior cell in the risk strati cation table contains the number of women with joint
risks (R1; R2) from BCRAT and BC2013 that fall into the cross-classi ed risk cat egories.
The cross-tabulations are done separately for alh women in the validation population, for
women with events (cases), and for women without events (nonases). The percentages of
cases in each interior cell are labeled \Prop. Events(%)". For examle, of the 17,085 women
aged 50 to 55 years at baseline in the NHS validation cohort, 2,291 hagint risks each less
than 1%, of whom 13 (0.57%) were cases. The rows and columns labél€lotal" show the
marginal proportions of women with events, in addition to the count totals. The proportions
of all women, of cases, and of non-cases in the cells and margins big table can be also
be computed fromF (r1;r2), G(r1;r2), and K (r1;r5) respectively.

To assess the calibration of the risk prediction models one can compathe proportions
of events in the margins of Table 7.7 with the corresponding row and @lumn category
boundaries. For BCRAT, the proportions of observed events within each risk category are
in the far-right \Total" column. They agree well with the row catego ry boundaries; the
proportion of observed events within the risk category of 0% to les than 1% was 0.73%,
which falls inside the risk category. Similarly, the proportions of everts for the risk category
of 1% to 1.66%, 1.67% to 2.5%, and greater or equal to 2.5% were 1.43%38% and 2.54%,
indicating that BCRAT is well calibrated in this validation dataset. The n ew BC2013 model
shows some evidence of lack of calibration. The observed proportis of events listed in the
last row of Table 7.7 are 0.62%, 1.46%, 2.43 %, and 2.42%. While the rsthree values fell
well within the category boundaries, the mean BC2013 risk in the largst risk category is
lower than 2.5%, re ecting that true risk among those at highest risk is underestimated by
the BC2013 model. Equations (6.6) and (6.7) provide formal tests bcalibration based on
the observed and expected events in these marginal categories.

Janes et al. (2008) warn that the interior cells of the table may give nisleading infor-
mation on calibration. For example, if model 2 contains factors not inmodel 1 and model
2 has high risks in some cells because of those factors, then modeinfay appear to be
mis-calibrated in those cells, which constitute a subpopulation, everthough model 1 is
well calibrated in the entire population and satis es the de nition of g ood calibration with
respect to its risk factors, P(O = 1jry) = ry.

BCRAT and BC2013 in Table 7.7 are not nested models. Suppose instelaof BC2013, we
considered a model 2 that was identical to BCRAT except that it had an additional marker.
Then BCRAT (model 1) would be nested in model 2. Although the perfbrmance of model
2, re ected in the bottom totals of the risk strati cation table are of primary interest, one
might want to investigate the performance of model 2 in a subset othe population with
intermediate risk from model 1. For example if the marker was expesive, one might only
want to use it if it were informative in the segment of the population for which model 1
gave non-de nitive intermediate risk estimates. Looking at the distributions of women and
events within rows of the risk strati cation table could be useful in t his context.

Risk strati cation tables were originally proposed for use with cohort data (Cook et al.,
2006; Cook, 2007). However, some authors cross-classify casmtrol data instead. Although
the joint distributions of risks amoung cases and among non-casese valid in such tables,
corresponding toG(r1;r»), and K (r1;r»), the population totals obtained by adding cases to
controls do not re ect the general population and are usually gredly enriched in cases. In
particular, tests of calibration from risk strati cation of case-co ntrol data are misleading.

We turn next to criteria for comparing two models that depend on joint risks (R1; R2),
either as shown in risk strati cation tables or as continuous versiors based onF (r1;rz),

G(ri;rp), and K (r1;r2).
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7.6.1 Net reclassi cation improvement (NRI)

To improve upon the AUC, Pencina et al. (2008) proposed a novel measure for dichoto-
mous outcomes, the net reclassi cation improvement NRI ), to quantify the improvement
in risk prediction o ered by including new information, such as a new maker into a risk
model. While the NRI has been immensely popular in the medical literature, several au-
thors (e.g., Kerr et al., 2014; Pepe et al., 2015, 2014) have pointedub limitations and
pitfalls of this measure that we also address in this section.

Assume that risks predicted from two models are cross-classi eddsed on some clinically
meaningful risk thresholds as in a risk strati cation table. Let events be those with the
outcome of interest (cases© = 1) and non-events be those without the outcome of interest
(controls, O = 0), and de ne \upward movement" ( up) as a change into higher risk category
based on the second (new) model and \downward movement"down) as a change to a lower
risk category. Pencina et al. (2008) de ned the NRI (see also Keret al. (2014)) as

NRI =NRIl¢+ NRI e

7.9
f P(upjO=1) P(downjO=1)g+ fP(downjO=0) P(upjO=0)g (7.9)

where

# in group (O = i) moving up_i _
p =
L 1(0=1)
and where P (downjO = i) is de ned similarly. The NRI can be interpreted as the net
change in the proportion of subjects assigned to a more appropria risk category under the
new model (Kerr et al., 2014). The quantitiesNRI ¢ and NRI o are, respectively, the net
change in the proportion of cases assigned to a higher risk categoand the net change in
the proportion of non-cases assigned to a lower risk category byhe new model,R,. From
Equation (7.9) it is easy to see that the maximum value of the NRI is 2. Thus, although the
NRI combines four proportions, it cannot be interpreted as a proprtion itself. The NRI is
frequently misinterpreted as \the proportion of patients reclass ed to a more appropriate
risk category" (Kerr et al., 2014; Pepe et al., 2014). The proportio of patients reclassi ed
to a more appropriate risk category is instead given byP (up; O = 1) + P(down; O = 0).

For our data example, we calculate theNRI with BCRAT regarded as the old (model
1) and BC2013 as the new model 2. Based on the risk thresholds ifable 7.7, the NRI ¢ =
(16+1+0+24+0) =252 (10+0+27+0+0+2+13) =252 = 0:0437 andNRlI ¢ =
(1377+9+1495+1+105+585)=16833 (1659+113+2+1275+49+78)=16833 = 0.0235;
thus NRI = 0:020%

If there are only two risk categories in the risk strati cation table, NRI ¢ = sens(R;)
sens(R1) = sens, and NRI o = spedR;) spedR;) = spec These values quantify
how much modelR, improves risk predictions for cases and controls respectively.

Kerr et al. (2014) considered a \population-weighted net reclassication index",
NRI( )= NRI ¢+ (1 )NRI e, where denotes the prevalence of the outcome in the
population. However, the authors do not recommend usindNRI () or NRI , as information
is lost whenNRI ¢ and NRI . are combined into a single number.

Assuming independence between risks in cases and non-cases, &a test the null hy-
pothesisHp: NRI = 0 based on properties of the multinomial distribution with the test
statistic

P(upjo = 1) = 0;1;

~ NRI _
T= T | ] | | U120
P (upjo=1)p P (downjO=1) " P (down jQ50)+ P (down jO=0)
O (@1 Oi)
which has an asymptotic normal distribution. For our example, T = 0:0201=0:0386 =

0:521 which corresponds to two-sided p = 8602; thus, we do not reject the null hypothesis
of no net reclassi cation improvement.
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The NRI is sensitive to model mis-calibration. To illustrate this point we use an &kample
presented in Gail (2009b). Suppose that a well-calibrated baselineisk model R; has risks
distributed uniformly on the interval [0, 0.1] in control subjects and on the interval [0, 0.2]
in cases and that there is only one risk threshold at risk 0.2. Then, te sensitivity is O
and the speci city is 1.0. Suppose a new poorly calibrated modeR, adds 0.05 to all risk
estimates, thus shifting the apparent risk distributions to be uniform on the interval [0.05,
0.15] in control subjects and on the interval [0.05, 0.25] in cases dryielding a new average
risk in the entire population that is 0.05 above the true average risk.The new \sensitivity"
is then 5(0.25 - 0.20) = 0.25 and the \speci city" remains 1.0. Thus, the NRI =(0.25 - 0) +
(1.0 - 1.0) = 0.25 is large, even thoughR is badly calibrated and is no more discriminating
than R;. Indeed, the AUC is 0.75 for both models and thus AUC = 0.

The NRI has also been criticized because the risk categories may not be ajppriate for
clinical decisions and because th& Rl weights each type of classi cation change equally,
without regard to clinical consequences (Vickers et al., 2009). Foexample a change in risk
estimate among intermediate risk categories or among low risk categies might have less
impact on patient management than a change from intermediate to ligh risk categories.
Weighting to take costs of mis-classi cations into account has beerecommended instead.

7.6.2 Extensions of NRI

To allow for varying costs in the two-category setting, Pencina et & (2011) de ned a
weighted NRI , namely wNRI . Let s; be the savings from identifying a case as high risk
and s; the savings from identifying a non-cases as low risk. The quantitys; captures the
adverse events that are avoided by labeling a person destined to kia an event as high
risk, and s, captures the savings (adverse events, money) from allowing a necase to avoid
unnecessary treatment. The \weighted net reclassi cation indexX (wNRI ) is the average
savings per person, computed a®NRI = s;NRI +s,;NRl e = S; sensts, spec Setting
Bcase = S1 and Bnon case = Sz, We note that wNRI is not equivalent to the reduction in
expected losses from using model 2 (see Equation (6.35)) for thexed threshold used to
de ne the risk strati cation table, because WNRI does not take the prevalence of disease
into account.

A limitation of the de nition of the NRI , and reclassi cation tables in general, is that in
many elds of application there are no clinically well established or releant risk thresholds.
To address this issue, Pencina et al. (2011) proposed a categofiee extension of theNRI ,
the continuous NRI , or cNRI , given by

cNRI = P(R2>R41jO=1) P(R2>R3jO=0): (7.10)
cNRI is estimated by simply computing the mean of the indicator function| (r2 >r 1);i =

0:468 = 0:014.

The cNRI , like the NRI , does not take the costs of misclassi cation into account. Also,
it is based on within person di erences in risk estimates that may not re ect performance
at the population (marginal) level (Kerr et al., 2014).

Recent work shows that even when evaluated on independent validion data, cNRI , like
IDI , can lead to false positive results. In simulations in which un-informatve markers were
added to a base model 1 in training data and the models were then copared in independent
validation data, the cNRI and IDI often yielded statistically signi cant results in favor of
the new model 2 with markers that contained no information (Pepe ¢ al., 2014; Hilden and
Gerds, 2014).
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7.7 Concluding remarks

We have discussed methods for comparing models based on indepentl validation data.
Some authors attempt to perform such comparisons on the samerdining data used to
estimate the models. This typically leads to over-optimistic assessnas of each model and
unreliable comparisons. Moreover, standard asymptotic normal gtribution theory does not
apply in many cases, because parameter estimates are at the bodary (Vickers et al., 2011;
Demler et al., 2012; Pepe et al., 2013). For example, a standard tedike the Delong test
(Delong et al., 1988) for comparing twoAU C values is conservative and has low power when
assessed on the training data.

When it is possible to de ne costs for a specic decision problem, the xpected loss
speci ¢ to that problem is an attractive measure of model performance and can be used
to compare models. The more general criteria inSection 7.4can also ke used and have
the advantage of familiarity from other applications. For example, risk modelers have a
general sense of whether arAUC value is promising for a given application, based on
other experience with the AUC. Some of these criteria, like thelDI are very sensitive to
mis-calibration, whereas others, like theAUC, are robust to mis-calibration induced by
monotonic transformations.

Although risk strati cation tables are a valuable descriptive device and can be used with
nested models to examine the risk distribution in the enhanced modelvithin strata de ned
by risk in the base model, serious issues have been raised regardirttetinterpretability,
sensitivity to miscalibration, and consequent likelihood of yielding falsepositive ndings for
the NRI and cNRI . Pepe and Janes (2013) discuss this and other aspects of comay
risk models.

It is good practice to assess model calibration carefully before coparing models using
any of the criteria in this chapter.
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Chapter 8

Building and updating relative risk models

8.1 Introductory remarks

Absolute risk estimates based on cause-speci ¢ models rely on suval analysis methods
that were rst widely applied for estimating pure risks following disease diagnosis. InChap-
ter 4 we discussed how standard inference for the Cox proportiaa hazards model (Cox,
1972) could be used to estimate relative risks for cause-speci c kzards as well as cumula-
tive and instantaneous contributions to the cause-speci ¢ hazads. Thus, a vast literature
on survival regression modeling also applies to modeling cause-specihazards and absolute
risk estimation based on cause-speci ¢ hazard modeling. Excellentisicussions of topics such
as how to code covariates, exible representations of dose-respse for quantitative covari-
ates (e.g., splines), handling missing values and model checking by exaing residuals and
other tests of goodness-of- t, are found in classic books on suival and risk modeling, in-
cluding Andersen et al. (1993), Harrell (2001), Kalb eisch and Prentice (2002), Steyerberg
(2009), Therneau and Grambsch (2000), and van Houwelingen anButter (2012). We do not
attempt to discuss these topics comprehensively, but we brie y taich on three important
issues for modeling absolute risk: covariate selection, missing covate data, and updating
previously well-established risk models by adding new covariates.

8.2 Selection of covariates

An important aspect of regression modeling is selecting covariatesf the model. The criteria
for and approach to covariate selection can depend on the intendkuse of the model and the
scienti ¢ information available on potential risk factors from previo us studies. One possible
goal is to obtain unbiased estimates and valid inference on previouslgstablished risk factors.
Another related but distinct goal is prediction, and in our particular applications, predicting
the probability of disease (risk prediction).

If previous studies have identi ed the risk factors, there may be little need for covariate
selection, although some modeling may be needed to identify a good dimg for the vari-
ables and perhaps to identify interactions. For example, in developig the breast cancer risk
models BCRAT and BC2013, the investigators had access to a large Brature on breast
cancer epidemiology that had established a set of risk factors suchs family history, repro-
ductive history, biopsy history, alcohol consumption and hormonereplacement therapy use.
In this context, classical methods applied to a previously de ned seof risk factors would
be expected to yield valid parameter estimates and inference. Suakstimates could be used
either to assess the strength of the associations with outcome dor the construction of
risk prediction models. Within this well-de ned regression framework, one can also draw on
previous studies to improve the precision of parameter estimatessgeSection 8.4.

When the investigator examines many possible regression models deed by the selec-
tion of various subsets of variables in the training data and then esimates the parameters of
the selected model from these data, classical methods of infere@ on those parameters are
misleading. For example, Petscher (1991) and Leeb (2005) havenswn that the asymptotic
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distributions of the post-model-selection parameter estimates a& typically non-normal and
depend on the unknown parameters in a complex fashion. Even a sri@amount of modeling,
such as the choice of the number of polynomial terms needed for geession on a continuous
covariate, can lead to distorted operating characteristics basedn classical theory (Efron,
2014). There is a growing literature on valid inference after model election. For example,
Efron (2014), Wasserman and Roeder (2009), and Meinshauser al. (2009) proposed re-
sampling approaches or data splitting. Lockhart et al. (2014) deried the exact asymptotic
null distribution of a statistic for testing signi cance of variables th at enter the LASSO
model (Tibshirani, 1996). Berk et al. (2013) proposed an approae for post-selection infer-
ence (\PoSI") for the linear model that is valid over all possible seleted models and does
not assume that a linear model is correct. Our primary concern, hwever, is not with in-
ference on model parameters but with predicting the disease outame for a new individual,
based on that person's covariates.

Selecting a regression model by nding a subset of covariates thaappear to perform
well in the training data also has implications for prediction, and, in particular, for predict-
ing the risk of disease for a new individual based on his or her covarias and the selected
risk prediction model. Selecting too many predictors often leads to bver- tting", whereby
the model appears to perform well in the training data but not in independent validation
samples. In the context of logistic risk prediction, models that are @er- tted tend to over-
estimate risks among those in the highest decile of predicted risk andnderestimate risk
among those in the lowest decile of predicted risk. Methods to shrinkhe parameter esti-
mates toward zero are sometimes used to ameliorate over- ttingiflarrell, 2001; Steyerberg,
2009; Van Houwelingen and Le Cessie, 1990; van Houwelingen, 20@D00; Copas, 1987).

The problem of over-tting can be extreme when there are a very lage number of
covariates from which to choose, such as in genome-wide associatistudies to detect single
nucleotide polymorphisms (SNPs) associated with disease. A SNP migibe selected only if
its chi-square statistic exceeds a Bonferroni-corrected quantilef the chi-square distribution
(\hard thresholding"). The estimated log odds ratios associated with selected SNPs are
biased away from zero, a phenomenon called the \winner's curse" @lner and Pritchard,
2007). Without bias correction, the winner's curse can contributeto over- tting. With a
well-de ned selection criterion, such as hard thresholding, and assming the various SNPs
are statistically independent, one can correct for such bias by reliyng on a likelihood that is
conditioned on the selection condition (Zellner and Pritchard, 2007). In general, however,
the various risk factors might be correlated, as in the case of RNA xpression arrays, and
the precise selection algorithm may be dicult to describe, making sud bias correction
di cult or impossible.

As described inSection 6.4 one important measure of the performaice of a risk model R
is its expected mean square errotMSE = E(O; R;)? = EfVar(0))j ig+ E(Ri )%=
E i(1 )+ Ef(bias)?gin future samples. As discussed ifChapters 1and 7 of (Hastie et al.,
2009), as one increases the complexity of a risk model, for exampley ladding additional
risk factors, one tends to decrease the bias in the predictor but iorease its variance. Thus,
in future data, a complex modelR may have little bias but large variance, leading to large
MSE . Similar comments apply to another measure of performance, thex@ected entropy,
Ef Ojlog(Ri) (1 Oj)log(l R;j)gin future samples.

An approach used to avoid over- tting is to penalize the complexity of the risk model.
If there are a modest number of models to be examined that are nésd within a global
model, and if the sample sizen is larger than the number of parameters in the global
model, one can apply a complexity penalty as follows. One selects the adel with the
smallest Akaike Information Criterion, AIC = 2log(() + 2 p, where p is the number of
parameters (risk factor degrees of freedom) in the model and is the maximized likelihood.
Here the complexity penalty is 2p. Alternatively one can select a model that minimizes the
Bayes Information Criterion, BIC = 2log((') + plog(n). Unlike the AIC criterion, the



SELECTION OF COVARIATES 121

BIC criterion leads to correct model selection as goes to in nity faster than the number
of covariates, if the true model is included in the model space. Hower BIC leads to more
parsimonious models thanAlIC , and in samples of practical size theBIC procedure may
lead to models that are too simple and have large bias.

If the number of covariates p exceedsn, there are multiple solutions that maximize the
likelihood, and one needs to impose constraints based on considei@ts external to the
available data, to obtain a model (Chapter 7 in Hastie et al. (2009)). These constraints
may concern the smoothness of the regression functions or otheonditions on sets of
parameters. If the number of risk factors thought to be truly associated with disease is
small, compared top (\sparsity"), or if it is thought to be unlikely that parameters have
large e ects, such conditions can be re ected in a penalty that when added to the log
likelihood yields models with parameter estimates shrunk toward 0. Tte widely used LASSO
procedure (AIbertP1982; Tibshirani, 1996) nds that minimizes 2logfL( )g+J ( )=

2logfL( )g+ i”:l j ilpThe LASSO penalty is based on an L-1 norm. The penalty for
ridge regressionJ ( ) = i”:l 2 is based on the L-2 norm. Penalties for the elastic net
(a combination of the L1 and L2 penalties) and other procedures a described in books
on data mining (Hastie et al., 2009; Giraud, 2015). These methods ha been applied not
only to linear regression, but to generalized linear models (Friedmanteal., 2010), including
logistic regression (Steyerberg et al., 2000), and more recently toegression for survival
data. For the Cox proportional hazards model, penalized partial likelihood methods have
been proposed based on the LASSO (technical report cited in Tibshani (1996)) and on
the smoothly clipped absolute deviation method (Fan and Li, 2001, 202). Zhang and Lu
(2007) proposed an adaptive LASSO method based on a penalized pial likelihood with
adaptively weighted L-1 penalties on regression coe cients. Unlike he LASSO and smoothly
clipped absolute deviation methods, whigh apply the same penalty to tithe coe cients, the
adaptive LASSO penalty has the form i”:l j i] i, with small weights ; chosen for large
coe cients and large weights for small coe cients. The adaptive LA SSO has the \oracle
property". A penalized estimator has the oracle property if it is asymptotically equivalent
to the \oracle" estimate that one would obtain if one knew a priori the truly outcome-
associated variables and used unpenalized regression on them. ThASSO estimator does
not have oracle properties (Fan and Li, 2001). However, even petized algorithms that
enjoy the (asymptotic) oracle property can result in misleading estmates and inference
on individual covariate e ects when applied to nite samples of real data and may not
outperform non-oracle procedures. Penalties based on L-2 norhave also been described
for the Cox model (Verweij and Van Houwelingen, 1994; van Houweligen et al., 2006).

The quantity in penalized regression is sometimes called a \tuning parameter" and
needs to be specied in order to obtain regression estimates. As disssed inChapter 7 of
Hastie et al. (2009), if one had a huge amount of data, one could divi it into training
data (A) and test data (B) and further divide A into estimation data (Al) and selection
data (A2). For each value of , one estimates the regression model from Al, giving rise to a
large number of regression models indexed by. Then one selects the regression model (i.e.,
the value of ) that provides the best predictions in the independent A2 data. Usially one
re-estimates the nal model by using the previously selected but tting the corresponding
model to all the training data, A. Finally, one obtains an unbiased esimate of the predictive
performance of the nal model (e.g., the MSE of prediction) by applying the nal model
to the test data, B. This paradigm avoids the over-optimistic assesment of performance
that is obtained by applying the selected model to the training data.

If there are insu cient training data to permit separate estimation (A1) and selection
(A2) phases, one can instead use cross-validation to choose(see, e.g., Tibshirani (1996)).
With ve-fold cross validation, one randomly divides all the training da ta into ve equal
portions. For a xed , one begins by estimating the model indexed by on the rst four
portions and using the remaining portion to estimate the prediction eror (e.g., MSE). One
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repeats this process four more times by successively using di eréportions to estimate the

model and estimate the prediction error. The average of these e estimates of prediction
error is the criterion used to characterize the performance of te model with that value

of . This entire procedure is repeated for many values of , and the value with the

smallest predicted error is selected. A nal model is obtained by reestimating the model
with the selected using all the training data. Finally, to obtain an unbiased estimate of
the prediction error for the nal model, one applies the nal model to the test data, B.

This paradigm can also be applied to procedures like stepwise regréss, where the \tuning

parameter" corresponds to the signi cance level chosen to reta covariates. For procedures
like all subset selection, indexes each of the 2 possible models.

In the previous two paragraphs, we have assumed that there arsndependent test data
B that were held in reserve and never used in estimating the models oselecting the best
model. The test data were only used to estimate the prediction erroof the selected model.
An advantage of this approach is that valid estimates of prediction eror are obtained no
matter how complex (and possibly ill-de ned) the procedures for séecting covariates and
estimating the model are. If there are insu cient training data to p ermit this approach,
and if the selection and estimation procedures are well de ned, asof example in LASSO,
cross-validation can also be used to estimate prediction error usingll the data. We use
the LASSO as an example. One might randomly divide all the training plustest data into
ve parts. One further divides the rst four portions into ve par ts and proceeds as in the
previous paragraph to estimate and select what appears to be théest model. Then one
estimates its prediction error with the left-out portion. Repeating this process ve times, one
has ve selected LASSO models and their estimated prediction err®. The average of these
ve prediction errors indicates how well the process of tting the L ASSO (with estimation of

by an internal cross-validation step) will perform when applied to all the training and test
data to obtain the nal model. Better estimates of prediction error may be obtained by using
leave-one-out-at-a-time cross-validation rather than ve-fold cross-validation on the entire
data set (Molinaro et al., 2005). A serious error that is sometimes mde is to omit the model
selection step in the cross-validation (or bootstrap as in Hastie et kh (2009)) evaluation
(Dupuy and Simon, 2007). For example, suppose the LASSO proceide is applied to all the
training plus test data and yields a small set of covariates to be incluéd in the model and a
given optimal value of . If one holds this value of and the selected set of covariates xed
but only allows the regression parameters to vary in the double crasvalidation procedure
above, one will seriously underestimate the prediction error.

In Chapter 6 we stressed the importance of independent validatiordata to assess the
performance of a previously developed risk model. Such independevalidation can provide
an even more rigorous assessment than the test data (B) desceld above, because indepen-
dent validation data may also reveal whether a model developed in ompopulation applies
to another population. When covariate selection is an important asgct of model develop-
ment, and especially when the training data are used to discover u$a covariates among
many possible covariates, some form of test data (B) or re-samplip techniques are needed
to obtain a realistic assessment of the model's prediction error in thesame population that
gave rise to the model, and further testing in independent validationis highly desirable.

8.3 Missing data

In any real data set, some values on some variables are missing favree subjects. Molen-
berghs et al. (2015) provide a general overview of classi cationsfaypes of missing data and
approaches to handling them. Here we concentrate on approaché¢hat have been developed
to account for missing covariates in the Cox model, because thesgproaches apply, with
little modi cation, to estimation of absolute risk under the cause-speci c hazard model.
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Kalb eisch and Prentice (2002) reviewed early work for the Cox mocl and provided a
useful framework for thinking about the literature.

8.3.1 Types of missing data

Rubin (1976) introduced the following hierarchy of missing data meclanisms, which we
specialize for survival data. LetZ = (Z™;Z°) be the vector of covariates, of whichZ® is
always observed andZ™ may or may not be missing on an individual. LetV beap 1
vector of indicators that take value 1 if the corresponding compoent of Z™ is observed and
0 otherwise. In addition to Z¢, we also always observe&X = min(T;C)and = I(T C).
Here T is a survival time and C is a censoring time that is conditionally independent of
T given Z. In the competing risk framework, T is the time to the rst of the competing
events, and is O if censored and otherwise is;2;:::; M according as the observed event is
of type k. The data are missing completely at random(MCAR) if V is independent ofZ; X;
and . Although the MCAR assumption cannot be veri ed empirically, it can b e refuted
empirically if the distribution of ( Z¢; X; ) varies across patterns of missingnesg . The data
are missing at random (MAR) if V is conditionally independent of Z™ given (Z¢; X; ). A
stronger assumption sometimes used in the survival literature is tht V is conditionally
independent of Z™ given Z¢. The MAR assumption cannot be veri ed statistically, but
is sometimes justi ed based on substantive considerations or whethe missingness is by
design. If the missingness is neither MCAR nor MAR, it isnot missing at random (NMAR),
which is also called informative missingness. Whereas various analytical approaches are
applicable for MCAR and MAR data, NMAR data require an unveri able e xplicit model
for the conditional distribution ( VjZ™;Z¢; X; ). Such models can be used to explore the
sensitivity of analyses to the MCAR or MAR assumptions or to the basline NMAR model.

8.3.2 Approaches to handling missing data

If missing data are MCAR from a cohort, then those cohort membes with complete data
are a random subsample of the cohort and can be analyzed using stdard methods for
cohorts. Assume rst a strong MAR assumption that V is conditionally independent of
Z™ given Z°. Then those members of a risk set with complete data orz™ constitute a
random subsample of the risk set, and their contribution to the pattial likelihood can be
used in a \complete case" analysis (Kalb eisch and Prentice, 2002)Instead, Zhou and Pepe
(1995) estimated the expectation of epo0 ) for each risk set non-parametrically from the
members of the risk set with always observed covariateg®, and maximized the estimated
partial likelihood. Lin and Ying (1993) proposed an estimated set of sore equations with the
conditional \expectations" from the partial likelihood score equations replaced by estimated
\expectations" from the members of risk sets with complete data.See also Martinussen et al.
(20186).

A weaker MAR assumption is that V is conditionally independent ofZ™ given (Z€¢; X; ).
Several investigators have considered this less stringent MAR agmption. Paik and Tsai
(1997) extended the approach of (Lin and Ying, 1993). Chen and iitle (1999) developed a
non-parametric maximum likelihood procedure, NPML, but required two notable assump-
tions, namely a model for the joint distribution of the observed and missing covariates and
the assumption that C is conditionally independent of T given Z€, rather than the weaker
usual assumption that C is conditionally independent of T givenZ.

an indicator that is one if an individual has any missing covariates and ero otherwise, is
conditionally independent of Z™ given (Z¢; X; ). Letting = P(V =1jX; ; Z°; one can
multiply contributions to the partial likelihood score from individuals wit h measuredZ by

1, but this simple inverse weighting can be quite ine cient. Wang and Chen (2001) devel-
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oped a more e cient augmented inverse weighting method that requres a parametric model
for the expectation E(Z™jX; ; Z°) as well as the model for . This method is \doubly ro-
bust" in that consistent estimates are obtained if either the modelfor orfor E(Z™MjX; ; Z€)
is correct, and the method is valid if C is conditionally independent of T given Z. Qi et al.
(2005) showed that e ciency could be gained by estimating non-parametrically, and sur-
prisingly that this approach was asymptotically as e cient as augmentation, which they
also implemented by kernel estimation ofE (Z™jX; ; Z€). Their methods are valid if C is
conditionally independent of T given Z and also do not make parametric assumptions on
E(Z™MjX; ; Z°), but their kernel augmentation method might be impractical for m ultivari-
ate Z™. Further extensions of weighting methods allow for non-monotonemissingness (Xu
et al., 2009) and weights that perform better when some values of are very small (Luo
et al., 2009).

A third general approach is to impute missing covariates. LetZ™ be the missing com-
ponents ofZ™ and Z™° be the observed components aZ™ . One can impute values forZ™™
by drawing from the predictive distribution [ Z™™ jZz™°;Z¢; X; ]. The practical problem is
how to specify the joint distribution [ V;Z™;Z¢; X; ] from which to estimate the required
predictive distribution (see Fitzmaurice et al. (2015) and Kenward and Carpenter (2007)).
Under the MAR assumption, [V ;Z™;Z% X; 1=[Z2™;Z%X; ][VjZ% X; ]: Itis important
to include X and as well as the observed covariates in the predictive distribution (Sérne
et al., 2009). Once a complete data set has been imputed in a single set imputations as
above, the analysis of the \complete" data can proceed with standrd methods, as inChap-
ter 4. To account for the added uncertainty from the imputed data, however, one repeats
the entire process multiple times to obtainm 2 imputed datasets andm sets of estimates.
The variance of the estimate, such as the 10-year absolute risk fa xed set of covariates,
can be computed from the expected variance of the estimate givethe imputed complete
data plus the variance of the expected estimate given the imputed dta, as discussed in
Rubin (1987). The latter term accounts for the uncertainty induced by imputation. These
methods, though very attractive computationally, depend on the validity of the predictive
distributions.

8.4 Updating risk models with new risk factors

When novel risk factors become available from new data, it is desirde to combine their
information with information from existing prediction models, to impro ve predictions and
risk strati cation. New molecular markers are often measured in rdatively small case-control
or cohort studies that provide little new information on well established risk factors. For
example, when data on new risk factors such as mammographic dehs single nucleotide
polymorphisms (SNPs) or circulating hormone measures become ail@able, it would be desir-
able to also utilize available information on the well established e ects é many reproductive
risk factors to develop new models that predict breast cancer risk

In this section, we discuss various methods in the literature for buildng logistic regression
models based on individual-level data that include a new predictor, wile using parameter
estimates from an existing logistic model with \standard" factors. Some authors refer to this
approach as \model updating”. For rare diseases, the odds ratie from logistic modeling of
cohort or case-control data approximate the relative hazards peded in cause-speci ¢ hazard
models of absolute risk. Thus we can take advantage of the literatte on updating logistic
models to update cause-speci ¢ hazard models of absolute risk. Iparticular we can use the
approach in Chapter 5 that combines relative risks with external composite hazard rates to
estimate the cause-speci ¢ hazard function

M) = Camr (N = f1 ARG L0 (Mozb); 8.1)

where rr denotes the relative risk andz! denotes risk factors for the cause-speci ¢ hazard
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for which absolute risk is being calculated, ;. In what follows we omit any super- and
subscripts and userr (Z) to denote the relative risk term that depends on covariatesZ.
As in Grill et al. (2016), we consider several approaches to updatig the relative risk

a covariate that we term \new marker". We rst let Z be a single marker, but later extend
methods to multivariate markers. We assume that the true relative risk model (or relative
odds model for logistic regression with rare outcome) in the populdbn is given by

mr(X;Z)y=rrf (X Xo); z(Z Zo)g=expf X(X Xo)+ z(Z Zo)g, (8.2)

and X ¢ and Zg are referent covariate levels.
We assume that the original relative risk model we wish to update onlyincluded factors
X 1
rm(X)=expf AX Xo)o: (8.3)

The methods presented here can be extended to other relative Ksfunctions.

8.4.1 Estimating an updated relative risk model,rr (X ;Z), from case-control data

We assume that a new case-control study is available that has infenation on X and on

the marker, Z. Our goal is to update the relative risk model with information on Z, while

also utilizing information available from model rr (X) in (8.3). Letting D denote the binary

disease outcome, wher® = 1 denotes diseased and = 0 denotes non-diseased individuals,
we wish to obtain the estimate

Rxz = PfD =1jZ; X;rr (X)g (8.4)

from the new dataset. We then approximate the joint relative risk given X and Z by the
odds ratio from model (8.4) to obtain the updated relative risk modd,

" (X:Z) = PfD =1jZ;X;mr (X)g=PfD =0jZ; X;rr(X)g _ Rxz=1 Rxgz)
' PfD =1jZo;Xo;rr (Xo)g=P fD = 0jZo; Xo;rr (Xo)g Rxoezo=(1 Rxyz,)
(8.5)

Note, however, that in general if P(D = 1jX;Z) is logistic then P(D = 1jX) cannot be
logistic, because from Bayes theorem,

P(ZjD; X)
P (DjX)P(ZjD; X)

P (Djz;X)= P (DjX) R = P (DjX)f (ZjD; X); (8.6)

D
P
wheref (ZjD; X) = P(ZjD; X)= P (DjX) P(Z]jD; X). Only when the outcome is rare and
D

X and Z are independent can both modelsP (D = 1jX) and Rx -z, be logistic as discussed
further in Section 8.4.3

We now summarize several approaches for combining information ém an existing rela-
tive risk model rr (X)) with information on the new marker Z to estimate a modelrr (X;2Z)
based on case-control observationdX; X ; Z). One of the approaches assumes independence
betweenZ and X in the source population, while the others allow for dependence beteen
Z and X.

8.4.2 Estimating rr (X;Z) from new data only

A simple approach is to completely ignore information from the old modé rr (X) and to t
a logistic regression model

exp(_ + 3X+ 22)
T+exp( + 3 X+ 2Z)

Rz = P(D =1jZ;X) = (8.7)
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Then o
m(X;z)=expf "y (X Xo)+ 2(Z Zo)a:

While this is not model \updating”, we study this approach, called \log istic-new", in sim-
ulations (Section 8.4.7 to quantify the gain in predictive performance and e ciency when
including information on rr (X).

8.4.3 Incorporating information on rr (X) into rr (X;Z) via likelihood ratio (LR)
updating

Several authors have proposed updating risk models using the likeldod ratio (LR) of
[ZjD; X], for example (Janssens et al., 2005; Ankerst et al., 2008, 2012). &Vrst outline
this approach and then discuss various methods for estimation.

From Equation (8.6),

. _ P(D =1jz;X) _ P(D =1jX) f (ZjD =1;X)
log (posterior odds) =log —P(D =0iZ:X) =log 7P(D Z0iX) +log f—(ZjD =0:X)
=log (priorodds) +logfLRp (ZjX)g; (8.8)
where f(ZiD=1;X P(ZjD =1;X
LRp (zjx)= &P =1 X) _ P(Z]D =1;X) (8.9)

f(ZjD=0;X) P(ZjD =0;X)
is the likelihood ratio for the new marker Z with respect to outcome D conditional on
covariates X . If we assume that

exp( o)rr (X)

Rx = P(D =1jX) = T+ exp( oy 00 (8.10)
then an estimate of the logposterior odds) is
n o}
log (poéterior odds) = o+log frr (X)g+log LRp (ZjX) : (8.11)

However, this relationship is only approximate, because usuallyRx only approximates
P(D =1jX).
Expression (8.11) can be applied to any functional form of the moderr (X). When
(X)) =exp( 9X), then Equation (8.11) reduces to
n 0
log (posteriorodds) = o+ IX +log LRp (ZjX) : (8.12)

Under the rare disease assumption, the posterior odds can be ub&s an approximation
to P(D =1jX;Z), and a similar approximation holds at the reference covariate leveldor
P(D =1jXo;Zo). By exponentiating the log posterior odds, we obtain the estimatal relative
risk

m(X;Z)= P(D =1jX;Z)=P(D =1jXo0;Zo) = r (X)LRp (ZjX)exp(co); (8.13)

whereco = logf P(ZojD = 1;X)=P(ZojD =0;X)g: If rr (X) = exp( $X), this simpli es
to

m(X;Z)=LRp (ZjX)exp(co+ $X): (8.14)
The variance ofri(X;Z) can be calculated from the covariance matrices of the component
modelsVar( ;LRp) = diag(Var( );Var(LRp)), using the delta method, which could be
implemented e.g., via thedeltamethodfunction in the R packagemsm (see Ankerst et al.
(2012)) or via a parametric bootstrap.

We now summarize and extend several approaches for estimatingi¢ LRp in Equation
(8.11).
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8.4.3.1 Joint estimation of LRp (ZjX)

If P(ZjX) is a distribution within the exponential family, i.e., P(ZjX) =exp( Z )h(z)c( ),
where h and ¢ are known functions, = X° ,, and the disease is rare, therP (ZjX ;D)
also is in the exponential family. This result is immediate for controls © = 0), because
unmatched controls are representative of the general populatio for a rare disease,

P(ZiD=0:X) P (ZjX): (8.15)

For cases, Equation (8.4) can be approximated by an exponentialinction for a rare disease,
and

REXP( + 2Z+ X)P(ZjX) _ pexp(2Z)exp(Z)h(z)e( )

P((zjD=1;X)= : =
(2] )= R+ 2+ IX dF@X) . expl 22)exp( 22 )&z
=expf( + z)Zgh(z)e( + 2z);
(8.16)
which is in the exponential family with =+ 7 and an appropriately adjusted normalizing
constant c.

Special cases of interest in the exponential family are the logistic ahnormal distribu-
tions. When logit fP(Z =1jX)g= o+ $X in the general population, then in the cases,
logit fP(Z =1jD =1;X)g= + 9X, with a new intercept and otherwise the same
coe cients as in the logistic model for the controls, D = 0. The di erent intercept terms in
the models for cases and controls can be accommodated by tting aingle logistic model,
logit fP(Z =1jD; X)g= o+ 2D+ 9§X, thatalso includesD as a predictor in addition
to X, to the combined case-control data. The LR, model (8.9) for a binary marker Z is
then given by

fl+exp( o 9X)g" fl+exp( o+ 9X)g' *
fl+exp( o 2 IX)gfl+exp( o+ 2+ X)g" %

LRp (ZjX) = (8.17)

Similarly, for a marker Z that follows a normal distribution, ZjX N( o+ $X; 2),
under the rare disease assumptioZj(X;D) N( o+ 2D+ 9X; 2), where the mean of

Z has di erent intercept parameters for D = 0 and D = 1. The joint log-LR model for a
normally distributed marker Z is

logfLRp (ZjX)g= 2(Z o WX ,=2)=2 (8.18)

8.4.3.2 Estimating LRp (ZjX) based on tting separate models for cases¥ = 1) and
non-cases D =0)

For P (ZjX) in the exponential family, and assuming rare disease, we can sepely estimate
the numerator and the denominator of LRp (ZjX) in Equation (8.9) by tting di erent
models to cases) = 1) and to controls (D = 0). If Z is a binary marker, P(ZjD; X) can
be estimated using separate logistic regression models for casesdarontrols, yielding

fl+exp( o0 X)) fl+exp( oo+ 9X)g' * |

LRp (ZjX) = ;
fl+exp( oo HX)F fl+exp( o+ HX)g' ?

(8.19)

where 1p = Dpiiiiy By %D =0;1; indicates parameters in the models for controls and
cases, respectively. For a normally distributed marker,Zj(X;D) N( $X; 3), tting
separate linear models to cases and controls yields

logfLRp (ZjX)g=log( 0= 1) (Z o %X)*=2 D+(Z o  X)°=2 j):
(8.20)
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In contrast to Equation (8.18), which corresponds to linear discrimnant analysis, estimating
the LRp separately in cases and controls also allows the variances to di er ineen the two
groups, and thus corresponds to quadratic discriminant analysissee, e.g.,Chapter 6 of
Anderson (1984).

8.4.3.3 LR updating assuming independence af and X (independence Bayes)

A special case of the LR approach de ned above, described, e.g., Hand and Yu (2001), is
to assume that the new markerZ is independent ofX in cases and non-cases, and therefore
P(zZjD =1;X) _ P(ZjD =1)
P(ZjD =0;X) P(ZjD =0)
When case-control data are used for updating, and the outcomis rare, then if X is indepen-
dent of Z in the general population, X and Z are also independent in cases and controls, as
shown, e.g., in Gail et al. (2008). Thus, for a rare disease, the assption of independence
of X and Z in the general population implies independence conditional orD.

When the ouggome is rare,Z is in the exponential family and X and Z are independent,
then P(DjX) ,exp( x + 3 X+ zZ)dF(ZjX)=exp( + §X)and

expf ( + z)Zgh(z)c( + 2z)
expf Z gh(z)c( )
Thus the coe cients for X andZ in r¥ (X ; Z) in Equation (8.14) are approximately unbiased.

LRp (ZjX) = =LRp (2): (8.21)

logf LRp (Z)g =log + z2Z: (8.22)

8.4.3.4 LR updating with multiple markers
The methods presented above for a single marker can be extendéa two or more markers,
Z. For example, to compute the LR for two markers Z = (Z1;Z5,), we use that
P(Z2jD =1;Z,;X)P(Z4jD =1;X)

P(Z2jD =0;Z1;X)P(Z4jD =0;X)

P(Z2]D =1;Z4;X)

logf LRp (Z1;Z2jX)g = log

"% Bz,D =0,2,%) 623
P(Z1jD =1;X) _ o . .
+log PZID=0X) logfLRp (Z2jZ1; X)g+logfLRp (Z1jX)g:

(8.24)

To estimate logf LRp (Z2jZ1; X)g one simply includes the markerZ; along with the predic-
tors X.

8.4.4 Joint estimation, logistic model with o set

The linear dependency of lo)LRp (Z)g on Z in Equation (8.22) was also noted by Albert
(1982), who proposed to include the prior odds with parameters fom the original risk model
as an o set term in a logistic regression model that includedZ as the predictor to obtain
Rz x . In our setting, this corresponds to estimating two new parametes ( o; 1) based on
the model

expllog i (X)g + "o + "1Z]
1 +exp[logfrr (X)g+ "o+ 7]

0 N N
- exp( l(x X O) + OA+ 1%) : (825)
1+exp( 9(X  Xo)+ "o+ "12)
The updated relative risk model is thus

rr(X;z)=expf YX Xo)+ 1(Z Zo)g: (8.26)

Rxz = P(D =1jz; X;rr (X)) =
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8.4.5 Independence Bayes with shrinkage

Spiegelhalter and Knill-Jones (1984) generalized (8.21) to allow for geendence between
X and Z by tting one additional shrinkage parameter that multiplies log fLRp (Z)g in
(8.8). Spiegelhalter and Knill-Jones (1984) rst estimated the LRp (Z) based on the new
data and then estimated by tting

log (posteriorodds) = o1+ 99X+ logfLRp (Z)g= o1+ X+ logfLRp(Z)g: (8.27)

If is estimated to be zero, the new marker does not add any informatio to the model,

and when =1, Z is independent of X. We refer to model (8.27) as \LR-shrink" in the

numerical studies and compare the two-step estimation approaclho a single step approach
that directly maximizes (8.27) as a function of and all parameters in LRy .

8.4.6 Updating using constrained maximum likelihood estiration (CML)

Chatterjee et al. (2016) considered building regression models bad on individual-level

data from an \internal" study while utilizing information on parameter s for a reduced
model estimated from an \external" big-data source, see also QinZ000). They identi ed a

set of general constraints that link internal and external modelsand used them to propose
a semi-parametric maximum likelihood estimate for the new model thatis equivalent to a
form of empirical likelihood (Han and Lawless, 2016).

Following Chatterjee et al. (2016), let U(DjX; )= @ogg (DjX)=@ denote the score
function associated with the \external" reduced model rr (X) in (8.10). The population
parameter value for this model satis es the equation

z

EfU(DjX; )g= U(DjX; )P(DjX)P(X)dDdX =0; (8.28)

where P(D; X) = P(DjX)P(X) is the true underlying joint distribution of ( D; X). When
the model (8.10) is misspeci ed, thenRx = P (D =1jX) 6 P (D =1jX), but the above
equation still holds true under mild conditigns. Under the assumptionthat f (DjZ; X) is
correctly speci ed, we can writeP(DjX) = f (DjZ; X)P(ZjX)dZ; with ¢ the true value
of . Thus, the constraint imposed by Equation (8.28) can be rewritten after changing the
order of integration, as
z Z
U(DjX; )f ,(Djz; X)dF(X;Z)=0:
Z; X D

The above equation converts the external information to a set oftonstraints, which is used
in the analysis of internal data to improve e ciency of parameter estimates. The dimension
of the constraint space is the number of parameters by which the xernal model has been
summarized.

If the internal sample is a case-control sample anghy =1 pg is the disease probability
in the source population, the likelihood is

(W‘“l )
Le = f (DijZi; X)dF(Xi;Zi) po"°py ™
i=1

where n; and no dengte the number of cases and control sampled. The goal is to ma

imize loglL ¢ )+ T ZX D U(DjX; )f (Djz; X)dF(X;Z), where is a vector of La-

grange multipliers, and dF (X; Z) has mass only at the unique observed data points among
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The method does not require parametric assumptions fofF (X ; Z) and produces consis-
tent estimates of parameters of the updated model, assuming thtaone correctly speci es
the risk distribution [ DjX ; Z] for the internal study, irrespective of whether the external risk
model is correctly speci ed. The method applies to any type of regession model, including
logistic regression, and does not require a rare disease assumptidrhe authors showed that
the empirical-likelihood approach allows tractable computation of CML irrespective of the
dimensions of the risk-factors. The point masses foF (X ; Z) can be estimated using either
the internal sample or an external reference sample.

Table 8.1summarizes all these methods and the number of parametgethat are estimated
for each.

Table 8.1: Summary of updating methods

Assumes

independence Number of parameters
Method log (posterior odds ) of X andZ estimated for

Z binary Z continuous

Logistic-new + X + ,Z No p+2 p+2
LR-joint 11X +10g(LR gep) No p+2 p+3
LR-separate [ X +l0g(LR gep) No 2(p+1) 2(p+1)+2
LR-ind TX +log(LRing ) Yes 2 4
LR-0 set X+ o+ 1Z Yes 2 2
LR-shrink IX + 10g(LRng) No 3 5
CML No p+2 p+2

p: number of risk factors in X

The prior odds from original risk model based only on standard covaates X = ( X1;::X)"
is exp( 1 X). The quantities LR g P(ZjD =1)=P(ZjD =0), and LRgep P(ZjD =
1;X)=P(ZjD = 0;X), which is estimated separately (LR-separate) or jointly (LR-joint).
Note that only the \Logistic-new" method and CML estimate the par ameters in Equation
(8.2) corresponding to the correct model.

8.4.7 Simulations

We present selected simulations from Grill et al. (2016) that assesbias and variability in
P(DjX ;Z) from logistic models updated using the methods inTable 8.1.

To obtain realistic correlations between predictors, we simulated déa based on vari-
ables from the Viral Resistance to Antiviral Therapy of Chronic Hepatitis C (ViraHepC)
study. This study was conducted from 2002-2006 to investigate icerences between African
Americans and Caucasians in response to antiviral therapy for hegtitis virus C (HCV)
(Conjeevaram et al., 2006). The outcome was sustained virologicalesponse D = 1 if
present andD = 0 otherwise). We considered the following covariatesX : race (white, non-
white), sex (male, female), Ishak brosis score that assesses livebrosis stages ranging
from normal to cirrhosis (regrouped into four categories) and AS/ALT enzyme ratio (in
quartiles).

The original model Rx was obtained by including the covariatesX in a logistic regression
model.

We then updated the risk models by adding two new markers, interfeon lambda 4
(IFNL4) genotype in two categories ( G= G or G=TT corresponding toZ; = 0, and
TT=TT corresponding to Z; = 1), and continuous levels of pre-treatment HCV-RNA
(log,o(IU/mMI); Z,) to obtain the updated risk prediction model, Rx.z,.z,. The marginal
distributions of X and (Z;;Z,) are shown in Table 8.2 for the 350 patients with complete
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predictor information, together with the log odds ratio estimates from the baseline model
that included only X, and from the model that included X ; Z; and Z,. The variable Z; was
more common in Caucasians. The variableZ, was negatively correlated with AST/ALT
ratio (Spearman =-0.23), but only weakly correlated with other baseline covariates @ata
not shown).

To generate data, we used the estimates ofx; z, and z, from the last column of
Table 8.2 We rst sampled covariate vectors (X ;Z1;Z) with replacement from the 350
study subjects to obtain covariate data for n patients. We then used these covariate vectors
to generate outcomesD from a logistic regression model,

expt o+ YX+ 72,21+ 7,259

P(D =1jX;Z1:2Z5) = :
( J 1:22) 1+expf o+ YX+ 7,Z1+ 7,229

(8.29)

with o =0:8, corresponding to an outcome prevalence d?(D =1) =0 :1.

Table 8.2 Distribution of the predictors of sustained virologic respanse © = 1) and esti-
mated predictor e ects in the n = 350 ViraHepC participants from whom predictors were
sampled for simulations

Model with covariates X

Baseline model, IFNL4 genotype (Z1) &
covariates X HCV-RNA (Z2)
Variable Categories Distribution (std err) (std err)
Race Caucasian 52:7% Ref Ref
Non-white 48.3% {0.85 (0.241) {0.62 (0.261)
Sex Male 65:4% Ref Ref
Female 34.6% 0.73 (0.262) 0.68 (0.269) )
Ishak brosis 0 10:6% {0.29 (0.156) {0.33 (0.161)
score 1{2 52:9%
(ordinal) 3{4 29:7%
5{6 6:9%
AST/ALT per quartile {0.39 (0.117) {0.32 (0.121)
ratio
(ordinal)
IFNL4 G=( GorTT) 72:0% { Ref
TT/TT 28:0% { 0.93 (0.282)
log1oHCV- { 6:5(5:6; 6:8) { {0.41 (0.162)
RNA level
(median,
IQR 2)
AUC 0.701 0.738
2]QR - Interquartile range (25th percentile - 75th percentile); AUC based on c-statistics from SAS

PROC logistic. Log odds ratios (with standard errors) are shown for the baseline model and f or the
model updated with genetic and viral load information. Para  meter estimates from the baseline model were
used as the values in Equation (8.12). Quartile cuto s for AST/ALT ratio: 0.31 65 (min.), 0.6307 (25%),
0.7705 (50%), 0.9302 (75%), 2.275 (max.).

After generating D for each set of covariates from model (8.29), we created thredsjoint
sets, A, B and C. Dataset A with np = 1;000, 000 samples that only included predictors
X was used to t model Ry in (8.10). Dataset B, comprised 0fNcases = Ncontrols = 250
cases and controls, with information on O; X;Z) was used to estimateRz x based on
all methods presented inTable 8.1. To compute the LRp (ZjX) for two markers, we used
Equation (8.23).

As our prediction is based on a logistic model, we needed to ensure théhe intercept
termin Rx .z yielded the correct population prevalence or incidence of the outame. We thus
modi ed models (8.7), (8.25) and (8.27) to match the true disease pevalenceP (D = 1),
which is assumed known without error from external data, by solvirg the following equation
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for
ZZ
z x 1+exp( +4(X;2Z))
For model (8.7), §(X;Z) = "2 X + ", Z, and for model (8.25),d(X:Z) = 9X + "Z. To

adjust the intercept for LR-shrink in (8.27), we rst included an ad ditional intercept ¢ in
the model to absorb the case-control sampling ratio and o,

dF(X;Z2)=0: (8.30)

log (posteriorodds) = 9X + ¢+ 1logfLRp(Z)g; (8.31)

and after obtaining "1, solved (8.30) forg{X;Z) = 9X + “ilogfLRp (Z)g: For a rare
disease, the empirical distribution function in the controls in the case-control study pro-
vides an estimateF (X ;Z), if the controls constitute a random sample from the general
population. Here we estimated the empirical distribution of X, F(X), from dataset A,
and the empirical distribution Peontrol (ZjX) from the controls in dataset B, to obtain
F(Z: X) = Feontrol (ZjX)Fa(X).

We used data from a third independent dataset, C, a random sampleof sizenc =
100,000, to evaluate the predictive performance of the models update using the various
methods. Letting r; = Rx,.z, be the estimated risk and ; be the corresponding true risk
in the simulatign mq_del, we assessed the bias af with the ratio of expected to observed
casesE=0O = r;j= Oj overall and in subgroups in the third independent dataset, C. To
be consistent with notation in Chapter 6, we useO; instead of D; to denote the observed
outcomes here. For each setting we present means over 1,000 siations. The varjgbility of
the prediction was assessed by rst taking the mean of the prediad probabilities  r;=nin
each simulation and then computing the standard deviation of the mans over the simulation
runs with the same setting. We also present results for the area wuter the rgceiver operating
characteristic (ROC) curve (AUC), the mean squared biasBias2=n ' (r; )2, and
the estimated mean Brier score (Brier, 1950)MSE = n 1" (O, r;)2. SeeChapter 6.

Table 8.3 shows the performance of a modeRyx .z,.z, that was updated with the binary
genotype,Z1, and continuous HCV-RNA levels, Z,. Logistic-new, LR-indep, LR-0 set, LR-
separate and LR-shrink overestimated risk on the entire populatio by 8 to 13% (seeE=0
ratios). Models updated using LR-indep underestimated risks for he IFNL4 G= G or

G=TT genotype by 6% and overestimated them for thelT T=T T genotype group by 29%,
while models updated using LR-separate overestimated in these getype groups by 4%
and 10% respectively. TheAUC values ranged from 0.740 for CML and LR-joint to 0.729
for LR-separate, which also had a much larger mean squared biaB{as 2) overall and in
subgroups than the other methods Table 8.3).

The limited variation of the Brier scores and the AU C values across the di erent methods
indicates that the mean Brier score (or mean square error), whichs the sum of the squared
bias and the Bernoulli variation of the outcome, was dominated by Benoulli variability.
The AUC is generally not sensitive to bias, as it is a function of the ranks of thepredicted
probabilities. However, the standard errors for the AU C were noticeably larger for logistic-
new and LR-separate than for the other methods, and the standrd error of the MSE was
large for LR-ind and LR-separate. There were noticeable di erenes in the mean squared
bias (Bias 2) among the various methods, with the lowest values seen for LRejnt and CML,
as expected from theE=0 ratios.

8.4.8 Summary

The two procedures LR-joint and CML exhibited little bias overall or in subgroups de ned
by genotypes of IFNL4, as re ected inE=0 ratios near 1.0 and smallBias 2. Other updating
procedures exhibited more bias and larger MSE, especially LR-indegOther performance
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measures such a®AUC, which is not a ected by bias that preserves rankings, and the
expected Brier score, which is dominated by the binomial componenf variance, were
similar for the various procedures. On the basis of these data, andther results in Grill
et al. (2016), we recommend CML or LR-joint for updating.

Some of these methods assume that the distributions of covariatein the data that gave
rise to the original model based onX and in the new internal data that include X and the
novel markersZ are the same. Simulations in Grill et al. (2016) revealed bias in estimate
from CML and LR-joint when this assumption was violated. Thus this assumption should
be assessed, to the extent possible with data oK, before assuming that the updated model
is valid. A more conclusive test would be to study the performance othe updated model
in independent validation data (Chapter 6).

This literature pertains to estimates of risk Rx .z = P(D = 1jX; Z) from logistic models.
Further research is needed to apply these methods directly to thebsolute risk models in
Chapter 4. However, the good performance of LR-joint and CML br estimating Rx z
in these studies also implies good estimation of relative risks, as in Eqtian (8.5). These
relative risks and their associated attributable risks, can be usedas in Chapter 5, to estimate
absolute risk with a cause-speci ¢ hazard model by incorporating egistry data.



Chapter 9

Risk estimates based on genetic variants and
family studies

9.1 Introduction

In this chapter we discuss models for estimating absolute risk, pureumulative risk, and
relative risk from family-based studies, such as kin-cohort studiegStruewing et al., 1997;
Wacholder et al., 1998) and studies of families ascertained becaudedy have several diseased
members (\multiplex pedigrees"). Key considerations include whetter the model allows for
residual familial correlations apart from those attributable to the genes that are explicitly
included in the model (compareSections 9.2and 9.3), and how the family was ascertained,
which determines the likelihood equationsSection(9.4) Section 9.5compares several ge-
netically based models and an empirical model, the Breast Cancer Riskhssessment Tool
(BCRAT) for projecting breast cancer risk ( Tables 1.1 9.1, 9.2 and 9.3). Some of these mod-
els, such as BCRAT project absolute breast cancer risk, whereasthers project pure breast
cancer risk that treats competing risks as random censoring@hapter 2). The emphasis is
on breast cancer models because there is a vast literature on thiopic, because various
family-based designs have been used to study breast cancer risknd because both strongly
associated mutations and weakly associated genetic markers (SNPhave been identi ed for
breast cancer. However, the statistical approaches we discusdso apply to other diseases.

Continuous traits, such as height, tend to be normally distributed in the population,
re ecting, in part, the variations at many genetic loci, each acting independently and having
a modest e ect on the trait (Fisher, 1918). Risks of cancer and oher diseases are also
in uenced by such \ polygenic' e ects. Some mutations, however, confer high risks of cancer.
For example, women with mutations in the BRCA1 or BRCA2 genes havehigh risk of
breast and ovarian cancer. Mutations that confer high risk are c#led \ highly penetrant”
These highly penetrant mutations tend to be rare. Mutations in BRCA1 and BRCA2 occur
in less than 1% of the U.S. population. It is therefore hard to study iisks conferred by
these mutations in population-based cohort or case-control stdies. For example, in order
to estimate the lifetime risk of developing breast cancer from a highlypenetrant (lifetime
risk 0.92) dominant mutation with allele frequency 0.0033, as estimatd in Claus et al.
(1991), with con dence interval of width 0.10, one would need to reruit, genotype and
follow 17,301 women (Gail et al., 1999c). Likewise, if the lifetime breastcancer risk is
known in the general population, case-control data can be usedot estimate the risk in
mutation carriers, but the most e cient version of this design would require genotyping
15,506 control women and 1,524 women with breast cancer (Gail etl.a1999c). Thus there
is a strong incentive to study populations that are enriched in mutation carriers, such as
families with several a ected members, in order to reduce the rearitment and genotyping
burden. Care must be taken, however, in generalizing the ndingsfom such studies to the
general population.

135
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Genetic models are needed to estimate risk from a speci ¢ mutationrbm family-based
studies. To analyze such data correctly, one must also take the nue of ascertainment of
the family into account. Moreover, other polygenic or environmengl factors apart from the
gene under study may induce familial aggregation of disease that isat accounted for by the
gene under study (\residual familial risk"). For example, mutation s in BRAC1 or BRCA2
account for only about 22% of the familial aggregation of breast cacer (Ghoussaini and
Pharoah, 2009). Unless the genetic model allows for such residutamilial risk, biased risk
estimates can be obtained.

We begin our discussion with simple Mendelian models that assume thathte only factor
that modi es risk, apart from age, is the genotype at a single locus ogene. Then we discuss
methods and models that allow for residual familial correlation and aralytic methods that
take ascertainment and residual correlation into account to estinate risk.

9.2 Mendelian models: the autosomal dominant model for pure breast cancer
risk

The simplest genetic models, Mendelian models, assume that a mutatioat a single genetic
locus (gene) is the only factor that a ects pure risk, apart from age. To allow for stratifying
factors such as gender or race, separate models might be tted ieach stratum. Under such
Mendelian models, it is possible to calculate the joint genotypes of all mmbers of a family,
and hence the joint probabilities that each family member carries oneor two mutant alleles.
Because carrying the mutation is assumed to be the sole determinamf risk, apart from
age, it is possible to estimate the genotype-speci ¢ risk from family dta.

One of the most widely used Mendelian models for cancer risk is the aasomal dominant
model. Under an autosomal dominant model, a person with one mutanallele has the same
risk as a person with two mutant alleles at the same locus. Even beferthe BRCAL and
BRCAZ2 genes had been identi ed, Claus et al. (1991) estimated the wumulative risk of
breast cancer in carriers and in non-carriers of a putative autosmal dominant mutation by
using data on the history of breast cancer in the mother and sistes of women with breast
cancer (cases) and of women without breast cancer (controls)The cases and controls in
this study, the Cancer and Steroid Hormone Study (CASH), were ampled from the general
population, rather than from highly a ected families. These cases ad controls are called
probands. For each person in a family, we observ¥, = ( j; X;); where ; = 1 if the disease
of interest (breast cancer) is observed and 0 otherwise, and whe X; = min( T;; C;) is the
minimum of age at end of follow-up C;, which might result from death from competing
causes, or age at disease incidencg,. The family information on disease outcome isY =
(Yo; Y1; 5 Yk )T = (Yo; Y )T, wherei = 0 denotes the proband andi = 1;2; :::; K the
relatives of the proband. The vector of genotypes isG = (Go; G )", but none of these
were measured in the study of Claus et al. (1991). Each family contbuted the following
factor to the likelihood:

" pe) ® pvie)

U\ _ G i=0 .
P kiYo)= =P P(Go)(YoiGo) ®1)
Go

The summations are over the possible genotypes, which were unmaaed, and the likeli-
hood conditions on Yy, which was determined by design. The genotype probabilities were
computed using Mendel's laws and the assumption of Hardy-Weinbergquilibrium. Un-
der this assumption, a randomly selected member of the populationdas probabilities
p?; 2p(1 p); and (1 p)? respectively of carrying 2, 1 or 0 copies of a bi-allelic allele
(a variant form of a gene or genetic locus) with allele probability p. The product in Equa-
tion (9.1) arises from the strong assumption of conditional indepedence, namely that the
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breast cancer history for each woman depends only on her gengig and is conditionally
independent of the phenotypes of other family members, given hegenotype. We will discuss
this later. For survival data, Claus et al. (1991) assumed that given G;,

P(YiiG)=[ o f(Xi &)=cd'[l o fXi &)=cd" ': (9.2)

In expression (9.2), g, is the genotype-speci ¢ pure lifetime risk of breast cancer, and
are the density and distribution function for a standard normal v ariable, and s, and
G, are genotype-speci ¢ means and standard deviations of the coritibnal distribution of

age-at-disease onset among women with breast cancer. The fact ¢, ,which is between 0
and 1, allows for the lifetime probability of breast cancer to be less tlan one. Nonetheless,
Claus et al. (1991) treat competing causes of mortality as indepereht censoring. Thus
expression (9.1) models pure breast cancer risk. Claus et al. (19p@haximized the product

over probands of expression (9.1) to estimate a mutant allele freqgncy of 0.0033 (carrier
probability 0.0066) and pure lifetime risks of 92.8% for mutation carries and 10.0% for
non-carriers. Using this model, Claus and her colleagues calculatedupe breast cancer risks
for women with relatives a ected at various ages (Claus et al., 1994 For example, a 49-
year-old woman whose mother developed breast cancer at age 28sa 20-year pure risk of
11.6% of developing breast cancer, whereas, if her mother had beé5 at cancer onset, her
20-year pure risk would be 5.3%.

A linkage study localized a mutation for early-onset breast cancer® chromosome 17¢g21
in 1990 (Hall et al., 1990), and the corresponding BRCA1 gene was ia¢ ed by cloning in
1994 (US Patent 5747282), enabling one to measure mutations in iBRCA2 was localized
to chromosome 13g12-13 in 1994 (Wooster et al., 1994) and cloned 1998 (US Patent
5837492). Subsequent studies measured the prevalence of miubas in these genes and
the genotype-speci c risk of breast and other cancers, and cormed that risk from these
mutations followed an autosomal dominant pattern. In Section 9.3we discuss some of the
methods used to estimate breast cancer risk that rely on the abilityto measure mutations
in these genes.

Only women with an appreciable chance of carrying a mutation, say> 10%, were recom-
mended for actual genetic testing for mutations. Assuming autoemal dominance and that
breast and ovarian cancers were statistically independent given gmtype, and using data on
the prevalence of mutant alleles and on genotype-speci ¢ pure riskfor breast and ovarian
cancers, Berry et al. (1997) applied Bayes' Theorem to comput® (GojY ), where G is the
number of mutated BRCAL alleles in the woman who is being counseled,ral Y includes in-
formation on the times to breast and ovarian cancer for the counslee and her relatives. The
probability that a mutation is present is P (a mutation is presentY ) = P(Gp =1 or 2jY).
The algorithms were later modi ed to yield such calculations separatdy for BRCA1 and
BRCA2. A nice feature of this model is that one can also use informabn on the BRCA1
and BRCA2 mutation carrier status of one or more relatives,k*, if available, to produce an
improved estimate, say

P(GojY;Gk = &k ): (9.3)

One can also project future risk for the counselee at aga to a subsequent agea+ , given
family disease history to agea,Y (a) and family genotype information if available as

P(GojY (a);Gk = ok )r(aja+ ;Go); (9.4)
Go

where r(a;a + ;Gg) is the absolute risk of breast cancer between ages and a +

for a woman who does not have breast cancer at agea and has genotype Go.
An algorithm, BRCAPRO, calculates the expressions (9.3) and (9.4). Although the
initial version of BRCAPRO used pure risks instead of r(a;a + ;Gg) in Equation
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(9.4), the current version gives absolute risks that account for ompeting mortality
(http://bch.dfci.harvard.edu/bayesmendel/brcapro.php).

One indication that mutations in BRCA1 and BRCA2 do not explain the as sociation
between family history and breast cancer risk entirely came from a eanalysis of the CASH
study after culling out all the women whose BRCAPRO-estimated chance of carrying a mu-
tation in BRCAL or BRCA2 was 1% or more (Claus et al., 1998). The oddsratio associated
with a family history of breast cancer in a rst-degree relative was 23 for the entire CASH
study and 2.1 after removing those with even this slight chance of caying a mutation.
Thus, much of the familial association remained. This suggested a mel for models that
allowed for residual familial aggregation in addition to the autosomaldominant component,
as described inSection 9.3

9.3 Models that allow for residual familial aggregation to e stimate pure
breast cancer risk

9.3.1 Polygenic risk

Suppose that the e ects of many single nucleotide polymorphisms (8Ps) act multiplica-
tively on the relative risk (RR) of disease. Let ; and G; = 0, 1 or 2 be respectively the log
relative risk per minor allele and the number of minor alleles for the " SNP in a set ofM
such SNPs. If the relative risk for the i SNP is exp( iG;); then

b
log(RR) = iGi: (9.5)

i=1

If the SNP genotypes are independent (\linkage equilibrium"), then log(RR) is approxi-

P P
mately normally distributed with mean = 2 i and variance
i=1 i=1
2 XA 2 XA 2
= 2@ ) i (9.6)
i=1 i=1

where ; is the minor allele frequency for SNPi.

As in Fisher (1918), the correlation in log(RR) between two rst-degree relatives is
1=2, and between two second-degree relativess4. Over short time intervals, risks are pro-
portional to relative risks. This type of structure justi es the as sumption of log-normally
distributed risks used to assess the potential for disease prevgon in polygenic models
(Pharoah et al., 2002).

9.3.2 Models with latent genetic e ects: BOADICEA and IBIS

One way to correct for residual familial correlation is to allow for a latent genetic e ect in
addition to the measured mutation (Antoniou et al., 2002, 2004; Tyrer et al., 2005). Antoniou
and colleagues incorporated an unmeasured polygenic e ect in a metl that also included
separate nuisance hazards for highly penetrant mutations (Antmiou and Easton, 2003;
Antoniou et al., 2004, 2008a). Lettingg = 2, 1, or O index carriers of a BRCA2 mutation,
carriers of a BRCAL mutation, and non-carriers, and letting C denote a polygenic normally
distributed component with mean 0 and variance ?; Antoniou and colleagues modeled the
cohort-, genotype-, and age-speci ¢ pure breast cancer hard as

c=¢(tjC) = o(t)RRy(t) expfCg: (9.7)
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In this expression, o(t) is the cohort-specic breast cancer hazard for women without
BRCAL1 or BRCA2 mutations, and RRj(t) and RR»(t) are relative risks that can vary

with age t for BRCA1 and BRCA2 mutation carriers respectively. The average hazard

for women without BRCA1 or BRCA2 mutation in the general populatio n, (t); is ob-

tained by averaging overC as in Equation (9.10). Antoniou et al. (2008a) estimated rel-
ative risks mainly from genotyping population-based cases, not ca&s ascertained through
highly a ected families. The model was constrained to t the observed and age-smoothed
composite cohort-speci ¢ breast cancer incidence rates in Englahand Wales. The poly-
genic variance was estimated as 2= 4:83 0:.06 age Calculations were facilitated by

approximating the normal distribution of C by the hypergeometric distribution. This model

(Antoniou et al., 2008a), BOADICEA, predicts pure breast cancer risk and can incorpo-
rate data on BRCAL1 and BRCA2 mutation status, if available. BOADIC EA is available at

http://ccge.medschl.cam.ac.uk/boadicea/model/. A test version th at includes certain other

mutations in addition to BRCA1 and BRCA2 mutations is also available.

Not only does inclusion of a parameter for residual familial correlation a ect estimates
of genotype-speci ¢ hazard rates and hence estimates of purésk and of mutation carrier
probabilities based on family history, but such correlation parametes are also of intrinsic
interest for estimating risk. For example, suppose a 55-year old amselee and her mother
both tested negative for mutations of BRCA1 and BRCA2. The mother developed breast
cancer at aget,, = 45 years; the counselee has no sisters and the family history is limit
to rst-degree relatives. The conditional density of C,, the polygenic e ect of the mother,
giventy, =45, is

exp(Cm) expf o(tm)€xp(cm)g' (cm;0; ).
exp(c)expf  o(tm)exp(c)g (c;0; 2)dc’

PCp T (Cmitm) = (9.8)

where ' (cn; ; 2) is the normal density with mean and variance 2 and where o(t)
is the integral of the baseline hazard o(t) to age t. The conditional distribution of the
daughter's polygenic e ect, Cq, given C, is normal with mean C,, =2 and variance 075 2,
as follows from the fact (Fisher, 1918) that the correlation between Cy4 and Cy, is 0.5. The
conditional density of Cy4 given ty, is

Z

PCyjTy (Cajtm) = ' (Cd;em=2;0:75 2)pc,, j7,, (Cmjtm)dCm: (9.9)
The unconditional hazard of breast cancer for the daughter at getq is (Gail, 2008b)

R
o(ta) pexp(c)expf  o(ta) exp(c)g' (c;0; *)dc.

olte) = o olepOF (G0 de 610
whereas the corresponding conditional hazard givety, is
R
: o(ta) pexp(c)expf  o(ta) exp(c)gpc,jT, (Citm)dc
tajtm) = R 4 - 9.11
oltaltm) expf o(ta) exp(C)gPc,ir., (Gtm)dC O
To compute the desired familial relative risk (Risch, 1990),
FRR = o(tajtm)= o(ta); (9.12)

requires repeated numerical integration. However, if breast cager is rare in non-carriers,
expf  o(tq) exp(c)g can be set to unity, and, after additional calculations (Gail, 2008b), it
follows that ]

FRR Zexp( 2=2): (9.13)

For a 55-year-old counselee, #=4:83 0:06 55=1:53, and FRR = 2:15: Thus, the fact
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that the mother had breast cancer more than doubles the hazardor the daughter, compared
to the general population of non-carriers, even though both themother and daughter are
non-carriers. This is a consequence of residual familial risk, and it isn good agreement
with the earlier ndings of Claus et al. (1998) on residual familial assaiation after taking
BRCA1 and BRCA2 into account.

The IBIS model (Tyrer et al., 2005) predicts pure breast cancer isk (with an option
to calculate absolute risk) and includes a latent, common, low-peneant, autosomal domi-
nant gene, in addition to BRCA1 and BRCA2 mutations, to account for residual famil-
ial aggregation. The latent gene is assumed to segregate indepesdly of the BRCAL
and BRCA2 genes. The IBIS model includes reproductive risk factcs and features of
the medical history, such as results of biopsies and a previous diagsis of lobular car-
cinomain situ, in addition to the genetic factors. A program for IBIS can be obtained from
http://www.ems-trials.org/riskevaluator/.

9.3.3 Copula models

R
SupposeSg (t) = expf c(u)dug = P(T >1) is the marginal pure survival distribution

0
for time to breast cancer for a woman randomly selected from the gneral population of
women with genotype G: The corresponding marginal hazard is g: Suppose that a family
with K + 1 individuals is selected at random from the general population. Oneway to
characterize the joint distribution of times to breast cancer in the family is by combining
marginal survival probabilities through a copula distribution (Chatt erjee et al., 2006, 2007),

P(To>to; T1>t1;:::; Tk >tk )= C fSg,(to); Se,(t1); :::;Sa, (tk )a: (9.14)

The copula distribution C with association parameter(s) is a joint distribution on K +1
uniform [0,1] random variables. A key question in using such models is o well they t
the joint distribution on the left side of Equation (9.14). However, making some allowance
for residual familial correlation, even if not exactly correct, is often more realistic than
assuming no residual familial correlation.

9.4 Estimating genotype-speci ¢ absolute risk from family -based designs
9.4.1 General considerations

To understand the literature on genotype-speci c risk estimation, one must keep several dis-
tinctions in mind. First, we assume that the genotypes of interest @an be measured. Thus,
we can treat these genotypes as risk factors in statistical analys. We are not discussing
segregation analysis, which genetic epidemiologists have used to &sate risk for hypothe-
sized but unmeasured genes, as in Claus et al. (1991). Second, mygoublications present
pure, not absolute risk because they treat death from competing causes as an indepegrt
censoring event and apply standard survival estimation procedugs, such as the Kaplan-
Meier estimator (Chapter 2). Third, one needs to identify the target population to which
the risk estimates apply. One might want to estimate risk for a randanly selectedmember
of the general populationwho has a specic genotype. We may attempt to estimate risk
by studying families that have been identi ed because several memérs have the disease
of interest (\multiplex pedigrees"). Unless special care is taken, sch data yield risk esti-
mates that are applicable to members of multiplex families, but are toohigh for the general
population.

Large cohorts of people who are representative of the generalopulation and whose
genotypes are known may be followed to determine health outcome# the cohorts are large
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enough Section 9.)), it will be possible to estimate both pure and ab®lute genotype-speci ¢
risk with standard methods from such cohort studies Chapters 2, 3, and 4). At present, we
consider family-based designs that are more e cient for studying rare genotypes and have
been used in the literature.

9.4.2 Combining relative-risks from family-based case-atrol studies with
population-based incidence rates

Sometimes relative risks are estimated by comparing the genotypesf cases and controls
within a family. For example, suppose families with a diseased sibling andtdeast one non-
diseased sibling are ascertained. Regarding each family as a stratymnd genotyping all the
siblings, one can use conditional logistic regression or the Mantel-Haszel procedure for
matched data to estimate the relative odds of disease, comparing atation carrier genotypes
G = 1lor2 to non-carriers, G = 0: For a rare disease, this relative odds approximates a rela-
tive risk, RRtam (G = ). If the mutation is rare, incidence rates from the general populdion

(t) approximately equal rates for non-carriers in the general popiation, ,(t): Hence one
can estimate the genotype- and cause-speci c hazard in the gera population, 4(t), by
substituting estimates in  ¢(t) = RRfam (G = @) ¢(t) = RRfam (G = g) (t). To com-
pute absolute risks, one can use formula (3.4) to incorporate theampeting hazard of (e.g.,
non-breast cancer) mortality.

The previous estimate of ¢(t) is only valid if the relative risk RRam (G = g) from
family-based case-control data estimates the same relative riskRR(G = g), as would be
obtained from a random sample of cases and controls from the gera population. If there
are family-associated factors that in uence risk independently ofthe genotype under study,
such as polygenic e ects or environmental exposures, then thg@opulation-based relative
risks will tend to be smallerthan the relative risks estimated from family data. One way
to approximate such unmeasured factors is through a random fridty, b, that is associated
with each family. Supposeb is a non-negative random variable with mean 1.0, and sup-
pose that the baseline hazard in a family with frailty bis b gam (t): Assume that hazards
are proportional within family such that RRam (G = @) 2™ (t)= fam (t) is a constant
independent oft: Note that b diers from exp(C) in Equation (9.7) because the sameb
applies to every family member, whereas the variable< in Equation (9.7), though cor-
related among family members, are not identical. It can be shown (G# 2008b) that the
marginal hazard in the general population, obtained by averaging wer the distribution
of b; satises ¢ ;am (t): Moreover, the general population (marginal) relative hazard
RR(G = ) g(t)= o(t) RRfam (G = @) for RRtam (G = g)  1:0: Thus, there is a
danger of overestimating the genotype-speci c relative risks in tle general population by
using within-family estimates of relative risk. The kin-cohort design, described next, can be
used to estimate relative risks that are closer to the general popation relative risks.

9.4.3 Kin-cohort design

The kin-cohort design is a population-based study design that also icorporates information

from family members. Ideally, one obtains a random sample of casein cases in the general
population and a random sample of controls from non-cases in the geral population. These
sampled cases and controls are called \probands". The probandsyaee to be genotyped and
to provide disease histories (phenotype¥y) for their rst-degree relatives (Struewing et al.,

1997; Wacholder et al., 1998). The sample can be enriched in case pends, and indeed
many studies have used case probands only. This design was useddstimate the pure risk
of breast cancer in Ashkenazi women carrying mutations BRCA1 orBRCA2 (Struewing

et al., 1997). In the notation of Section 9.2 the contribution to the likelihood from each
proband's family (Galil et al., 1999c,b), conditional on the ascertainment event, namely the
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disease statusYy = ( ;T ) of the proband, is
X
P (Y« ;GojYo) = P(GojYo) - P(GkJGo)P(Yk Gk ; Yo): (9.15)

The summation is over all joint genotypes of relatives, andP (G jGy) is de ned by Mendel's
laws and Hardy-Weinberg equilibrium. If each individual's genotype is the only factor that
in uences his or her phenotype, then phenotypes are conditionallyindependent givenG,
and Equation (9.15) can be simpli ed because

¥
P(YkjGk:Yo)= P(YiiGi): (9.16)
i=1

Under this \conditional independence" assumption, likelihood methads for survival data

(Gail et al., 1999b) applied to (9.15) can be used to estimate the alleleréquency and
genotype-speci ¢ hazards, ;am (t). Under conditional independence, the family-speci ¢ and
marginal hazards in the general population, 4; are equal. Absolute risks can be obtained
by applying Equation (3.4).

Several biases can arise in kin-cohort studies. If the tendency tparticipate as a proband
and give blood for genotyping is greater in individuals who have seveta ected rst degree
relatives than in individuals whose families have few or no a ected relaives, estimates of

;am (t) will be too high, not only for mutation carriers but also for non-carriers (Wacholder
et al., 1998; Gail et al., 1999b). If the proband mistakenly reports dsease in his or her
relatives, hazards can be seriously overestimated, and if the pr@md neglects to report
disease that has occurred, hazards will be underestimated (Gailteal., 1999c¢,b, 2001). If
the gene in question increases the risk of death from competing caas, the hazard for
the disease of interest will be underestimated (Chatterjee et al., @03; Gail and Chatterjee,
2004). This problem can be eliminated in principle by modeling the e ectsof the gene on the
competing hazards (Chatterjee et al., 2003). This underestimatia is even more severe if the
risk of mortality following incidence of the disease of interest is higheiin mutation carriers
than non-carriers (Gail and Chatterjee, 2004). Asymptotic formulas can be inaccurate,
even for seemingly large samples (Gail et al., 1999c,b, 2001), and theeproducibility"
assumptionP (Yijgi; 90) = P(Y;jgi); may not hold (Gail and Chatterjee, 2004; Whittemore,
1997).

Absolute risk in mutation carriers will be overestimated if one does no account for
residual familial risk (Chatterjee et al., 2006; Gail et al., 1999b, 20Q). The key ingredient
in Equation (9.15), P(Y « jGk: Yo), does not simplify to Equation (9.16) in the presence
of residual familial risk, because components o¥ x are correlated with Yo and with each
other. If all probands are a random sample from the source popul#on, then (Y ¢ ; Yp) can
be regarded as a random sample from the population. Each of the p& (Y;; Yo) from a
given family can also be regarded as randomly sampled, though not irependent. Thus for
each family, a \composite likelihood"

¥ X
P (Go)P (YojGo) P(YijGi)P(GijGo) (9.17)
i-1 G

can be constructed that yields unbiased estimates of the marginaisk P(Y;jG;) (Chatterjee
and Wacholder, 2001). This approach reduces, but does not elimiria, the upward bias in
pure risk estimates for mutation carriers when case probands arever represented in the
kin-cohort sample, as is common. Begg (2002) noted that genotygsspeci ¢ risks would be
overestimated if only case probands are used and if risk varies in thpopulation because of
factors other than the gene under study. However, applying copla models to the marginal
survival probabilities Sy, (t) = P (T« > tjg«) to account for residual familial risk, where Ty
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is the time to the disease of interest (e.g., breast cancer) for familynember k, Chatterjee
et al. (2006) found that even if all probands were cases, unbiaseéstimates of pure risk
were obtained, provided that the correct copula was chosen; theesults were sensitive to
misspeci cation of the copula, however. Kin-cohort designs that ampled equal numbers of
case and control probands yielded nearly unbiased pure cumulativask estimates that were
much less sensitive to the choice of the copula. Estimates of relativesk were more robust
to misspeci cation of the copula than estimates of cumulative risk, especially if only case
probands were sampled. Chatterjee et al. (2006) therefore recnmended estimatingRR (G =
g) with a copula model to allow for residual familial risk. Then following th e approach in
Chapter 5, one estimates attributable risk AR (t) from known allele frequencies andRR (G =
g) and then estimates 4(t) = RR(G = g) (t)f1 AR(t)g, which reduces approximately
to ¢4(t) = RR(G = g) (t) for rare mutations. Note that a dominant mutation like those
in BRCA1 or BRCA2 with carrier prevalence 0.0066 andRR(G =1) = RR(G =2) =20
(Claus et al., 1991) would haveAR = 0:0066 19=(0:0066 19 +1)=0:11, justifying the
approximation.

Unlike estimates of RR¢zm (G = @) obtained by comparing cases and controls within
a family, the relative risk estimated from the kin-cohort design with allowance for resid-
ual familial risk via a composite likelihood or copula modeling, has little upward bias for
RR(G = g).

9.4.4 Families with several a ected members (multiplex pedrees)

The kin-cohort design is amenable to analysis because the ascertanment criteria are well un-
derstood. Nonetheless, the combination of residual familial risk ad case-enriched proband
ascertainment complicates the analysis. These challenges are evgreater when multiplex
pedigrees are recruited from high risk clinics. Often the precise feéares that led to ascer-
tainment of the family are not known.

Estimation of absolute risk from a pedigree could be based o (Y ; GjA) where A is
the ascertainment condition, which might depend in a complex way onY . The quantity
P(Y;GjA) is termed the \ascertainment corrected joint likelihood" by Kraft and Thomas
(2000), who also consider the \prospective likelihood",P(Y jG;A), and the \retrospective
likelihood", P(GjY ;A) = P(GjY); the last equality follows from the assumption that A
is determined by Y alone. To avoid the di culty of de ning the ascertainment condition,
analysts often use the retrospective likelihood, even though it carbe less e cient. Use of
P (GjY) does not avoid the need to consider residual familial risks, howevebecause

X
P(GiY) = P(YJG)P(G)= P(YG)P(G)
G

depends onP (Y jG), which, conditional on G, may include correlations among familial phe-
notypes that are induced by residual familial risk. lversen and Cha (2005) usedP (Y ; GjA)
but assumed that A depended only on certain functions ofY , such as the number of af-
fected family members. Using external data, they estimatedP (A) empirically, permitting
inference from

P(Y;GjA) ! P(Y;G)=P(A):

This approach does not avoid the need to consider residual familialisk, however.

These issues are important when estimating the pure risk in carrierof BRCA1 and
BRCA2 mutations and in non-carriers. Data from a marker tightly link ed to BRCA1 were
obtained from the Breast Cancer Linkage Consortium (BCLC), corsisting of multiplex fam-
ilies with at least four members with breast cancer diagnosed underge 60 or with ovarian
cancer. The retrospective likelihoodP (GjY ) was used, where the likelihood describes the
marker pattern, rather than BRCA1 mutations themselves. No attempt was made to model
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residual familial risk. The estimated pure breast cancer risk to ager0 was 0.85 in BRCAL
mutation carriers (Easton et al., 1995). A similar analysis of data for BRCA2 mutations
from BCLC (Ford et al., 1998) yielded an estimate of pure breast caner risk to age 70 of
0.84 for carriers. In contrast, Antoniou et al. (2003) analyzed daa from 22 kin-cohort stud-
ies with case-only probands (female breast cancer cases in 16 sies, male breast cancer
cases in 2 studies, and ovarian cancer cases in 4 studies). Theselpands were not selected
on the basis of family history, but only on the basis of their personalhistory of cancer. The
combined data from these studies yielded an estimate of pure breasancer risk to age 70
of 0.65 for BRCAL1 mutation carriers and 0.45 for BRCA2 mutation carriers. Because no
allowance had been made for residual familial risk, the authors not that these risk esti-
mates might overestimate risks in the general population, despite lie fact that they were
considerably lower than estimates from the BCLC. The BOADICEA model, which allows
for a polygenic residual familial risk, ascribed pure cumulative risks b age 70 of 0.46 to
0.59 for BRCA1 mutations and of 0.39 to 0.51 for BRCA2 mutations, dgending on birth
cohort. An earlier kin-cohort study (Struewing et al., 1997) of three founder mutations in
BRCA1 and BRCAZ2 in an Ashkenazi population in the region including Washington, DC
reported a cumulative pure risk to age 70 of 0.56, and a population-ised kin-cohort study
of probands with breast cancer in Australia (Hopper et al., 1999) r@orted a cumulative
pure risk of 0.40.

The dierences in cumulative risk estimates to age 70 between the mm@ nearly
population-based kin-cohort studies and the studies of multiplex peligrees, such as 56%
versus 85%, can a ect clinical management. Risk estimates from nitiplex families without
adequate adjustment for ascertainment and residual familial riskare too high for women
who are found to carry mutations through chance testing or through testing occasioned
by the incidence of breast cancer in a single relative, for example. T higher mutation-
associated risks from multiplex families are probably useful for advisig women in multiplex
families, not because all the risk comes from the mutation, but becase other risk factors
impart additional risk in such families. These arguments imply that a woman in a multiplex
family who tests negative for a mutation may still have above averag breast cancer risk,
by virtue of her strong family history.

9.5 Comparisons of some models for projecting breast cancer risk

Several models are widely used for predicting breast cancer risk inamen, as described in
Chapter 1. Among these are an empirical model, the Breast CanceRisk Assessment Tool
(BCRAT), and genetically based models (Claus, BRCAPRO, BOADICEA, IBIS) (Amir
et al., 2010). The models vary in the risk factors used Table 9.1), although all the models
include age, which is a dominant risk factor over long risk projection irtervals. The models
labeled Claus, BRCAPRO, BOADICEA and IBIS include detailed family hist ory of breast
disease in rst- and second-degree relatives, as well as some otli@amily history information
not shown. Of these models, only IBIS includes data on reproductig factors and history of
breast pathology. BCRAT includes reproductive factors and histay of breast pathology, but
the only family history that BCRAT uses is number of a ected rst-d egree female relatives
(mother or sisters). The CLAUS and BRCAPRO models assume condibnal independence
given autosomal dominant genotypes, whereas BOADICEA and IBS allow for residual
familial correlation. BCRAT implicitly includes all sources of familial aggr egation in the
estimates of relative risks associated with having a ected rst-degree relatives.

These models also di er in other important respects (Gail and Mai, 20.0) (Table 9.2).
The BCRAT and Claus models are calibrated to age-speci ¢ breast cacer incidence rates
from the US Surveillance Epidemiology and End Results (SEER) Progren of the National
Cancer Institute (https://seer.cancer.gov/seerstat/), and t he BOADICEA and IBIS mod-
els are calibrated to breast cancer incidence rates from England ahWales. BRCAPRO
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Table 9.1: Selected risk factors used in some models for projectingréast cancer risk

Factor BCRAT CLAUS BRCAPRO BOADICEA IBIS
Reproductive factors

Age at menarche (w) Yes Yes
Age at rst birth (m) Yes Yes
Age at menopause (m) Yes
Hormone replacement (s) Yes
Personal history of breast pathology

Previous benign Yes

biopsies (m)

Atypical Hyperplasia (s) Yes Yes
Lobular Carcinoma Ineligible Yes
in situ (s)

Family history of breast cancer

First degree relatives (s) Yes Yes Yes Yes Yes
Second degree relatives (w) Yes Yes Yes Yes
Age at onset in relatives (m) Yes Yes Yes Yes
Other factors

Body mass index (w) Yes

*The symbols w, m, and s denote, respectively, weak, moderatend strong risk factors.

uses SEER data for non-carriers and a meta-analysis of cumulativpure risks for muta-
tion carriers. The IBIS and Claus models include ductal carcinomain situ (DCIS) as well
as invasive breast cancer, whereas BCRAT, BRCAPRO and BOADICEA project risk for

invasive breast cancer only. The Claus, BOADICEA and IBIS models ompute pure, not
absolute risk (although IBIS has an option to compute absolute risR, in contrast to the

BCRAT and BRCAPRO models, which compute absolute risk; pure risksshould be higher
than corresponding absolute risks Chapter 3). The Claus model anly makes projections for
women with at least one a ected rst-degree relative. BRCAT does not make projections
for women with a history of lobular carcinoma in situ (LCIS), who have high risk.

To compare risk projections to ages 45 and 80 years from the vans models, we con-
sidered healthy 35-year-old women with menarche at age 11 and age rst live birth at
age 25 {Table 9.3). The women vary with respect to biopsy status ard family history. For
women with no history of breast cancer in rst degree relatives, BARAT and IBIS gave the
highest projections when the woman has had a biopsy, especially in thpresence of atypical
hyperplasia. A history of LCIS greatly increased risk in the IBIS model. For women with
one aected rst-degree relative, BCRAT and IBIS projected hig her risks than the Claus,
BRCAPRO and BOADICEA models, whether or not breast cancer pathology was present.
For women with two a ected rst-degree relatives, BCRAT and IBI S again projected the
highest risks (30.0% and 24.2% to age 80 respectively in women withobiopsies), especially
in the presence of atypical hyperplasia (57.5% and 66.9% respectiyg, but in the absence
of pathology, the risks from the Claus and BOADICEA models were nd much lower than
those of BCRAT and IBIS. BRCAPRO projected noticeably lower risks (12.6% to age 80),
possibly because it fails to account for residual familial correlation.A similar pattern was
seen for women with three a ected rst-degree relatives.

There is considerable variation in projections among the models ifTable 9.3 Thus, not
all the models are well calibrated Chapter 6). A number of studies have examined the cal-
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Table 9.3: Breast cancer risks in percent to ages 45 and 80 for hely 35-year-old women
who began menstruating at age 11 and had rst live births at age 25

Number Age(s) at BCRAT Claus BRCAPRO BOADICEA IBIS
of aected breast can-
rst-degree cer onset in
relatives * relative(s) **
and/or other
characteris-
tics of the

patient

0 No special fea- 1.0, 10.% N/A 0.9, 111 0.8, 8.7 0.9, 9.6
tures

0 1 biopsy 1.7,14.2 N/A 0.9, 11.1 0.8, 8.7 0.9, 9.6

0 1 biopsy with 3.2,24.2 N/A 0.9, 11.1 0.8, 8.7 3.7, 33.6
AH

0 LCIS N/A N/A 0.9, 11.2 0.8, 8.7 7.2,55.8

1 60y 18,182 09,92 0.9 113 15,134 1.9, 18.8

1 60 y; LCIS N/A 0.9,9.2 0.9 113 15,134 14.2,81.2

1 30y 18,182 21,155 1.2,12.1 2.0, 16.2 2.5, 20.2

1 40y 18,182 16,125 1.1, 11.7 1.9, 154 2.2,19.6

1 60 y; 1 biopsy 3.1,23.8 09,92 0.9, 113 15,134 1.9, 18.8

2 40y, 60y 3.2,30.0 3.6,229 13,126 3.2,215 2.7,24.2

2 40 vy, 60 y; 1 54,380 3.6,229 1.3, 126 3.2,215 2.7,24.2
biopsy

2 40 vy, 60 y; 1 9.6,575 3.6,229 1.3, 12.6 3.2,215 10.5, 66.9
biopsy with AH

3 40y,50y,60y 3.2,30.0 4.6, 28.0 25, 16.1 4.8, 28.3 3.4, 7.

3 30y,40y,50y; 3.2,30.0 6.5, 374 52,244 6.6, 33.0 8.4, 34.8
1 biopsy

3 40y,50y,60y; 5.4,38.0 46,280 25,16.1 4.8, 28.3 3.4,27.0
1 biopsy

3 40y,50y,60y; 9.6,57.5 4.6,28.0 2.5, 16.1 4.8, 28.3 12.7, 711.7
1 biopsy with
AH

Abbreviations: atypical hyperplasia (AH); lobular carcin ~ oma in situ (LCIS); not applicable (N/A).

*For no aected rst-degree relatives and for one aected r  st-degree relative, the pedigree includes the
mother and the proband. For two a ected rst-degree relativ  es, the pedigree includes the mother, sister, and
the proband. For three a ected rst-degree relatives, the p  edigree includes the mother, two sisters, and the
proband. These pedigree structures are held constant as oth er risk factors, including ages at breast cancer
onset, vary in the table.

** The mother has the oldest age at onset in all scenarios with a ected relatives.

yLeft number is risk to age 45 in percent; right number is risk t 0 age 80 in percent. Data taken from M. H.
Gail and P. L. Mai. Comparing breast cancer risk assessment m odels. Journal of the National Cancer
Institute , 102(10):665{668, 2010.

ibration of BCRAT in general populations (Gail and Mai, 2010), such as the Nurses Health
Study (Rockhill et al., 2001). Most (e.g., (Rockhill et al., 2001; Cosgantino et al., 1999)),
but not all (Schonfeld et al., 2010), have found BCRAT to be well calibrated in such popula-
tions (Gail and Mai, 2010). The web site for BCRAT, http://www.canc er.gov/bcrisktool/,

mentions that BCRAT is not appropriate for women with a previous history of radiation

treatment to the chest for Hodgkin's lymphoma, for women with a previous history of in-
vasive breast cancer or DCIS or LCIS, for recent immigrants fromregions of Asia where
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breast cancer risk is low, and for women with known mutations in BRCAL or BRCA2

genes. Although there is evidence that BCRAT is well calibrated for vomen with a fam-

ily history of breast cancer (Bondy et al., 1994) and in women with ab@e average risk
recruited to a breast cancer prevention trial (Costantino et al., 1999), there is a need for
more studies to evaluate the calibration of the various models in high isk clinic popula-

tions or in women with strong family histories. Results from a study based on 64 breast
cancer cases in a high risk clinic population (Amir et al., 2003) and from astudy based on
83 breast cancer cases in women with at least two family members witbreast or ovarian

cancer (Quante et al., 2012) suggest that the IBIS model, with its igher risk estimates,
was better calibrated than the BCRAT, Claus, and BRCAPRO models, but larger calibra-

tion studies are needed for such high risk populations. A recent relese of IBIS (Version 7
at http://www.ems-trials.org/riskevaluator/) gives somewhat high er risk estimates than in

Table 9.3.

9.6 Discussion

We concentrated on methods for estimating risk associated with higly penetrant mutations
from family-based designs, such as the kin-cohort design or studieof multiplex pedigrees.
If residual familial risk is not allowed for, one tends to overestimatethe absolute (and pure)
risk associated with a measured mutation in the general populationMeasures of residual
familial risk also allow one to make better risk predictions by using not aly the information
on mutation status but also the residual predictive information in the family history, as
illustrated in Section 9.3 Ignoring unmeasured polygenic e ects lead to underestimation
of family-speci ¢ genetic relative risks (Kraft and Thomas, 2000; Pfei er et al., 2001), but
family-speci ¢ estimates of genetic relative risk lead to overestimaion of relative risk and
absolute risk in the general population for carriers of the measuré mutation.

Because highly penetrant mutations account for only a small portia of the total familial
aggregation of risk, one would expect that a model such as BOADIEA or IBIS, that
also account for residual correlation, would provide better risk pediction, based on family
history, than a model based on a highly penetrant mutation alone. © adequately assess
the calibration and discriminatory accuracy (Chapter 6) of the various models, one needs
cohort data from the target population with baseline measuremens of mutation status,
family history, and other factors, and with su cient follow-up to de tect several hundred
cancers. Although validation studies with small numbers of events hve been conducted to
assess the calibration of genetically-based models in high risk patiesit(Bondy et al., 1994;
Amir et al., 2003; Quante et al., 2012), there is a need for much largestudies in high risk
populations and in the general population. A potential di culty is the fact that preventive
interventions, such as oophorectomy or the use of chemoprevéve agents can reduce risks
and are usually not included in the risk models.

Although the breast cancer risk models we discussed are widely usetthey have modest
discriminatory accuracy (Rockhill et al., 2001), with an area under the receiver operating
characteristic curve near AUC =0.6. It was hoped that genome-wide association studies
(GWAS) that compare SNPs in cases and controls would identify SNPghat would improve
discriminatory accuracy. Early studies based on only 7 con rmed SNPs noted that the
relative risks were small and indicated that these SNPs would not comibute much to the
discriminatory accuracy of models that contain standard risk factors such as family history
or age at rst live birth (Gail, 2008a, 2009b; Wacholder et al., 2010).Larger GWAS studies
identi ed many more SNPs, but they had even weaker relative risks.Such SNPs can partly
account for the polygenic component of risk described at the begiming of Section 9.3 The
relative risks from such SNPs seem to act multiplicatively on the relative risks (Antoniou
et al., 2008b). The genetic variance in Equation (9.6) from all previowsly identi ed SNPs
is less than 20% of the polygenic variance required to explain residudamilial risk after
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taking BRCA1 and BRCA2 into account (Ghoussaini and Pharoah, 209; Michailidou et al.,
2013; Park et al., 2012). The explanation for this \missing heritability" may lie in other
genetic variants (Ghoussaini and Pharoah, 2009), or in SNPs wha&smain e ects or whose
interactions (Zuk et al., 2012) are so small as to be non-detectabley GWAS of practical size
(Chatterjee et al., 2013). For predicting risk, it is disappointing that these SNPs contribute
only modestly to discriminatory accuracy. Maas et al. (2016) evaluged the potential of 92
such SNPs and numerous epidemiologic risk factors such as family h@aty. A model based
on the epidemiologic risk factors hadAUC =0.588. A model based only on the 92 SNPs had
AUC =0.623. A model with the SNPs and epidemiologic risk factors hadAUC =0.648.

Other strong risk factors, such as mammographic density (Chen teal., 2006a; Tice
et al., 2008) and detailed histology from biopsies (Hartmann et al., 20B), together with
information from SNPs, may lead to improved discriminatory accurag. Indeed, combining
mammographic density, epidemiologic factors and SNPs may lead to aAUC approaching
0.7 for breast cancer (Garcia-Closas et al., 2014; Park et al., 2012Jhis is still inadequate
for applications based on high risk subgroups, however.

This chapter has focused on genetically-based risk models for breacancer incidence.
Risk models, including models like BRCAPRO, are referenced for many ther cancers at
http://epi.grants.cancer.gov/cancer risk_prediction/#risk. There is also an exploding liter-
ature on SNP-based risk assessment for the incidence of other dsses and on the possible
usefulness of SNPs for prognostication following diagnosis.
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Chapter 10

Related topics

10.1 Introduction

In this chapter we touch on topics related to absolute risk, including prognosis following
disease diagnosis, handling missing data on cause of death, and timearying covariates or
health state. We also discuss applications of absolute risk for individal counseling and
for public health prevention strategies. This chapter is not meant to be comprehensive,
but to indicate how the ideas in previous chapters are related to otler applications and
analytical approaches and to provide some key references. Anoér important related topic,
the estimation of residual life in the presence of competing risks, isat discussed here but
is treated at length in Jeong (2014).

10.2 Prognosis following disease onset

Although we have emphasized examples and methods for the absotitisk of disease inci-
dence, the concept of absolute risk is also important to guide clinicatlecisions after disease
develops. For example, consider a 65-year-old man just diagnoseaslith prostate cancer.
There is a chance that the man will die of prostate cancer, but he mg also die of another
competing cause. His absolute risk of dying of prostate cancer is deced by competing
causes of mortality. Albertsen et al. (2005) estimated the chancef dying of prostate cancer
as a function of age at diagnosis and pathologic features of the tuor, which are summa-
rized in the Gleason score. The Gleason score indicates the chanceat the cancer will
spread.Figure 10.1, adapted from Albertsen et al. (2005), depics the absolute risk of dying
of prostate cancer (dark shading) and of dying of other causedi¢ht shading) on the scale
of years since diagnosis for men with a favorable Gleason score in tlrange 0 to 2. The
chance that a man diagnosed with Gleason score 0-2 prostate cagrcat age 65 years will
die within 20 years is 80%, but the chance he will die of prostate canceis only about
5%. Prostate cancer treatment with radiation or surgery carriesa substantial risk of side
e ects, such as impotence or incontinence. One option for a man wit a low risk of dying
of prostate cancer is \active surveillance", whereby the patient ismonitored with prostate-
speci ¢ antigen (PSA) testing, but no cancer treatments are given unless subsequent data
indicate cancer progression. In contrast, a 65-year-old man diagpsed with Gleason score 9
has a 60% chance of dying of prostate cancer within 10 years withdwurgical or radiation
treatment (Albertsen et al., 2005). Such high absolute risk justi es treatment.

Other examples of the use of absolute risk for prognosis include thgrobability of dying
of breast cancer following diagnosis (Schairer et al., 2004), the abhite risk of a local
breast cancer recurrence (Gray, 1988), and the absolute riskfdocal lung cancer recurrence
(with distant metastases and other causes of death as a competjnrisks) (Consonni et al.,
2015). In some settings, competing consequences of treatmeate studied. For example,
bone marrow transplantation for refractory or relapsed leukemiacan result in leukemia
recurrence or death from treatment complications (Gaynor et al.,1993; Pepe and Mori,
1993).
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Figure 10.1 Absolute risks of prostate cancer death and non-prstate cancer death, adapted
from P. C. Albertsen, J. A. Hanley, and J. Fine. 20-year outcomesfollowing conservative
management of clinically localized prostate cancerJournal of the American Medical Asso-
ciation, 293(17):2095{2101, 2005.

Absolute risk estimates often rely on survival analysis methods thawere rst developed
for estimating pure risks following disease diagnosis. Perhaps the st example of covariate
modeling in survival analysis concerned the pure risk of death followig diagnosis of acute
myelogenous leukemia as a function of baseline white cell count (Feigind Zelen, 1965).
Since then, most publications on risk models for prognosis have tréad pure risk. The
advent of the Cox model (Cox, 1972) facilitated an explosion of paprs on prognosis for
pure risk. The literature on general features of regression modiag for survival analysis
contains valuable lessons that also apply to modeling absolute risk. S topics include how
to code covariates and exible representations of dose-respoador quantitative covariates
(e.g., splines), handling missing covariates by imputation or other tebniques, such as the
expectation-maximization algorithm, model checking by examining residuals and other tests
of goodness-of- t, and re-calibration to adapt a risk model to a rew population. There has
been less work on the impact of measurement error in predictors, ui Khudyakov et al.
(2015) found that such measurement error had little impact on thecalibration of pure risk
in a probit model but could degrade the AUC and mean square error of prediction (Brier
criterion). Excellent discussions of these topics are found in classlwooks on survival and risk
modeling, including (Andersen et al., 1993; Harrell, 2001; Kalb eischand Prentice, 2002;
Steyerberg, 2009; Therneau and Grambsch, 2000; van Houwelieg and Putter, 2012).

10.3 Missing or misclassi ed information on event type

In previous chapters we ignored the possibility that the type of conpeting event that occurs
may not be recorded. We will refer to causes of death as the compieg events, although the
competing health outcomes may be other types of events. For exaple, if the competing
events are rst cancers of various types and death from other auses, the type of rst cancer
may not be recorded. Sometimes the cause of death is not captute and sometimes the
cause of death has been misclassi ed. Although there is some red¢emork on misclassi ed
outcomes (Ha and Tsodikov, 2015), most publications have dealt wh missing cause of
death. Simply discarding subjects with missing cause of death (\comlete case analysis")
can lead to bias, not only in estimates of covariate e ects, but also inestimates of the
absolute risk itself.

Earlier papers treated unknown cause of death in the absence obeariates (e.g., (Dinse,
1986)). Subsequent literature concerned estimation of covari& e ects and cumulative
cause-speci ¢ baseline hazards, but not absolute risks. Goetgheur and Ryan (1995) con-
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sidered the cause-speci c hazards model with proportional hazas assumed for covariate
e ects on each cause-speci c hazard. A somewhat restrictive atitional assumption was
that the cause-specic baseline hazard functions were also proptional. They developed
methods to estimate covariate e ects and cumulative baseline hazals in the presence of
missing data on cause of death, and provided variance estimatesrf@ovariate parameter
estimates. Dabrowska (1995) avoided the assumption of propoitnal baseline hazards by
employing a parametric model for the probability that a given death was from the cause
of interest, given certain covariates and given that a death had ocurred at a speci c time.
Call this probability (W;; ), where W; includes the time the i™ subject died as well as
covariatesZ; that may a ect the cause-speci ¢ hazards, and possibly other cwariates that
predict the type of death but are distinct from Z;. W; does not include the missing cause of
death. Thus, it is assumed that the cause of death information is mising at random, given
W;. Lu and Tsiatis (2001) showed how to estimate parameters from subjects with known
cause of death and impute the missing cause of death as a Bernouliiate given (W;;").
They provide variance estimates for estimates of proportional haards parameters based on
multiple imputation that allow for variability of ", unlike standard variance calculations for
multiple imputation (Rubin, 1987).

Gao and Tsiatis (2005) estimated covariate parameters and baselenhazards by using
\doubly robust" estimating equations. Let ; = 0;1;2 according as thei™™ subject was
censored or died of causes 1 or 2, respectively. Gao and Tsiatis () de ned the probability
that a person would be censored or have a known cause of death(W;;1( ; > 0); ),
where | ( ; > 0) indicates that the i"" subject was not censored, and where represents
parameters to be estimated. Assuming that a missing cause of failer ; does not depend on
the failure type, conditional on 1 ( ; > 0) and W; (i.e., failure type is missing at random),
they used inverse probability weighting of such observations by (W;:I( ; > 0);") to
de ne estimating equations. To increase e ciency, they added a tem to the estimating
equations that depended on (W;;"). These estimating equations have expectation zero
if either (W;; )or (W;;I( i > 0); ) are correctly specied. Gao and Tsiatis (2005)
applied these techniques to a large class of transformation modelscluding the proportional
hazards model and proportional odds model. Lu and Liang (2008) sed similar techniques
for the additive hazard model.

Although the previous papers provided inference on covariate e ets and, in some cases
on cumulative baseline hazards, in the presence of missing cause @ath, they did not treat
absolute risk itself. Lee et al. (2011) used multiple imputation and exended the methods
in (Cheng et al., 1998) and (Lu and Tsiatis, 2001) not only for infererte on proportional
hazards parameters in the cause-speci ¢ model but also for abkde risk. Lee et al. (2012)
applied these imputation methods to SEER data to estimate the abstute risk of dying
from colon cancer as a function of time since diagnosis. In these datthe cause-specic
hazards model t the data better than the Fine-Gray model, but estimates of absolute
risk were similar. An advantage of the imputation approach is that it can be used to t
both cause-speci c and cumulative incidence models. Nicolaie et al. (PL5) partitioned the
probability of having the event of interest at time t into the probability of having some
event at time t times the conditional probability of having the event of interest given that
an event occurred (\vertical modelling"), in a manner similar to (Dab rowska, 1995) and (Lu
and Tsiatis, 2001), but used likelihood methods to estimate neededgrameters and absolute
risk. Moreno-Betancur et al. (2015) used parametric survival malels for competing risks that
permit likelihood-based estimates of absolute risk in the presence ahissing cause of death
data. Most of these papers assumed cause-speci ¢ hazard mdslebut Bakoyannis et al.
(2010) used multiple imputation as in (Lu and Tsiatis, 2001) to obtain data with imputed
complete cause of death information, from which to estimate sub-tribution proportional
hazard parameters for the model of Fine and Gray (1999) (see alsLee et al. (2012)).



154 RELATED TOPICS
10.4 Time varying covariates

10.4.1 Fixed versus time-varying covariates and internal grsus external time-varying
covariates

In previous chapters we have assumed that covariateg that a ect absolute risk are known
at the beginning of the risk projection interval, to. Implicitly we assumed that the covariates
stayed xed at their initial values. An exception is deterministic func tions of age. For ex-
ample, in the breast cancer risk model of Gail et al. (1989), there isn interaction between
I(t 50) and number of biopsies. For projection intervalsty < t to + that include
aget =50, the relative hazard for a woman with one or more biopsies decmEses att =50,
reducing the absolute risk calculation in Equation (4.1). Suppose thewoman isty = 45
years old at counseling, and the follow-up duration is =10 years. Even before follow-up
begins, we know that the indicator | (t ~ 50) will change to 1 at age 50. Thusl (t  50)
is an \external" covariate (Kalb eisch and Prentice, 2002), for which such absolute risk
calculations are justi ed. However, we might want to ask: \What will her absolute risk of
breast cancer from age 45 to 55 be if she has a rst breast biopsyt age 52?" In order to
have a rst breast biopsy at age 52, she must not have died or had aiagnosis of breast
cancer before age 52, and calculation using Equation (4.1) does ni#ad to a valid absolute
risk calculation. Such a time-dependent covariate is called \internal" by Kalb eisch and
Prentice (2002), who pointed out that a survival calculation like Equation (4.1) that uses
covariate values at times afterto is not appropriate for internal time-dependent covariates.

Letting Z(t) denote the entire covariate path from time 0O to time t, Kalb eisch and
Prentice (2002) formally de ned a time-dependent covariateZ (t) as \external" if for times
O<u t,P(T2[u;u+du)jZ(u);T u)= P(T 2 [u;u+du)jZ(t);T u):In other words,
the probability of failure at u is not a ected by future values of the covariate path beyond
time u. An equivalent de nition states that the path of Z(t) after time u is not a ected
by whether or not the subject fails at u. Examples of time-varying external covariates, for
which calculations like Equation (4.1) are valid are: interactions of xed covariates with
time, as illustrated in the previous paragraph; any covariate whosepath is predetermined
irrespective of the status of the individual under study, such as ge; and stochastic factors
such as air temperature whose probability laws do not depend on pameters of the risk
model.

A time-varying covariate that is not external is \internal." Using met hods for, e.g.,
the time-dependent Cox model, one can estimate a quantity such athe cumulative haz-

ard R «fs;Z¥(s)gds. For a given path of the covariate, one can thus get an idea of the
to

time-dependent covariate's impact on the hazard. But, as Kalb eisch and Prentice (2002)
argue, this quantity does not translate into a proper disease riskpecause knowingz*(s) at
a time s > to implies survival to s. An additional problem arises with time-varying inter-
nal covariates when estimating the Fine-Grey sub-distribution hazard in expression (4.24).
Because a person who dies of a competing cause remains in the risk §gr estimating
the sub-distribution for the cause of interest after the time of death, an internal covariate
would not be measurable at the later times, leading to inferential prdolems, as discussed
by several authors (Latouche et al., 2005; Beyersmann and Scmacher, 2008). Andersen
and Keiding (2012) also question the interpretation of the sub-distibution hazard de ned
as the instantaneous risk of failure from causg at time t among those who are alive or
have died of another cause at or beforé. Thus, sub-distribution hazard ratios do not have
an interpretation as ordinary hazard ratios, regardless of whetler the covariate is internal
or external.
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10.4.2 Joint modeling of covariates and health outcomes, tluding multistate models

Rather than treating a time-varying-covariate path as a given, asin the usual time-
dependent covariate analysis, one can attempt to develop joint sichastic models for the
covariate evolution and the competing risk outcomes. Recall the n@mtion (s) = 0 if a
person is in the initial state O (e.g., alive) at time s and (s) = k if a person had transi-
tioned to an absorbing statek (e.g., died of causek) at or before time s. A joint probability
model of the covariate processfZ(s) : s 0g and the \state process"f (s) : s 0Og
would allow one to make statements about absolute risk that incorpoate the future evo-
lution of time-varying covariates. There is an extensive literature, reviewed by Jewell and
Kalb eisch (1996), Shi et al. (1996), Tsiatis and Davidian (2004), Yu et al. (2004), Ri-
zopoulos (2012) and Proust-Lima et al. (2014), on joint modeling ofa longitudinal marker
process with a single survival outcome, i.e., (s) = 0 or 1. Such joint models lead to pre-
dictions that are consistent over time, as de ned by Jewell and Nielen (1993). However,
estimation of the joint process parameters often requires numéeal integration or simula-
tion techniques, as illustrated by the work of Taylor et al. (2013), who use longitudinal
prostate specic antigen (PSA) measurements following radiation reatment for prostate
cancer to predict the probability of prostate cancer recurrence Recent work by Elasho
et al. (2008), Huang et al. (2011) and Andrinopoulou et al. (2014) sed joint modeling of
a longitudinal marker with competing times to failure. These papers pesented results on
parameter estimates for cause-speci ¢ hazards, but not on alsdute risks, whereas Blanche
et al. (2015) and Proust-Lima et al. (2016) discussed absolute rislkas well. Some limita-
tions of the approach of joint modeling with longitudinal markers include: it is di cult to
check model assumptions, which usually involve latent componentsyith available data; and
computations are complex and time-consuming, sometimes implemeat via expectation-
maximization algorithms or Monte Carlo Markov chain algorithms. Blanche et al. (2015)
discussed time-varying estimation ofAUC and the Brier statistic for assessing predictions of
absolute risk with longitudinal marker data. Ferrer et al. (2016) t ted a joint model for the
longitudinal marker (prostate speci ¢ antigen) and a general multi-state process, including
some non-absorbing states, to describe transitions following diagrsis of prostate cancer.
If the marker covariate Z(s) is discrete, it can be used to de ne a state in a Markov
or semi-Markov process that also includes absorbing states, suchs cause-speci ¢ death.
Such multistate models can be used to compute probabilities like the aolute risk of death
from causek, in the presence of an evolving internal covariate. To illustrate, weconsider
competing risks of leukemia relapsek =1) or death without relapse (k =3) following bone
marrow transplantation to treat leukemia (Cortese et al., 2013). Here the time scale is time
since bone marrow transplantation ¢, = 0), and we might be interested in the absolute
risk r1(0; ;Z = z) of leukemia relapse. IfZ only includes xed covariates, such as type
of leukemia, cause-speci c models as in Equation (4.1) or cumulative itidence regression
models could be used to estimate1(0; ;Z = z) orr3(0; ;Z = z). A potential complication
of bone marrow transplantation is graft versus host disease (GVI®). The rst component
of Z might be a discrete time-varying componentZ4(s) = 1 if GVHD has developed at or
before time s and Z1(s) = 0 otherwise. Figure 10.2 adapted from Cortese et al. (2013),
depicts a four state Markov model with two absorbing states, relgpse k = 1) or death
without relapse (k = 3), and with two transient states, in leukemia remission without GVH D
(k =0) and in leukemia remission with GVHD (k = 2). Cortese et al. (2013) assumed that
the transition rates satis ed the proportional hazards form | (t) = k o(t)exp(Z% »),
where | o(t) is a baseline transition rate from statel to state k and baseline covariate<Z»
included age at transplantation and an indicator of whether or not the type of leukemia was
acute myelogenous leukemia (AML). Based on methods described inmdlersen et al. (1993)
(Section VII.2), Andersen and Perme (2008) and Beyersmann etla(2012) for Markov
models, Cortese et al. (2013) estimated the e ects of covariatesn transition rates and
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the transition rates themselves. In Markov models, the distribution of sojourn times from
the current state to another state depends only on the currentstate, and not on when a
person arrived in the current state. Semi-Markov models also allow dpendence on when
the person arrived in the current state. Using Markov models, Cotese et al. (2013) found
that AML at baseline increased ¢.1(t) by 1.75-fold and ,.1(t) by 1.79-fold. Assuming a
Markov model, Cortese et al. (2013) considered times 2 f 0; 1; 3; 6; 12g in months following
transplantation and projected the absolute risks of relapse and bdeath without relapse in
the intervals (s; s+ 12]; separately for those with GVHD at s and those without GVHD at
s. At s =0, no patient had GVHD, and the one-year absolute risk of death wthout relapse
ranged from about 0.05 to 0.5, depending o1Z ;, whereas risk of relapse ranged from about
0.05 to 0.18. At s = 3 months, the absolute risk of death by month 15 ranged from abait
0.05 to 0.5 for those with GVHD and from 0.05 to 0.10 for those withoutGVHD. Thus,
onset of GVHD greatly increased the absolute risk of death withoutrelapse.

These calculations assumed a Markov model. If the ;(t) and  »3(t) also depend on the
time of transition to state 2, then the model would be semi-Markov. Cortese et al. (2013)
outlined calculations of absolute risk under a semi-Markov model butpresented no meth-
ods for estimation nor numerical results. The analyses of Corteset al. (2013) that begin
separately at months 0,1,3,6, and 12 resemble landmark analyseSection 10.4.3). However,
under the Markov model, estimates of the transition rates and reldive risk parameters are
based on all the follow-up information, not just on the information on covariates (non-
absorbing states) up to a given landmark. Moreover, the projedbns beyond a landmark
time in Cortese et al. (2013) use the Markov assumptions, wheredandmark analyses can
use more general models, conditional on the covariate history upa the landmark time.

Relapse,
State = 1

o4 (1)
0tp4()
Leukemia remission, Ot (t) Remission,

no GVHD, GVHD,
State =0 State = 2

0p3(t)

Death without
replapse,
State =3

)

Figure 10.2 Multistate model for patients in leukemia remission following bone marrow
transplantation, adapted from G. Cortese, T. A. Gerds, and P. K. Andersen. Comparing
predictions among competing risks models with time-dependent covéates. Statistics in
Medicine, 32(18):3089{3101, 2013.

Cortese et al. (2013) also analyzed the GVHD indicatorZ(s) as a time-dependent
covariate in Cox models for leukemia relapse and for death without riapse. GVHD did not
have a statistically signi cant e ect on leukemia relapse but increaseal the cause-specic
hazard of death by 2.85-fold. One could plot the corresponding cumdative hazards, but
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not interpret them as corresponding to cumulative incidences of riapse and death without
relapse, becaus&i(s) is an internal covariate.

We indicate how r1(0; ;Z) can be computed from the model inFigure 10.2 but we
suppress the dependence of the transition rates od. There are two ways to be in state 1
attime . The rstis to transit directly from state O to state 1, and the sec ond is to transit
to state 1 via state 2. The rst probability is

Z Zt
Poi( ) = o1(t) exp[ f or(U)+ o2(u)+ o3(u)gduldt:
0 0

To calculate the second probability, we need the probability of being instate 2 at time
namely

Z Zt Z
Po2( ) = 02(t) exp[ f oor(U)+ o2(u)+ oz(u)gdulexp[  f 2(u)+ 23(u)gduldt:

0 0 t
Then the probability of ending in state 1 by transitioning from state 2 is

Z Z Zu
Po21( )= Poz(t) a(u)exp[  f 21(V)+  23(v)gdvldu dt:
0 t t

Finally, r1(0; ;Z) = Po1( ) + Po21( ): By replacing integrated transition rates in these
formulas by their empirical estimates and quantities like o;(t)dt by the corresponding
increment in the integrated transition rate estimate, one derives stimates ofr;(0; ;Z). A
general method for estimating such probabilities is given by Equation(7.2.38) in Andersen
et al. (1993), who also provide a general variance calculations.

These methods generalize the classical competing risk models @hapters 3 and 4 by
allowing for non-absorbing states in addition to the initial state k=0, and the \state process"
f (s):s 0Ognow takes on valuesk=2 in addition to the values 1 and 3 for absorbing states.
Note that r1(0; ;Z)= P( ( ) =1) can no longer be calculated using the simpler formulas
in Chapters 3and 4.

Klein et al. (1993) used similar methods to study the e ects of two time-varying tran-
sient conditions following bone marrow transplantation, namely whether or not GVHD had
developed by time s and whether or not platelets had recovered to normal levels (PR) b
time s. Klein et al. (1993) provided several informative plots for three clinical states, death
without leukemia relapse (D), relapse (R), and relapse-free surval (S). The probabilities
of each of these states at =2 years (104 weeks) after transplantation were plotted ( gure
not shown) as a function of transient state status at various ealier times 0 s 15 weeks.
For example, a patient with PR but no GVHD at week s = 13 had a chance of relapse-free
survival at two years of about 0.39 compared to only 0.08 for a patiet without PR but
with GVHD at s =13. Another valuable plot described how the probabilities of D, R, and
S changed over timet froms t 104 weeks. An example id=igure 10.3 adapted from
Klein et al. (1993). This plot depicts the probabilities of R, D and S beyand weeks = 13
among patients who had experienced PR but not GVHD by week 13. Tk vertical distance
between the top of the plot and the top locus is the probability of R, the distance between
the two loci is the probability of D, and the distance from the bottom locus to the bottom
of the plot is the probability of S. Klein et al. (1993) presented four sparate plots of this
type depending on whether or not PR or GVHD had occurred by weeks = 13.

Simon and Makuch (1984) used a non-homogeneous Markov moded tompare the dis-
tribution of times to death in patients with an initial tumor response t o treatment to the
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distribution of times to death in patients with without an initial tumor r esponse. Chapters
IV and VIl in Andersen et al. (1993) describe methods for multistaé non-homogeneous
Markov models, including covariates, and Andersen and Perme (2() reviewed this area.
de Wreede et al. (2010, 2011) reviewed available software for ttig such models and de-
scribed the R program, mstate (Putter and Fiocco, 2014), for ths purpose. See also Putter
et al. (2007) and Cortese and Andersen (2010). Books by Beyarann et al. (2012), van
Houwelingen and Putter (2012) and Geskus (2016) provide a caref discussion of multi-
state models, including guidance on how to use available software, hanly for classical
competing risk problems, but also for models with transient states. Geskus (2016) describes
computational details and provides programs in SAS and Stata as wkas R.

Semi-Markov models allow a sojourn distribution for transition | to k to depend on
the time of entry into state |. Weiss and Zelen (1963) gave a general account, but no
methods for estimation. Several authors have described non-pametric estimation in the
absence of covariates (Lagakos et al., 1978; Meira-Machado et akp06; de Una-Alvarez
and Meira-Machado, 2015). Wu (1982) described methods for caviates and piecewise
constant baseline transition rates. Software in R is available with coariates with certain
parametric models (Listwon-Krol and Saint-Pierre, 2015) and with piecewise constant haz-
ards (Jackson, 2011). The R program msm, (Jackson, 2011) alsallows for estimation of
Markov models from cross-sectional data at several times (\paal data") as well as from
continuously observed outcomes. de Wreede et al. (2010) rematkat mstate can t semi-
Markov models using a simulation method (Dabrowska, 1995). Dattaand Satten (2001)
showed that the Aalen-Johansen estimates of transition probabilites and the Nelson-Aalen
estimates of cumulative transition rates that were derived for Markov models are also con-
sistent for semi-Markov models, and it is possible that these consisncy results also hold
with covariates.

10.4.3 Landmark analysis

Multistate models require that the time-varying covariate be discrete. Although it is pos-
sible to categorize continuous markers and put them into the multisate framework, this
approach may result in loss of information. A more exible and simpler gproach for us-
ing accumulating covariate information is \landmark" analysis. Suppose that Z(t) includes
some time-varying internal and external covariates measured atime t, as well as xed
baseline covariates. Suppose a leukemia patient without relapse netns for a consulta-
tion at time s and we know the patient's marker history from time to = 0 to s, namely
H(s) = fZ(t) : 0 t sg. The landmark method treats all the information in H(s) at
the landmark time s as xed, and uses standard methods for xed covariates to estimte
absolute risks for times beyonds. One can use any of the methods ifChapter 4 to compute
absolute risksr (s;t; H (s)).

For example, Cortese et al. (2013) used landmark times 2 f 0;1; 3; 6; 12g weeks and
t cause-speci ¢ hazard models and Fine-Gray models with the \ xed" covariates, age at
baseline, AML status, and the GVHD indicator Z1(s) = z1(s). The cause-speci c models
revealed little e ect of GVHD on relapse, but GVHD increased the risk of death without
relapse, especially fors = 1, 3 and 6 weeks. Presence of AML at baseline was a strong risk
factor for relapse and for death without relapse. One-year abdate risk projections beyond
the landmark time for relapse and for death without relapse from the multistate Markov
model (Figure 10.2) agreed well with the landmark projections at the various landmark
times, both for the cause-speci ¢ hazards landmark model and fothe Fine-Gray landmark
model. Although the variances of estimates based on the multistatdlarkov model depend on
the Markov assumption, the estimates of transition probabilities and cumulative transition
rates are consistent, even when the Markov assumption fails (Dah and Satten, 2001). This
may contribute to the good agreement among these various mettus.
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Figure 10.3 Probabilities of leukemia relapse, death without relapse and relapse-free sur-
vival in patients with platelet recovery but no graft versus host reaction in the rst 13
weeks following bone marrow transplantation, adapted from J. P. Kein, N. Keiding, and
E. A. Copelan. Plotting summary predictions in multistate survival mo dels - probabilities
of relapse and death in remission for bone-marrow transplantationpatients. Statistics in
Medicine, 12(24):2315{2332, 1993.

Some advantages of the landmark method include the availability of siware for absolute
risk modeling with xed covariates and the extreme exibility of modelin g that is permitted.
However, a landmark analysis at times only includes individuals who survived and remained
in follow-up to time s, which is a subset of the original population. This should be kept in
mind when projecting risk for members of another target populatian.

Landmarking has been used in the clinical literature at least since the980s. For example,
Anderson et al. (1983) recommended a landmark analysis to deterime whether cancer
patients who survived to time s after treatment and who had a tumor response to treatment
by time s had a better prognosis than those who survived to times without a tumor
response. Research on landmarking for risk prediction has been tae recently, following
the work by Zheng and Heagerty (2005) and van Houwelingen (2007 van Houwelingen
(2007) pointed out the practical advantages of landmarking and poposed methods for
obtaining smooth landmark projections over a sequence of landmé&rtimes. Because each
landmark time s induces a di erent risk model, van Houwelingen (2007) embedded thes-
speci ¢ covariate parameters and baseline transition rates in a largr exible parametric
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class of models, thus smoothing thes-speci ¢ quantities across landmark times. Zheng
and Heagerty (2005) allowed the model coe cients to vary not only with s but also with
times t following the landmark time s, thus relaxing proportional hazards assumptions.
Papers extending the method to competing risks and comparing it tomultistate modeling
followed (van Houwelingen and Putter, 2008; Cortese and Andersg 2010; van Houwelingen
and Putter, 2012; Cortese et al., 2013). Recent work (Nicolaie etla 2013a) implemented
landmark smoothing techniques for competing risks. Another innoation (Nicolaie et al.,
2013b) was to model the indicator of whether or not an individual at risk at landmark
time s failed of causek at or before time s+ for xed . Following ideas in Andersen
et al. (2003) and Klein and Andersen (2005), Nicolaie et al. (2013b) imoduced a general
class of regression models for this Bernouli outcome and replaceérntsored observations by
\pseudo-observations," which are like jack-knife pseudo-valuesto t models with censored
data. Other related exible approaches for xed are based on time-varying coe cients
and time-varying e ects of an intermediate outcome during the interval [O; s] (Parast et al.,
2011, 2012).

A special issue arises in randomized clinical trials where interest ceats on the e ect of
the xed covariate Z,; an indicator of which treatment was randomly assigned. If one uses
marker information at subsequent timess beyond the time of randomization, to = 0; then
the e ect of Z, can be obscured. Suppose, for example, that the e ect of treament is me-
diated by a surrogate marker,Z1(s): If this marker is a perfect surrogate, then conditioning
on it will eliminate the association of Z, with the clinical outcome, for example survival
time (Prentice, 1989). Likewise inclusion ofZ;(s) in a regression model that also includes
Z, will attenuate the e ect of Z,, if the e ect of Z, is partly mediated through Z;(s): If
one performs a landmark analysis at time s but ignores mediating marér, Z,(s), the e ect
of Z, will not be distorted by such mediation e ects, but the analysis of timest beyond
time s is no longer fully protected by the randomization, because the subet of individuals
still disease-free at times may have acquired treatment imbalances on prognostic factors.
For example, suppose overall survival att = 10 years is the same on treatmentsZ, = 1 or
0, and that following randomization the distribution of risk factors is the same on the two
treatments. Suppose, however, that on treatment 1 only the sikest patients die early, and
before time s = 1 year, whereas on treatmentZ, = 0 deaths occur in all risk levels befores.
Then the population of survivors to the landmark time s = 1 year will have a more favor-
able distribution of risk factors on treatment 1 than on treatment 0. Thus the estimate of
treatment e ect from year sto year 10 will be biased compared to the estimate of treatment
e ect from randomization to year 10 that would have been observe without landmarking.

10.5 Risk model applications for counseling individuals an d for public health
strategies for disease prevention

In earlier chapters we touched on some of the applications of risk nmaels for counseling
individuals and for public health strategies for disease prevention. ldre we summarize those
applications and also introduce new material on two applications: assssing the potential
reductions in population absolute risks from interventions to redue modi able risk factors;
and more e cient allocation of prevention resources.

10.5.1 Use of risk models in counseling individuals
10.5.1.1 Providing realistic risk estimates and perspectie

Having a realistic estimate of risk can assist in clinical management foprevention or early
disease detection. The perspective gained from a realistic assesamh of risk can assist in
some decisions, even without a formal risk-bene t analysis. Inde# one of the motivations
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for developing BCRAT was that some women seen in clinics for counselinwomen with
a strong family history of breast cancer greatly overestimated tleir risks. For example, a
woman might assume that if her mother had breast cancer she had 0% chance of getting
it, whereas a more realistic lifetime risk might be 18%. On the basis of sth misperceptions,
she might decide to have a drastic preventive intervention, such adbilateral prophylactic

mastectomy.

Another example concerns whether or not a woman in her forties sbuld have an-
nual mammographic screening. There has been continuing debatenathis issue. For ex-
ample, the American Cancer Society recommended annual screemgnfor women begin-
ning at age 45 years, but said that women aged 40-44 should have g¢hopportunity for
screening (Oe nger et al., 2015). The U.S. Preventive Task Forcerecommended biennial
screening for women aged 50{74 years, but not in their forties (UBTF, 2009). How-
ever, they said that the choice for women in their forties should be a individual deci-
sion, and more recently stressed that such women should weigh thikarms and bene ts
(https://lwww.uspreventiveservicestaskforce.org/Page/Document/UpdateSummaryFinal/
breast-cancer-screeningl?ds=1&s=mammography). There isansensus that women aged
50{74 should be screened regularly. It seems reasonable, theved, that a woman in her
forties whose breast cancer risk exceeds that of a 50-year-oldoman without risk factors
should consider screening, as argued more formally by Gail and Rimef1998), Gail and
Schairer (2010) and Wu et al. (2012). Indeed, Wu et al. (2012) fond that 73.6% (11.6
million) of non-Hispanic white women and 30.9% (0.85 million) non-Hispanic ack women
in their forties in the U.S. had risks above the 50-year old baseline risland concluded that
millions of women in the U.S. in their forties might bene t from mammography screen-
ing as much as a low-risk 50-year-old, for whom screening is recommaed. van Ravesteyn
et al. (2012) reported that women in their forties with twice the average risk had the same
harm-bene t ratio as women aged 50{74.

There is increasing use of absolute risk to manage preventive inteentions, rather than
basing decisions on a single factor, such as age or cholesterol leveashayan et al. (2011)
compared assigning all women aged 47{79 years to screening mamgnaphy (these women
have a 10-year risk of invasive breast cancer of 2.5%) to risk-bagdessignment to screening
of women aged 35{79 years whose estimated 10-year risk was at $&.5%. The estimated
risk was based on age and a polygenic risk score derived from 18 SNH2ashayan et al.
(2011) found with this risk model that one would detect 14% fewer ases but need to give
mammograms to 24% fewer women. In addition to the economic advdage to the health care
system of screening 24% fewer women, this risk-based screenimgluces the inconvenience of
mammography and adverse consequences from false positive mamgnaphic screening tests.
A model that also included mammographic density and other epidemiolgic risk factors
would do even better. In Section 10.5.2.3wve consider using risk modelgo assign women to
screening mammography only if their risk is very high, such as in the tp 10% of population
risk. This approach does not work well unless risk models are very disiminating (i.e.,
have high AUC), however, because too many cases will arise in women with lower risk
As another example, guidelines for the use of statins to prevent adiovascular disease rely
heavily on 10-year pure risk (Expert Panel on Detection and Evalugion and Treatment of
High Blood Cholesterol in Adults, 2001; Stone et al., 2014). Katki etal. (2013) advocated
management strategies for women at risk of cervical cancer badeon estimated risk of a
pre-neoplastic lesion, CIN3, and Kovalchik et al. (2013b) recommedied risk-based targeting
of low-dose computed tomographic screening for lung cancer. Tke recommendations are in
line with the principle that an intervention is advisable if risk exceeds a particular threshold.
This idea is formalized in Equation (6.29) that demonstrates that the choice of threshold
re ects the risks and bene ts of the intervention. When breast cancer risks are very high,
as in women carrying mutations in the breast cancer genes BRCA1 oBRCA?2 or in the
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p53 gene, the risks can exceed high thresholds that re ect subantial adverse e ects of
intervention, such as prophylactic mastectomy or salpingo-oopheectomy (Chapter 9).

10.5.1.2 More formal risk-bene t analysis for individual counseling

Preventive interventions, such as the use of tamoxifen or raloxifee, can have favorable
and unfavorable e ects on health outcomes, as described iSections 6.6.2.2and 7.4.6. In
particular, tamoxifen reduces the risks of breast cancer and hiprctures but increases the
risks of endometrial cancer, stroke and pulmonary emboli, which weonsider to be severe
adverse events. If the patient is willing to associate equal costs (@ights) with each of these
events, and half those costs with less severe outcomem (situ breast cancer, for which
tamoxifen reduces risk, and deep vein thrombosis, for which tamafen increases risk), then
one can estimate the net benet (which may be negative) as in Equabn (6.40) to assist
in the counseling process. It would also be possible to calculate a netebe t using the
patient's preferred weights or costs for the various outcomes. Wen interventions a ect
multiple outcomes, there is no single risk threshold for e.g breast caer risk that applies to
all women. The net bene t is positive for tamoxifen for a young woman with little baseline
risk of endometrial cancer, stroke and pulmonary emboli at a 5-yar invasive breast cancer
risk threshold of 1.5%. In contrast, a woman in her fties, whose baeline risks of endometrial
cancer, stroke and pulmonary emboli are higher, would need a 5-g& breast cancer risk of
4.0% or greater to have a net bene t from tamoxifen (see Table 10 in(Gail et al., 1999a)).

Freedman et al. (2011) compared the net bene t pro les of raloxifene versus tamoxifen
for breast cancer prevention in woman aged 50 to 79 with uteri (ad therefore at risk of
endometrial cancer). We show results from (Freedman et al., 20)3in Table 10.1 Tamoxifen
only has a net bene t for women in their fties with 5-year breast cancer risks  4.0%, and
no net benet in women aged 60 years. In contrast, raloxifene, which does not increase
endometrial cancer risk, has a net bene t for a much broader sebf breast cancer risks and
ages {Table 10.1). Because raloxifene can be applied bene cially to a leger proportion of
the population, it has greater preventive potential. In women who have had a hysterectomy
and are therefore not at risk of endometrial cancer, the risk prdes are similar for tamoxifen
and raloxifene, and the net benet is positive for even more women lhan shown in Table
10.1 (Freedman et al., 2011).

10.5.2 Use of risk models in public health prevention

In addition to their uses in individual counseling, absolute and pure rik models have ap-
plications in public health programs to prevent disease (Gail, 2011), a described next.

10.5.2.1 Designing intervention trials to prevent disease

Models of the absolute risk of disease incidence play a key role in desigg trials to test
preventive interventions. A requirement for such trials is adequat statistical power. Under
the proportional hazards assumption (Cox, 1972), the power ofsuch trials depends on
the number of incident cases, whose expectation is the sum of thebaolute risks of the
trial participants. Using BCRAT (model 2 in Costantino et al. (1999) ), statisticians at the
National Adjuvant Breast and Bowel Project (NSABP) estimated the numbers of women
and duration of follow-up needed to observe the required numberfancident breast cancers
for the Breast Cancer Prevention Trial (P-1 Trial) of tamoxifen (F isher et al., 1998) and,
later, for the NSABP Study of Tamoxifen and Raloxifene (STAR or P-2) trial. The risk
model accurately predicted the numbers of incident breast canas in both these trials.

In addition to power considerations, risk models can play a role in de ring eligibility for
a trial. For example, in designing the P-1 trial, it was known that tamoxifen had adverse
e ects. The investigators therefore only wanted to enroll womenwho had a high enough
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Table 10.1: Net bene t indices for tamoxifen and raloxifene chemopevention by level of 5-
year projected risk for invasive breast cancer for white non-Hispnic women with a uterus*

Tamoxifen Raloxifene
5-year ) 50{59 60{69 70{79 50{59 60{69 70{79
risk (% ) years years years years years years
15 133 310 325 21 11 15
2.0 105 283 298 43 11 7
25 78 255 271 65 33 29
3.0 51 228 244 86 55 51
3.5 25 202 217 108 76 71
4.0 3 175 190 128 97 93
4.5 29 148 164 150 119 115
5.0 56 121 137 172 140 136
55 83 95 111 193 161 157
6.0 109 69 84 214 183 179
6.5 135 42 58 236 204 199
7.0 162 15 32 256 225 221

*Adapted from A. N. Freedman, B. B. Yu, M. H. Gall, J. P. Costantin o, B. I. Graubard,
V. G. Vogel, G. L. Anderson, and W. McCaskill-Stevens. Bene t/ris k assessment for breast
cancer chemoprevention with raloxifene or tamoxifen for women ag 50 years or older.
Journal of Clinical Oncology, 29(17):2327{2333, 2011. Freedman et al. (2011) computed
life-threatening equivalent events by assigning a weight of 1.0 to lifehreatening events
(invasive breast cancer, hip fracture, endometrial cancer, swke, and pulmonary embolism)
and a weight of 0.5 to severe eventsiif situ breast cancer and deep vein thrombosis).
The net benet index is the expected number of life-threatening eaiivalent events in 5
years without chemoprevention in 10,000 such women minus the expted number of life-
threatening equivalent events if chemoprevention is used.

risk of breast cancer to have a potential benet from participation. They chose a 5-year
risk of incident invasive breast cancer threshold of 1.66%, which wathe risk in an average
60-year-old woman, who they thought might bene t. In order for a woman younger than
age 60 to participate, her absolute 5-year risk, calculated from B&RAT had to equal or

exceed 1.66%.

10.5.2.2 Assessing absolute risk reduction in a populatiofrom interventions on
modi able risk factors

Models of absolute risk with modi able risk factors a ord an opportu nity to assess the
potential impact on absolute risk in a population of interventions that reduce or eliminate
such risk factors. For example, Petracci et al. (2011) developed breast cancer risk model
for Italian women that included age, six hon-modi able risk factors (age at menarche, age
at rst live birth, education, occupational activity, family history, and biopsy history) and
three modi able risk factors (alcohol consumption, leisure physicéactivity, and BMI). They
calculated average absolute risks of invasive breast cancer in theopulation in the absence of
interventions and in the presence of hypothetical interventions hat changed the modi able
risk factors to their lowest risk levels. Pfei er and Petracci (2011) devised variance formulas
for these criteria based on in uence functions.

We now illustrate these criteria with the BC2013 model for breast cancer, that also
incorporates information on several modi able risk factors, includng alcohol consumption,
hormone replacement therapy use and BMI, in addition to several mn-modi able ones. To
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assess the impact of changing modi able risk factorsZ,, we de ne the risk reduction as
d(Z1;Z2) = fr(Z1;Z2) 1(Z1,Z20)9; (10.1)

where r denotes the absolute risk estimate,Z; the non-modi able factors, and Z,o the
modi able risk factors set to their lowest risk levels (Petracci et al., 2011; Pfei er and
Petracci, 2011). The correspondingractional risk reduction is

fd (21;22) = fd(Zl;Zz):r(Zl;Zz)g: (102)

To evaluate the e ects of risk modi cation at the population level fo r a given population,
the risk reduction and fractional risk reduction are averaged ove the entire population or
within subgroups. Subgroups can be de ned by particular risk facbr combinations or by
using the Lorenz curve to identify risk factor combinations that confer high risk and account
for a given percentage of total population risk. Themean risk reduction for a speci ¢ subset
S is calculated from the formula:

d(S) = E(d(Z1:22)i(Z3:22) 2 9) =
Zl;zzfr(Zl;QZZ) r(Zl;Zzo)gI f(Zl;Zz) 2 Sng(Zl,Zz)
11(Z1;2Z2) 2 SgdF (Z1;Z>) ,

(10.3)

Z1,Z2

where | f(Z1;Z,) 2 Sg=1if (Z1;Z2) 2 S and 0 otherwise. WhenS corresponds to the
whole population, then (10.3) reduces to

z

d= Efd(Z1;Z2)g= fr(Z1,Z2)  r(Z1,Z20)9dF(Z1;Z5): (10.4)
Z1,Z7

Similarly, the mean fractional risk reduction in subset Sis
mfrr (S) = Effd(Z1;Z2)j(Z1;2Z2) 2 Sg: (10.5)

A quantity that is more analogous to attributable risk is the fractional mean risk reduction
in subset S

fmrr (S) = d(S)=Efr(Z1;Z,)j(Z1;Z>) 2 Sg: (10.6)

Table 10.2 shows the e ects of the hypothetical interventions that set modi able risk
factors to their lowest risk levels on 20-year average absolute ris&f invasive breast cancer
in 50-year-old women in the NHS cohort. Calculations are shown sepately for all such
women, for those with a history of breast cancer in at least one mdter, sister or daughter,
and for those with risks in the top 10% of risks in the population. Among all such women,
the average absolute 20-year risk is 5.86% without intervention. Itervention reduces this
risk by 1.09% to 4.77%. The mean fractional risk reduction is 17.3%, cke to the fractional
mean risk reduction, 18.6%. The absolute risk reduction is 1.51% in woen with a ected
rst-degree relatives and 2.50% for women whose risks are in the  10% of risks. The
average risk for women above the 90th decile of risk is 9.20% without tervention and
9:20 2:50 = 6:7% with intervention, corresponding to a a mean fractional risk rediction
of 26.8% and a fractional mean risk reduction of 27.2%.

The fractional mean risk reduction is analogous to attributable risk and ranges from
18.6% for the entire population to 27.2% for those above the 90th dgle of risk, a relative
increase of 46%. The average absolute risk reduction is smaller but ¢neases from 1.09%
to 2.50%, a relative increase of 129%. The relatively greater absolatrisk reduction in
women with risks above the 90th decile of risk is a consequence of twieatures. First
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such women are in the high risk group partly because they are enrigd with modi able
risk factors, that can be reduced by intervention. Second, wome at high risk because of
non-modi able risk factors will also experience a larger risk reductiom from intervention
than women with few non-modi able risk factors and at lower risk because there are no
interactions between modi able and non-modi able risk factors in the BC2013 model. Thus
the same proportional decrease in risk from intervention will prodwce a greater absolute
reduction in risk among the women at higher risk by virtue of non-mod able risk factors.
Analyses of absolute risk reduction give a di erent perspective on lhe public health impact
of a hypothetical intervention than does attributable risk or frac tional reduction in average
absolute risk. Note that even though the absolute risk reduction isgreater in the 10% of
the women at highest risk, more disease could be prevented by inteening on the entire
population because 1.09% is greater than:Q  2:50%.

Table 10.2 Potential reductions in the population risk of invasive breast cancer risk over 20
years from eliminating alcohol consumption, hormone replacementhierapy use and BMP 25
kg/m?in N = 2447 50-year-old women in the NHS cohort

Mean ab- Reduction in Mean frac- Fractional
solute risk mean abso- tional risk mean risk

without in- lute risk from reduction reduction
tervention intervention (%) (%)
(%) (%)

Entire  population 5.86 1.09 17.3 18.6

(N =2447)

Women with at least 7.97 1.51 17.7 19.0

one a ected mother,

sister or daughter

(N =295)

Women with risk in 9.20 2.50 26.8 27.2

the top 10% of risks

(N =246)

It is important to keep in mind the assumptions implicit in such calculation s. First, we
assumed that there were e ective interventions that could redue exposure to modi able
risks factors. It is di cult to de ne e ective interventions thata  ect lifestyle factors such as
alcohol consumption. Second, we have assumed that the populatiovould accept and adhere
to the intervention. Third, we have assumed that the e ect of the intervention would be
equal to the exposure e ects that had previously been estimatedrom observational data.
Unfortunately, interventions that seem to be well justi ed by obs ervational data are not
always bene cial when tested in randomized intervention trials (e.g.,(Omenn et al., 1996;
Manson et al., 2003)). However, at least these calculations indicatéhe absolute burden
of disease from certain risk factors in the population, whether or ot the hypothetical
interventions achieve the calculated preventive e ects.

10.5.2.3 Implementing a \high risk" intervention strategy for disease prevention

Designing intervention trials and assessing the potential e ects orpopulation absolute risk
of reducing modi able risk factors require well calibrated risk models but not high dis-
criminatory accuracy. Thus models like BCRAT or BC2013 can still be weful in these
applications. Higher discriminatory accuracy is needed for the followng applications.

In his book, The Strategy of Preventive Medicing Rose (1992) distinguished between
the \general population” prevention strategy and the \high risk" prevention strategy. If an
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intervention is safe enough, one can apply it to the entire population(general population
strategy); this approach has the greatest potential for diseas prevention. For example, if
one could get everyone to lower his or her blood pressure by 2 mmHg ltaking a walk each
day and eating less salt, one could reduce the incidence of myocardliafarction more than

by identifying the members of the population with very high blood pressure and treating
them. The general population strategy prevents more disease #n the high risk strategy
because it applies to many more people and because the risk of myadal infarction is

dispersed throughout the population, and not only in those with very high blood pressure.

Nonetheless, sometimes one is forced to use the high risk strategy targeting the inter-
vention to a subset of the population at elevated risk. If the intervention has adverse e ects,
one should only use it on those members of the population whose behdrom reducing
the targeted disease outweighs the risks of the adverse e ect§his requirement leads to
restricting the intervention to a subset of the population with elevated risk of the targeted
disease. Resource limitations can also be a reason to use the high riskategy.

The population impact of the high risk strategy on the targeted disease depends on
how much of the total targeted disease burden is concentrated irthe high risk subgroup
and on the e ect of the intervention in reducing the incidence of the targeted disease. If
the intervention has few adverse e ects, the high risk subgroup an be larger, increasing
the proportion of disease that is targeted. If risk models are highlydiscriminating, they
can concentrate those most likely to develop disease in the subgrputhereby increasing the
proportion of the total disease burden that is targeted in the sulgroup, called the proportion
of cases followedP CF, in Section 6.5

To illustrate these points, consider the data on life-threatening eents in one year in
100,000 white women aged 50{59 years and with uteriTable 10.3) (Fisher et al., 1998; Gall
et al., 1999a; Gail, 2009b). If none get tamoxifen, 589.6 life-threaning events are expected,
including 246.6 invasive breast cancers. If all get tamoxifen, the nmbers of breast cancers
and hip fractures are cut nearly in half, but the expected numbersof women with endome-
trial cancer, stroke and pulmonary emboli are increased so muchhat the expected total
number of life-threatening events is 833.5. Thus one cannot emplothe general population
strategy of giving all women in that age group tamoxifen. The net eyected number of
life-threatening events prevented by tamoxifen (Gail, 2009b),

r 10°(1 :51)+101:6(1 :55)+81:4(1 4:01)+110:0(1 1:59)+50:0(1 3:01),
depends on the absolute risk of breast cancer; For this number to be positive, r needs
to exceed the thresholdr = 774:3 10 °. Therefore, in order for a white woman in her
fties to have a net bene t from tamoxifen, her breast cancer risk must be very high. Only
about 1% of the population has a risk greater thanr . Thus the \high-risk" portion of
the population is very small, and an intervention that focuses only onhigh risk women is
unlikely to prevent much disease.

As calculated in Gail (2009b), the expected number of life-threataing events is reduced
very slightly by giving tamoxifen only to those women with risks above 774.3 per 16
(Table 10.4), unless the risk model has very high discriminatory powe. For example, giving
tamoxifen only to women with BCRAT risk >r = 774:3 10 ° reduces the expected
number of life-threatening events by only 1.4 to 588.2. A model thatalso includes 7 single
nucleotide polymorphisms, BCRAT+7 SNPs, has somewhat highe AUC = 0.632. However,
giving tamoxifen only to women whose risk with BCRAT+7 SNPs exceedsr = 774:3
10 ° only reduces the expected number of life-threatening events by.é events, to 587.8.
Adding additional SNPs and mammographic density to the model may ircreaseAUC to
nearly 0.7 (Garcia-Closas et al., 2014). Even this hard-to-achieve orease in discriminatory
accuracy would not reduce the number of life-threatening eventdy much. A model with
perfect discriminatory accuracy, however, would identify the 246women destined to develop
invasive breast cancer Table 10.3) and target the tamoxifen inter vention on them. Because
so few women would receive tamoxifen, there would be few life-thréaning toxicities, yet
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Table 10.3 Numbers of life-threatening events in one year in 100,00@vhite women aged
50{59 years with uteri, if none get tamoxifen and if all get tamoxifen

Number of events Number of events

Relative if none get if all get
Health outcome risk tamoxifen a tamoxifen
Invasive breast cancer 0.51 246.6 125.8
Hip fracture 0.55 101.6 55.9
Endometrial cancer 4.01 81.4 326.4
Stroke 1.59 110 174.9
Pulmonary embolism 3.01 50 150.5
Total 589.6 833.5

a Relative risk compares women given tamoxifen to women given placebo

From M. H. Gail. Value of adding single-nucleotide polymorphism genotypes to a breast
cancer risk model.Journal of the National Cancer Institute, 101(13):959{963, 2009. See also
Fisher et al. (1998) and Galil et al. (1999a).

the number of breast cancers would be nearly cut in half, resulting iran expected reduction
of 119.9 life-threatening events to 469.7 Table 10.4).

This example illustrates that the high risk prevention strategy may have little public
health impact if the high risk subset contains a small proportion of the women who will
develop breast cancer, either because the subset is small or besea available risk models
are not discriminating enough to classify most of the women destinedo develop breast
cancer as high risk. Of course, the preventive intervention will alschave little public health
impact if the intervention has a small preventive e ect in those who receive it (Janes et al.,
2014).

One can think of several approaches to improve the public health impct of the high
risk prevention strategy. The most promising is to nd safer interventions that can be
applied bene cially to a broader high risk subset. For example for wonen with uteri in
their fties, raloxifene could be used more widely than tamoxifen (Table 10.1). For the
example inTable 10.4,4% of the population would be with treated with raloxifene and would
not be at increased endometrial cancer risk, resulting in a reductio of 21 expected life-
threatening events, compared to only 1.4 for tamoxifen. For woma without uteri, tamoxifen
and raloxifene have similar net bene t pro les (Freedman et al., 201J. A second approach
is to nd interventions with stronger preventive e ects on the tar geted disease. A third
approach is to develop more discriminating risk models to help concenate those destined
to develop the targeted disease in the subset at high risk, but suclprogress is di cult.
Another approach is to build risk models not only for the targeted disease, but for the other
endpoints a ected by the intervention (Gail, 2012). For example, if one had a model for
stroke risk in the absence of intervention, as well as a model for irasive breast cancer risk,
one could assess net benet more accurately and prevent more lHiareatening events. In
Gall et al. (1999a), one only used age and race to estimate strokeésk, but calculations in
Gail (2012) suggest that appreciable improvements can be achiedeby modeling both stroke
and breast cancer risk. Similarly, a recently developed absolute risknodel for endometrial
cancer (Pfei er et al., 2013) could help identify women who stand to kene t from tamoxifen
treatment.

Screening for disease can also be regarded as an intervention, @t least as the ini-
tial part of an intervention that also entails further diagnostic pro cedures and treatments.
Screening for persons at high risk of prevalent disease has risks cgbene ts, because false
positive and false negative screens each have adverse conseq@sn Risk models usually



168 RELATED TOPICS

Table 10.4 Numbers of life-threatening events expected in one yean 100,000 white women
aged 50{59 years with uteri, with tamoxifen given according to riskbased criteria*

Tamoxifen assignment strategy Expected num- Reduction in
ber of life-  expected life-
threatening threatening
events events

No tamoxifen 589.6

BCRAT risk >r =774:3 10° 588.2 1.4

BCRAT+7 SNPs risk >r 587.8 1.6

Perfect risk model risk > 469.7 119.9

*BCRAT is the National Cancer Institute's Breast Cancer Risk Assessment Tool
(http://lwww.cancer.gov/bcrisktool/). The risk model BCRAT+7 SN  Ps is described in Gall
(2008a, 2009b). The perfect risk model assigns all women who adestined to develop breast
cancer in one year to the high risk group (risk>r ) and all other women to its complement
(risk 1 ).

need to have high discriminatory accuracy to be useful in deciding wb should be screened
and who not (Chapter 6). In screening applications, the risk modelwould ideally predict the
probability of screen-detectable prevalent disease, not the absate risk of disease incidence.
However, if prevalence is proportional to the risk of incidence, riskmodels for incidence can
be used to guide screening recommendations.

A key function for evaluating screening is the proportion of cases inthe top p 100
percent of the population at highest risk, called the proportion of ases followed oP CF (p)
(Pfei er and Gail, 2011) in Section 6.5 Park et al. (2012) studied the potential discrim-
inatory accuracy of a breast cancer risk model that included epidmiologic factors and
\foreseeable" SNPs that would be discovered by a genome-wide assation study (GWAS)
three times as large as the largest GWAS to date. For example, for ieast cancer, the
largest GWAS had the equivalent of 18,163 cases and controls, andreseeable SNPs would
be based on an hypothetical study of 54,489 cases and controlsh&y estimated anAU C of
0.67 from such a model. Suppose one assessed the risks of everynan in the population
with this model. Using this risk model one could intervene (by giving a sceening mammo-
gram) only on the 10% of the population at highest risk. Park et al. (2012) calculated that
PCF(p = 0:1) = 0:255 Thus, this risk decision rule would give screening mammography
to 25.5% of the cases in the entire population, but 74.5% of the casesould not bene t
from screening mammography because they are not in this high riskubgroup. The positive
predictive value of being in the high risk subgroup isPPV = PCF (p)=p, where is the
disease prevalence. This formula highlights the role oP CF(p) in determining a key pa-
rameter for screening and high risk prevention strategies, thé®> PV. For women aged 50{54
years, the prevalence of screen detectable breast cancer wastimated as 0.0031, resulting
in PPV =0:0031 0:255=0:1 = :0079. The ratio of women without breast cancer to women
with breast cancer in the high risk subgroup is (1 PPV)=PPV = 126: Thus, one needs
to give mammographic screens to 127 women to detect one breasamcer in women aged
50{54 years at highest (top 10%) risk. In women aged 40{44, whas prevalence of screen
detectable breast cancer is only 0.0016, (LPPV)=P PV = 244 instead of 126 for women in
the top 10% of risk. Clearly, risk-based mammographic screening it focused on women in
the top 10% of breast cancer risk would miss many women with canceeven with the best
risk models likely to be available in the foreseeable future, and many ahose who would be
given mammograms under such a plan would not have breast cancekore discriminating
models are needed for this application.
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10.5.2.4 Allocating preventive interventions under cost onstraints

Preventive resources are sometimes limited, either because the Wgment and personnel
are not available or because of cost constraints. In these circurtences, one strategy is to
assign the preventive interventions to those at highest risk. For &ample, magnetic resonance
imaging of breast tissue has been recommended only for women whgolfetime risk of breast
cancer exceeds 20% (Saslow et al., 2007), partly because the nesm is expensive and in
short supply. In what follows we consider a setting in which there is oty enough money to
provide screening mammography to half the population. If one assigs the mammograms at
random, one expects to be able to achieve about 50% of the populah reduction in breast
cancer mortality as could be achieved by giving all women mammograméwhich reduces
breast cancer mortality by 15% or more (Pace and Keating, 2014))If one were to rst
assess breast cancer risk and then allocate mammograms to womandecreasing order of
risk until the money ran out, one could hope to achieve a higher proprtion of the maximum
potential bene t than the 50% from random allocation. This assumes, however, that the
cost of risk assessment is small compared to the cost of interveon.

Gail (2009a), using the Lorenz curve of the population risk distribution, showed that
the maximum benet from risk-based allocation of preventive resouces could be obtained
by maximizing

g PCF(p+(1 gm (10.7)

subject to the cost constraint
gk+gp+(1 gm h: (10.8)

In these expressionsg is the proportion of the population given a risk assessmentk is the
ratio of the cost of risk assessment to the cost of the interventio (in our case mammographic
screening),p is the proportion of those with risk assessment who have the intergntion in
descending order from highest to lowest riskn is the proportion of those not given a risk
assessment who were randomly allocated to receive a mammogrammdih is the ratio of
the money available to the money required to give mammograms to all wmen (in our case
h =0.5). Choices ofg; p; m correspond to various strategies. For exampleg =1 implies giv-
ing a risk assessment to all. We assumell =0.02 and usedP CF (p) curves corresponding
to the risk model BCRAT and to the risk model BCRAT+7SNPs, solved the optimization
problems, and calculated the optimal proportions of bene t achieved from Equation (10.7).
The optimal strategy assignsg =1, p =0.48, and m =0 for both risk models (Table 10.5).
Only 100p =48% of the women get mammograms, because some of the money svased
for risk assessment. BCRAT captures 63.2% of the potential bents of mammography,
and BCRAT+7SNPs captures 66.7%. These are both considerable immpvements compared
to random allocation. Even more of the potential bene t could be cgtured by more dis-
criminating risk models, but if the cost of risk assessment is too highjt cannot be used
for allocation. For models like BCRAT or BC2013, if the cost of risk as@ssment exceeded
about 20% of the cost of the intervention, random allocation would ke preferred.

Such calculations indicate that there is a potential public health benet for risk-based
allocation of constrained prevention resources. However, thesmlculations are based on sev-
eral assumptions, and sensitivity analyses are needed to gaugedtbene t more realistically.
In particular, it was assumed that those who come for risk assessemt are a random sample
of the population, and that those who are o ered the intervention will take it.
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Table 10.5 Proportion of lives saved with risk-based allocation of manmograms, compared
to giving mammograms to all women, if there is only enough money to gig mammograms
to half the women

Risk model Optimal ( g;p; m)? Proportion  of Percent
lives saved com-  improve-
pared to giving ment versus
mammograms random
to all women allocation

Random allocation 0.500

with no risk assess-

ment

BCRAT (1, 0.48, 0) 0.632 26.4%

BCRAT +7SNPs (1, 0.48, 0) 0.667 33.4%

aAbbreviations: g is the proportion of the population given a risk assessmentp is the
proportion of those with risk assessment given a mammogram in desading order of risk;
m is the proportion of those without a risk assessment who are given amammogram.
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